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Let @, and @, be very near the fundamental frequency @(@, > @ > @)), so that: 
(@ + @,)/2 = a, (Bo a B,)/2 = B, (@ — @,) = A@, and (Bo = By) = AB. 


The above sum of these two waves then can be expressed as 


F\(t, z) + F(t, z) = 2 cos [AA Joo (at — Bz) (18.99) 
Since A@ << @, this expression represents a signal in the form of a wave cos (@t — Bz) with a 
varying amplitude 2 cos [(A@t — ABz)/2] as shown in Figure 18.13(b). 

The sinusoidal wave inside the envelope propagates with the velocity v,, = @/B. The wave 
packages enclosed by the envelope are the carriers of energy, since no energy can be transmitted 
through the zero values of the wave. The velocity of the envelope is (A@/AB), which in the 
limiting case becomes: 


y fo 
“ dp dp (18.100) 
do 


which is the group velocity in a dispersive medium. This assumes that the frequency spectrum of 
the signal is quite narrow. The group velocity is therefore interpreted as the velocity at which the 
group of waves, defined by the envelope, propagates in the z-direction. Note that, because 
the phase and the group velocities are different, the waves will appear to move with respect to the 
envelope. 

If we consider the rectangular waveguide in TE,) mode, the phase constant was obtained as: 


2 
B= o| Jue [4] [Eq. (18.79)] 


Using Eq. (18.100), the signal velocity in the guide is 


i.) fe) 
ee -(4] me -(4] (18.101) 


eae (18.102) 


and, in this case only: 


18.3.5 Rectangular Waveguide: Attenuation due to Lossy Dielectric, 
and Imperfectly Conducting Walls 


We shall briefly recapitulate the wave behaviour in imperfect conductors and lossy dielectrics. 
Maxwell’s equations become: 
Vx E=- ouH (18.103a) 


Vx H=(o+ joe = joe : “ee (18.103b) 
jE 


We have to replace € by [€{1 — jo/(we)}] in all the formulae for propagation, 


impedance, etc.; e.g. 
y (= jB) = jo ,| (ue) t " a which is complex (18.104) 


= a+ jp 
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1/2 


N 
° 
ll 


< characteristic impedance of the medium (18.105) 


1/2 
sin 0, _ ME 
sin 0. jo 
€,| 1 -—— 
2) ( OE, ] 


The critical quantity in this expression is 0/@€). 
For a good conductor, 6/@E, >> 1, 


(18.106) 


1/2 

sin®, | he _( J@E, i: 

sin 6, ~ [ho -| ] 
jo 


(18.107) 


which is very small. 

sin 8, 1s very small for any value of 6;, i.e. the propagation takes place almost normally 
into the conducting medium. Also, since the above expression is complex, the wave gets 
exponentially damped as it propagates. 


18.3.5.1 Attenuation due to lossy dielectric 


We consider the TE,;) mode in the rectangular waveguide. For the loss-less dielectric, the 
propagation constant y is 


2 2 
7 = jB = jk (4) = jo(./ue) [4] (18.108) 


where k? = w*( Le). 
For the lossy dielectric, we have replaced 
JO 
b }-2= 18.109 
ny -( ie) ( ) 


k gets modified as shown below, i.e. 


k= (Jue) f+ Ze 0( Vie) [1+ ar | (18.110) 


The propagation constant is now complex, i.e. 


2 
yeaa jo Jee) (1+ 25. aa (18.111) 


The attenuation constant 


«ol age '-($) 
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2 
fe) ty 2) te 
-( : \( ] 1 f ] Nepers/metre (18.112) 


and the phase-shift constant 


B= (Jue) i-(4) (18.113) 


18.3.5.2. Attenuation due to imperfectly conducting walls 


Let us initially consider transmission lines with sending waves (Vs, Is): 


V = Vs exp (—@z), I= Is exp (—@z) (18.114) 

Transmitted power = VI cos @ = Vels cos @ exp (—20z) = W (18.115) 
dW 

—— =-2aw (18.116) 
dz 

Gz Power loss per unit length (18.117) 


2 x Power sent from the sending point 


1 * 1 x 
Power dissipated = (3 Re(E, x H,) = (=| Re(H,Z;, x H,) 
1 2 
[2 Jee (Ha Zin) 
a, |? 5] Re, [J 
2 oy 


(see below for this step) 


2{1 ou _(1 2 
lH, | (| /% =(2}la! Rs (18.118) 


Note: To calculate the input impedance due to (say) the bottom wall (of the waveguide), 


1/2 


in “Vo 18.119 
t e(1- 2} ( ) 


The tangential E, exists on the wall because now there is an ohmic loss in the wall as it is now an 
imperfect conductor. 
Also, when there is a surface current, H,, — Hy = Js. 


For a perfect conductor, H,. = 0, and hence Hy, = Js (18.120) 


Referring to Figure 18.12, we consider first the top and the bottom walls, which are planes y = 0 
and y = b. We write the field vectors [from Eqs. (18.78)] as: 
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E, = Ag sin (=) exp (-72) (18.121a) 

Hos (Z| Ag sin (7) exp (-yz) (18.121b) 

H,=- (sa | Ay cos (=) exp (-72) (18.121c) 
On the top and the bottom walls, y = 0 and y = B, 

J,=- (= Ag sin (=) exp (-y2) (18.122a) 

J=- (sae Ao cos (=| exp (-yz) (18.122b) 


The total power loss in the top + bottom plates per unit length in the z-direction is 


= [a Reax-2= f (lyef +[4f) Rea 2 
0 0 


js 2 
a Ja(3}+( a2 }a(s} Rete (18.123) 


Next, we consider the side walls x = 0 and x = a; on these side walls, since H, = 0, only J, will 
be produced by H.,, 1.e. 


a IX 
Jy =- (sc ) Ag Cos (=| exp (-/z) (18.124) 


The power loss in the two side plates per unit length 
= [se | aRg (18.125) 


The transmitted power through the guide 


=(f [2 ]Be(B, xt) dea 


Ag sin? aa 
- (18.126) 


Note: exp (—2yz) has been assumed in all these expressions, and Rg the resistance of the walls per 
unit length. 
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18.3.5.3 Parallel plane waveguide (as a limiting case of the 
rectangular waveguide) 


Initially, the parallel plane waveguide was derived from the reflection of uniform plane waves 
hitting a perfectly conducting plane surface obliquely and studying the interference pattern 
obtained therefrom. The rectangular waveguide was first derived from the parallel plane waveguide 
by adding two parallel conducting surfaces orthogonally. The rectangular waveguide was also 
analysed by using general mathematical approach, from fundamental considerations. Now, we shall 
treat the parallel plane waveguide as a limiting case of the rectangular waveguide. 

A rectangular waveguide with its edges parallel to the coordinate axes is shown in 
Figure 18.13(c) (as was shown in Figure 18.12 as well). For the rectangular waveguide, with its 
dimensions as shown in Figure 18.13(c), we have 


YA XA Z 


fe) ie) ee 


Figure 18.13(c) Rectangular waveguide (a x b) and its limit as b > 
giving the plane parallel waveguide. 


2 2 1/2 
ese 0 
2 2 1/2 
y= 18) oFve-|(™ +(%) | (18.71) 
a 


When @ > @,, 


where 


To get the limit b > o, then 


1/2 


ip= iota - (2) and k= (m=) 
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and the field equations for the TE mode become [(from Eqs. (18.77)] 


E, = 
j 
b= = Ho sin 
mila 

H, = JB Ho sin( 

mila 
Hy 

1. 

H, =H cos(™ * 


These are same as Eqs. (17.204a) of Section 


. )espt ten — Bz)] 


=) expLj(at — Bz)] 


MTX 


exp[ j(@t — Bz)] (18.77’) 


18.3.1.1. 


Note: In the above equation, the direction of propagation is z, whereas in Section 18.3.1.1 the 


direction of wave propagation is x. 


Next we consider the TM mode for the rectangular waveguide. As before, we take the limit 
as b — ce, but in this case all the five expressions [i.e. Eq. (18.98)] become identically equal to zero. 
So the question that arises is ‘can the fields of the TM mode be derived thus or that the TM mode 
does not exist. The answer to this apparent confusion lies in the fact that Ho is an arbitrary 


mathematical constant and it can be infini 


te. The expressions appeared to become zeroes as 


b co was because of the implicit assumption that Eo in finite. So we define a new constant Ey’ 


such that 
E) = 


which is finite when b >c9, 


Then the field expressions of Eqs. (18. 


_ na 
Eo sin al 


98) become: 


EO =E;5 sin") exp[ j(@t — Bz)] 
jp , mmx : 
E, =- Eo os Jexpt itor ~ Bz) 
mila 
(19.98’) 

E, = 

A, = 

— Jou E, os( 2 exp[j(a@t — Bz)] 

; mt/a 


As before these are same as Eqs. (17.191’) of Section 18.3.1.1. Again it should be noted that the 


direction of propagation has changed from 
components. The relationship between E;, 


comparing the two sets of equations. 


x to z which causes a change in one of the field 
and Hy and Eo; and Ep’ can be written down by 
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18.3.6 Cylindrical Waveguide 


We start with the solution of Maxwell’s equations in cylindrical coordinates (Figure 18.14). 
We consider the Maxwell’s equation 


ge-a--(2) 


and apply it to the elemental contour ABCDA of the circular guide as shown in Figure 18.14(b). 


E,.dr + e, + cag (r + dr) dO - [e, + (58 Jeo dr — Egrd@ = — japH.drrdd 


Figure 18.14 A cylindrical waveguide and its elemental section. 


or 


1 dE, ) (dE, \|_ (0H, 
>| Het]. Il ae |1E74l (18.127) 


And similarly from the other equation fu -dl= ee 


1 dH OH, dE, 
+| Ho ar |-( 30 ||-4{ 7 | (18.128) 
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Note that (0/dt) = ja, for sinusoidally time-varying excitations, and hence the operator and the 
imaginary quantity are interchangeable in these equations. 


We again apply the line integral PE - dl around the contour ADEFA (in the clockwise 


direction) and obtain 


OE, E 
Egrdr + le (36 PY} \e dz - , (Se }e| rd@ — E,dz = —j@uUH,rd0dz 


or 
1\( OZ, OE,\ 
(+) | ( ae )- JouH, (18.129) 
Similarly applying $x - dl to the same contour ADEFA, we get 
1)( 0H, OHy\_ 
(+)( = )-( Ae )-+iaee, (18.130) 


Next we apply fr - dl around the contour AFGBA (in the clockwise direction), and get 


7 Je dz — E,dr = — jouHedrdz 


E,dz+|E.+ 0E, dz\|dr—|E,+ = 
& : Oz 7 or 


or 
OE, OE, 
“——+ =~—jweH ; 
ae P jJ@EH g (18.131) 
Similarly applying hr - dl to the same contour AFGBA, we get 
oH, OH, 
s+ - 5+ = jwek 18.132 
— eo ned 


And we assume exp(—yz) variation of the field in the z-direction. We then combine 
Eqs. (18.129) and (18.132), 


OP Vicar H, 
AY] VEg = —joLu 


or 


CELOISPE) om 


where k? = y? + @’ue. 
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From Eq. (18.129), 
2 1 0E.\) ( y_)|_(_y_)(9E, ( ou \( OH, 
#,=-(soml BY) ) (Za) | Fal 00 }+(2]| or 
_ 1 | .f ae \( OE, OH, 
H, =75 ‘lean eve ed ee (18.134) 


1 _ (OE, oH, 

ty~ 7] joe[ 7, HE) Y] | (18.135) 
1 ( ou \( OH, OE, 

ee -J[ 7 I AY, }[ Ap | (18.136) 


We now derive the wave equation for E,, i.e. from Eq. (18.128), 
1 OH» oH, ee 
+o e HH 7 ||- toe 

OH, 1) ,.( OE, y \( 0H, 

ae -3- er 52 + 2 BY) = 


Also from Eq. (18.134), 
2 2 
H, = j| eae z a 
kr | o& k drd@ 


Substituting from these equations in Eq. (18.128), we have 
_ (@e\(E,\ (_y \(9H,)\_ (wer) WE, (7 )\( 28.) (x oH, 
J k? or rk 00 7 ke? or’ kr || 00 k2 jl d@0r 
( we \{ OPE, y\{oH,)\_. 
-(#)(3 }+(2)( Sos) - soe 
ef U\(e: ee +(7° + @ pe) E, =0 (18.137) 
ar? r or r- ae 4 . a , 


where k? = y? + @’ue = y* + p’, p? = WUE. 

This is the wave equation in E, in the cylindrical coordinate system. 
To obtain the solution of this wave equation, using the method of separation of variables, let the 
solution be of the form 


or 


From Eq. (18.135), 


Simplifying 


E, = RF exp (jot — yz) (18.138) 
where R = R(r), F = F(8). 
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Substituting in Eq. (18.137), 


R’F + (+) RF + (= RF’ + (7° + p’) RF =0 
r r 
where the prime indicates differentiation with respect to its corresponding independent variable. 
Multiplying this equation by [r?/(RF)], and rearranging the terms, 


ce 2g + p= (18.139) 
For this equation to be true for all values of r and @, both sides must equal constants. Hence, 
OF __ ip (18.140) 
de 
where the constant n” is to determine the periodicity in the @ direction. The solution of this equation is 
F=Acos n@+ B sin n@ (18.141) 


where n = 0, 1, 2, 3, ... . 
The corresponding r equation is 


dR 1\( dR a 
[“ ag eal 3 Jeee (18.142) 


There are three solutions to this equation, which are 


R = CJ, (kr) + DY,(kr) (18.143) 


where J, and Y, are the Bessel’s functions of first and second kind (and of the order n) 
respectively. This is a standing wave solution. 

R = EH (kr) + FH” (kr) (18.144) 
where H) and H) are Hankel’s functions of the first and second kind (and of the order n) 
respectively. These are Bessel’s functions with complex arguments. 


R = GI,( jkr) + G’K,( jkr) (18.145) 


where J,, and K, are modified Bessel’s functions of the first and second kind (and of order n) 
respectively. These are Bessel’s functions with imaginary arguments. 
The behaviour of J,(x) and Y,(x) are shown below (approximately) in Figure 18.15. 


HY (x) = I(x) + JY,(x) represents an inward travelling wave. 
Hx) = J,(x) — jY,(x) < represents an outward travelling wave. 
The inward and the outward directions refer to the assumptions based on that of exp (jaf) (this is 
a matter of relative convention. Stratton, in his book uses as reference exp (—j@t), and his 
notations are reversed). 
H\)(x) at the Brewster’s angle is a surface wave travelling inwards so that there is no reflection. 
So far, we have used the notation 
2 2 2 2 2 2 
P=(y + o'pe=7 +p, p= ape 
2 2 
=p’-B 
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If k is real, p* -— B’ is +ve; or F - Z) is +ve; ie. if k is real, Ay < A. 
g 


It is a fast wave, i.e. V > c. 


For a slow wave, k? is —ve; .. k=j(). 


Figure 18.15 Approximate plots of J,(x) and Y,(x). 


Given below in Figure 18.16 are the plots of the modified Bessel’s functions which are non- 
orthogonal and hence are not oscillatory in nature. 


TW) = J"SiA-J) and K, (MW) = (5) *T He 


> 
x 


(b) 
Figure 18.16 Modified Bessel’s functions: (a) of the first kind and (b) of the second kind. 


Next we consider some examples. 


18.3.6.1 TE wave in cylindrical waveguide 


We assume perfectly conducting wall; and so there is a standing wave. For the TE mode E, = 0. 
Hence the wave equation solution is for H,, which is 


CHAPTER 18 wavecuIDes FER 


H. = [CJ,(kr) + DY,(kr)|(A cos n@ + B sin n@) exp (—jBz) (18.146) 


where k* = y? + p*, y= jp. 

Since the origin of the coordinate system is inside the guide geometry, D = 0 (as Y,, — © at 
r = 0) (see Figure 18.17). 

Since the boundary conditions need the electric fields, we determine the Eg now: 


= (# Jecntanna cos nO + B sin n6) exp (—jBz) (18.147) 


where J;, is the derivative of J,, with respect to its argument. 
The boundary condition is Eg = 0 at r= a; 


Ji(ka) = 0 (18.148) 
The roots of this equation are 


(kayo, = 3.83, (ka)oo = 7.02 
(ka); = 1.84, (ka)2 = 5.33 


where the first subscript refers to the value of n, and the second to the order of the root. 


" 2 
B= p?— P= WUo€o — Enna (for free space) (18.149) 
a 
2 (Kn @) 
The cut-off frequency = @, = —~—— (18.150) 
a LUo€o 
(Note that the other boundary condition that can be applied is: H, = 0 at r = a.) 
2a 
Copper wall 
Figure 18.17 A cylindrical waveguide. 
The other field components are: 
. (a) n ZA . 
E, -i{ = } J, (kr) sin n@ (18.151a) 
r 


Hy = (7 | ie rd (18.1516) 
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H, --([F}a° J’ (kr) cos n0 (18.151c) 


where A” = CA. 
It should be noted that when n = 0 (i.e. no angular variation), the only nonzero components 
are Ey, H,, H,. The field patterns are as shown below in Figure 18.18. 


XC 
—- 


yo 


E,— circles 
H,— dotted lines 


Figure 18.18 Field pattern for circular waveguide when n = O. 


18.3.6.2. Attenuation in TE;9 mode in cylindrical waveguide 


The field components are: 


H, = A” Jo(kr) exp (—jBz) (18.152a) 
Bek” (Eo exp (—jBz) (18.152b) 
H,= arf} exp (—jBz) (18.152c) 


We have already shown [Eq. (18.116)] that: 


Power lost per unit length 


2 x Power sent 


Power sent (axially) = all Re(E x H*)dS 


1 * a 
=5 [Re(E,Me EH yrdrdo (18.153) 


In the above expression, E,. = 0. 


EgH* = - wun COMEAColh 
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2m a 
2 x Power sent } (SP Jory [Jockr) Fr dr dé 
0 0 


- 2n| (AP Jay [ Jo(kr) Jr dr (18.154) 
0 


Note: Ji = J,; and 


J rLisanPar=[> et [noo (1 Jara | (18.155) 


2.2 
: k*a 


Power lost/metre = [> rok (18.156) 


where Jog is the linear current density in amperes/metre; and 


Rs = abu (18.157) 


Power lost per metre = [2 Jers = [2 Jk (A”)? [Jo(ka)]? 2zal (18.158) 


(J, being the length of the guide, which in this case is = 1.) 


2 
_ dP _( Rs 1 Gi. 
a= rae G (18.159) 


If @ is plotted as a function of frequency, then its behaviour is as shown in Figure 18.19, 
given below. 


an 
JS, — cut-off frequency 


Figure 18.19 Attenuation as a function of the frequency. 
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We show below the two modes TEp, and TE,, with their E and H lines shown in two 
orthogonal sections (Figure 18.20). 


D geese a as 
( * 4 h 
@Bs+ Qe ©YO YO 
ee ee: ae ees 
> 
a nn a = 
f 7 ‘ 
Oy © Gh O40 y 
\ Po 
\ / \ i 
TE,, mode 
v 
els @|® 
@®t--P-t--]9|® 
@®E----4--7©|}@Opr-7p----- 
< > 
ai) ee eee 
sane Oak A oA 
Vv 
@l---t--lole 
TE,,; mode ~ a : = _ 


Vv 
Figure 18.20 TE); and TE,, modes in a circular waveguide. 


18.3.7 Quality Factor Q of Waveguides 


We have already discussed earlier, a number of times, the attenuation factor (or constant) a in the 
range of propagation of a wave. Another quantity closely related to @ is the ‘quality factor Q’ 
which is defined as: 


ve o (Energy stores per unit length) (18.160) 
Energy lost per unit length per second 


where W = energy at a time after the initial energy Wo. 
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The above expression, which is a general one, is applicable to both waveguides and 
transmission lines. 
For a waveguide, 


Energy transmitted per second = v,, x Energy stored per unit length (18.161) 


where v,, is the group velocity which is related to the phase velocity v,, by the relationship 


2 1 
Vv ae 
Vor = as. where Vo = (HE) 2 (18.162) 
Voh 


From Eq. (18.161), 


1 
Energy stored per unit length = ; 


] x Power transmitted (18.163) 
gr 


Substituting in (18.160), 


oO ‘ 
Jerower transmitted) 
Vis 


o= Power lost per unit length 
(a) 
ae 18.164 
2ON or ( ) 
which can also be written in terms of the cut-off frequency as 
QV ) 
Q=|— |= (18.165) 
2aV wo 
20). 
(a) 


Because the waveguides have low attenuation factors compared with the transmission lines, it is 
possible to construct waveguide sections with extremely high Q’s, which are used as resonators or 
waveguide filters. 

It should be noted that the Q factor of ordinary resonant circuits is of the order of a few 
hundreds, and of resonant lines a few thousands. 


18.3.8 Dielectric Slab Waveguide 


These are generally used in thin film technology. It consists of two layers of dielectrics. The 
bottom layer dielectric slab is called the ‘substrate’. The top layer is a thin layer of another 
dielectric of higher dielectric constant (compared to that of the substrate) deposited on the 
substrate. The propagation loss in the top layer is thus much less at the operating frequency. The 
slab dielectric waveguide is an asymmetrical structure as shown in Figure 18.21. 
Simplifying assumptions: (1) The substrate is infinitely thick. This is a justifiable assumption, as the 
field decays rapidly as we move from the dielectric—substrate interface into the dielectric. (2) The 
y- and z-dimensions are assumed to be infinite, to make it a simple one-dimensional problem. 

As discussed earlier in this chapter (Section 18.3.3), the wave is propagating in the +z-direction. 
Also, either E, or H, zero would give rise to modal fields for TE and TM modes respectively. Hence 
these two independent components must satisfy the wave equation (in rectangular Cartesian 
coordinates) 
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AX 
Region 1 Air &, 
X= 
Region 2 Dielectric e, &,> &, 
a + ; 
Region 3 Y Dielectric e, 


Figure 18.21 Dielectric slab waveguide. 


¢ oo 8.4 
(= ae 52 fs 52 +O us| (E, or H,)=0 (18.166) 


Since the waves are travelling in the z-direction, the z-variation of the fields will be ~ exp(jBz) 
where f, the modal phase constant will be determined from the interface continuity conditions. 
Also, since the structure extends to infinity in the y-direction, the fields are constant functions of y, 
i.e. independent of y. 


(E,, H,) = X(x) exp (—jBz) (18.167) 
We will now consider the TE mode for this guide. 


A. TE Mode 


In this case E, = 0, and all the transverse fields are represented in terms of H, only. Hence, 
H,, = X(x) exp(—jz) (18.168) 


exp(j@t) being implicit in the above expression. Substituting in Eq. (18.166), 


This has to be satisfied for all values of x, and so 


2 
+ — =+}? (say, a constant) 
Ix 
d°’X 
5 =+k?2xX (18.169) 
dx 


The sign of k will have to be chosen so as to satisfy the interface continuity conditions between the 
media | and 2, and 2 and 3. There will be fields in the three media, but in air (1) and in the 
substrate (3), the fields would decay rapidly as we move away from the interfaces. So this 
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requirement gives +ve sign of k° in the media 1 and 3 and —ve sign in region 2. The equations for 
the three media can be written as 


Region 1 es =k? x 

ki — 8 +@ ve =0 (18.170a) 
Region 2 (X>) - — f + @ ye, =0 (18.170b) 
Region 3 (X3) k3 —B + @ ye, =0 (18.170c) 


The field then in the regions | and 3 will be in terms of exponentials and in the intermediate 
region 2 it will be in terms of trigonometric functions. The boundary conditions at infinity would 
simplify the equations further, i.e. as x > +oo, H,,; — 0 in the region 1 and as x ~ —~, H,, > 0 


in region 3. Thus the longitudinal component of the magnetic field in the three regions will be 


H, = A, exp(—k,x) exp(—j fz) (18.17 1a) 
H, =(A; cosk,x + Ay sink,x) exp(—jBz) (18.171b) 
H, = Ag exp (kx) exp(—jfz) (18.171c) 


B being same in all the three media. 

The transverse field components (H,, H,, E,, Ey) in the three regions can be obtained, as 
shown in Section 18.3.3, Eqs. (18.59) and (18.62). Substituting for H, and E, in these equations, 
we get: 


Region 1 
iQ, : 
E,=0, Ey=- _ A, exp(—k,x) exp(-jB2) (18.172a) 
1 
__ JB ‘ Bo): = 
A, =—— A, exp(-k,x) exp(-jfz); Hy, =0 
; ky : 
Region 2 
E,,=0; Ey = a (A, sink,x — Ay cosk,x) exp(—j Pz) 
dP pa. i 
Ay = = (A; sink,x — Ay cosk,x) exp(—jz) (18.172b) 
2 
Ay = ) 
Region 3 


3 . 
E,3=0; Ey = a Be POH OPC IPE) 
3 (18.172c) 


i= a Ag exp(k3x) exp(—j Bz) 
3 
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The unknowns to be evaluated are A;, A3, Ay, Ag, and ki, ko, kz, and B. The interface continuity 
conditions used for evaluating these unknowns are: 


(i) Onx=0,H,,=H,; — A; =A¢ (18.173a) 
(i) Onx=0,E,=E,, > ia (18.173b) 
(iii) On x=d,H,, =H, — A, exp(—k,d) = Aj cosk,d + Ay sink,d (18.173c) 
: —A; 1 . 
(iv) Onx=d, Ey, =Ey > — exp(—k,d) = (A; sink,d — A, cosk,d) (18.173d) 
1 2 


It should be noted that since there are no surface currents on the dielectric interfaces, the continuity 
conditions are simplified. 

We need three more equations to evaluate k,, ky and k3, i.e. from Eqs. (18.170a) and 
(18.170b), 


ke + @ We) =-Ke + @ ue, 
or 
k,=V [ow we, - €,)- kK] (18.174a) 
and from Eqs. (18.170b) and (18.170c), 


k, =V [@’ We, - €,) -K3] (18.174b) 


Equations (18.173a to d) can be written in matrix form to solve for A,, A3, Ay, Ag. The 
characteristic equation of the determinant of the 4 x 4 coefficient matrix comes out to be: 


(k, +k3) ky 


tank,d = 
=k ky 


(18.175) 


These three equations can be solved as simultaneous equations by a numerical method, and once k, 
has been evaluated, using Eq. (18.170b), i.e. 


ky + 0 we, = 
B can be evaluated. 
Some important points which should be noted are: 


1. The characteristic Eq. (18.175) has multiple solutions which represent the propagation of 
‘discrete modes’. 
2. ky, ky and kz have to be real. So from Eqs. (18.174a) and (18.174b), we have 


@ WE; -—&)>k and wwe, —€)>k (18.176) 


Since Ie is always +ve, this means €, >&) and é, >€,. Now €, > &p) is always true; 


and the permittivity of the dielectric slab must be greater than that of the substrate for 
the propagation of waves to be possible in the slab. 


3. For a specified frequency @=2zf, ky must lie between 0 and @Uu(é, — €,). 
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4. When ky becomes > @U(E, — €,), k3 becomes imaginary and then exp(k3x) does not 


represent an attenuating exponent and now it represents a leakage wave travelling in the 
—x direction. So this mode is no longer a guided wave mode and is now its cut-off mode. 
The frequency at which this happens is the cut-off frequency of the guide, i.e. 
k, 
0, 2 (18.177) 


. V H(Eg 7 é,) 


18.3.9 Circular (Cylindrical) Dielectric Waveguide 


So far, the present discussion has emphasized the mathematics of waveguides with cylindrical 
geometry. A circular dielectric waveguide is now very commonly used for guiding microwaves as 
well as millimetre waves. The energy is propagated along the axis of the circular rod made of 
dielectric material, i.e. glass or silica rod in the form of optical fibres. The operation of the circular 
waveguide is same as that of dielectric slab metallic waveguide. The modal propagation is a 
consequence of superposition of totally internally reflected waves inside the dielectric rod. The 
analysis of this geometry is already explained in Section 18.3.6 and hence without repeating it, the 
results in terms of field components will be stated now. 

A circular dielectric waveguide is shown in Figure 18.21. The rod has a radius a, and 
permittivity €,. To keep the analysis general, let the rod be located in an infinitely large medium 
of permittivity €. If this is free space, then &€ = &. 


Figure 18.21 Circular dielectric waveguide. 


The wave equation for field components will be as derived in Eq. (18.137) and the solutions are 
given in Eqs. (18.143) to (18.146), So now the TE and TM modes will be considered. 
18.3.9.1 Transverse electric mode 
For a TE mode, E, is zero and the longitudinal field H, is given as 
H,, = A,J,, (kr) exp (jn@) exp (—j Bz) r<a (18.178a) 
H» = GK, (kyr) exp (jn6) exp(—j Bz) r>a (18.178b) 
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The transverse fields are obtained as: 
For r < a (i.e. inside the rod) 


_-jqu1oH, _, aun ; 
E,,= 2 7 86 =A, @ ~ In(kyr)- exp (jn8)-exp(— jz) (18.179a) 
ju OH, iO,’ : . 
g = LE St = 4, SF Cr) exp(jnO)-exp (— jz) (18.179b) 
ky or ky 
iB OH, -jp » . ; 
H,, =- 7 ae A By Oar) exp (jn@)-exp(—j fz) (18.179c) 
ky oF ky 
jf 1 OH, Bn ; 
es eer re : (Kir) exp (jn@)- exp (—j fz) (18.179d) 


and for r > a (i.e. outside the waveguide) 


E,=—2 e 1 2G, ” Ky (kar Jexp (jn8) exp(—jB2) (18.180a) 
Eng = a a =G, — K,, (kyr) exp (jn®) exp (— jz) (18.180b) 
Hy = a a = a K’, (kyr) exp (jn®) exp (— Bz) (18.180c) 
Hy = = ; ae =G, : ~ Ky (kar) exp (jn) exp (~ jz) (18.180d) 


To evaluate the constants of integration, the relevant boundary conditions are that the tangential 
components of E and H are continuous on the surface of the rod (i.e. at r = a). This gives 


H., =H, and Eg, = Eg. atr=a 


A. Go. (18.181) 
ice. AJ, (ka) =G,K,(ka) and —J,(ka)=-— K, (ka) 
ky ky 
Since Hg is also tangential to the rod surface, we get 
nA nG; 
Ho = Heo or a J, (ka) = a K,, (ka) (18.182) 
1 2 


The above equations for H, and Hg can be simultaneously satisfied only if B or G, or n is made 
identically equal to zero. 

Now G, which represents the field amplitude cannot be made zero. Also B cannot be zero 
because this is a travelling mode. 


n = 0 is the required condition (18.183) 
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This means that there is no 6 variation, i.e. the field is circularly symmetric. 


Hence the resulting field components are: 
Inside the waveguide (r < a), 


H., = A\Jo (kyr) exp (—j Bz) (18.185a) 
Sieh . 
Eg =A a Jo (kr) exp (— jz) (18.185b) 
1 
a iB » 
A, =—A, 7 Jo (kyr) exp (—j fz) (18.185c) 
1 
Outside the waveguide (r > a), 
Hy = GK (kyr) exp (—jfz) (18.186a) 
JOU , 
Eg, =-G, a Ko (kyr) exp(—jBz) (18.186b) 
2 
eee ; 
H,. =G, e Ko (kyr) exp(—jBz) (18.186c) 
2 


To eliminate the arbitrary constants, the characteristic equation for the TE mode is obtained from 


For _ Fe 


onr=a, 
A, Hz» 


Inka) __ Ky (kya) 
kJo(ka)  k, Ky(ka) 


(18.187) 


This equation has multiple roots, because Jy is an orthogonal function. A TE mode is designated as 
TE 9,, because the suffix 0 corresponds to n = 0. 
18.3.9.2. Transverse magnetic mode (TM) 


For the transverse magnetic mode H, = 0, and the transverse fields are expressed in terms of E,. 
Following the analysis of the TE mode, it will be seen that the TM mode is also circularly 
symmetric and hence the corresponding field components are: 


E., = Ay Jo (kyr) exp (—j Bz) (18.188a) 
Ey = G,Ko (kar) exp(—j Bz) (18.188b) 


The corresponding transverse components are: 
Inside the waveguide (r < a), 
= =a JE. = 


E. = 2 >, = iy Agi; (k,r) exp (—j fz) (18.189a) 


| 690 | ELECTROMAGNETISM: THEORY AND APPLICATIONS 


_ —j@e, OE. _ —j@e, df 
~ _ 1 


A 
e kp or k, 


Jo (kyr) exp (—j Bz) (18.189b) 


and outside the waveguide (r > a), 


E _ JB 9E.2 JP 


: G, Ko (kor) exp(—jBz 
ae a ae | o (kar) exp(— jz) (18.190a) 
—jQE, OE. joe , . 
Hg = = GK (kar) exp (-j 82) (18.190b) 
ks or ky 
Next, the continuity of the tangential components of the fields at the waveguide surface r = a gives 
from which we get: 
& , &. , 
A; Jo (kia) =G,Ko(k,a) and = Ay Jo (kya) = = G,Ko (ka) (18.192) 
1 2 
Taking the ratios of these two equations, 
E| Jo(ka) a & Ko (ka) (18 193) 


ky Jo(kia) ky Ko (kya) 


This is the characteristic equation of the TM mode, which is similar to that of the TE mode. The 
above equation also has multiple roots. The TM mode is designated as TMg,, mode. 


18.3.9.3 Cut-off frequencies of TM mode 


For the two Bessel functions, i.e. Jo (k,r) the Bessel function for the region inside the dielectric rod 
and Ko(kzr) the modified Bessel function for the region outside the rod, Ko is not oscillatory and is 
a decaying function as shown in Figure 18.16(b). We also have 


k, =/(@ we, - B?) and jk, = jy(B’ — @ wey) (18.194a) 


ke + kj = @° Wé, — €) = constant (18.194b) 


for a given waveguide and frequency. 

The decaying field outside the rod remains so, so long as k, is real. If k, were to be imaginary 
Ko would be replaced by ordinary Bessel function which is oscillatory in nature and travelling 
radially away from the axis of the rod—a leaking wave. This then no longer remains a guided mode. 
Hence the cut-off frequency would be obtained when ky is made zero. From Eq. (18.194b), it is 
obvious that both k, and k, cannot be made simultaneously equal to zero. 

Hence, as k7 > 0, since k, cannot approach zero, Jo(k,a) > 0 

“. Jo(k,a) = 0 corresponds to the cut-off frequency of TE or TM mode, i.e. 


k= Lom (18.195a) 


where 7, is the mth root of the Jo Bessel function. 
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The modal cut-off frequency 


o, = ——Aom_ (18.195b) 


Ay ME, — Ey) 


The first root of the Jo function is 2.40, and hence the lowest frequency which can propagate in TE 
or TM mode is 


2.4 
o, 


Ol — s — 
af LE, — E>) 


(18.195c) 


18.3.9.4 Hybrid modes 


So far it has been seen that in circular dielectric waveguides the TE and TM modes are circularly 

symmetric, This is so when either FE, = 0 or H, = 0, ie. one field component in the direction of 

propagation is mode equal to zero. When both E, and H, are non-zero, then the mode is neither TE 

nor TM. Such fields are called “hybrid modal fields.’ When such fields exist, they are not 

circularly symmetric. The longitudinal fields in the two media can then be written as follows: 
For r < a, i.e. inside the waveguide 


E. =A J, (kyr) exp(jn@ — jBz) (18.196a) 

H,, = BJ, (kr) exp(jn@ — jBz) (18.196b) 
For r > a, i.e. outside the waveguide 

E,, =C K, (kyr) exp(jn@ — jBz) (18.196c) 

H,, =D K,, (kyr) exp(jn@ — j Bz) (18.196d) 


A, B, C, D being the amplitudes of the respective field components. 

From these four equations for the z-components of the field, the transverse field expressions 
can be written down as follows: 

Inside the waveguide, r < a 


(a) 
Ey = we BJ, (kyr) exp(jn@) — ” AJ, n(kir) exp (jn@) (18.197a) 
iv 
s nA 
Eg = LO BI, (kyr) exp(jnd) + ee) (18.197b) 
1 1 
OE : j 
Hyy =~“ A Jy (yr) exp (jn) - a BJ, (kyr) exp(jn8) I e. 
i 1 


~ jE, 
Ag = 


Ad. n( kyr) exp (jn) +o BJ, (kyr) exp (jn@) (18.197d) 
1 17 
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Outside the waveguide, r > a, 


a) 
Ey, = a Le D8 n(kor) exp(jn@) + — ie CK, n (kar) exp (jn@) (18.198a) 
2 
_ jou _ an n 
in= : D K, (kyr) exp(jn8) rs U8. n (kyr) exp (n8) (18.198b) 
2 2 
Ed n re 
H,» = a —C K, (kyr) exp( jn6) += D K,, (kyr) exp (jn8) (18.198c) 
2 
jQE ; i n 
Ho = C K,, (kar) exp (jn6) — Zr K,, (kar) exp (jn@) (18.198d) 


2 


For four unknowns A, B, C, D to be evaluated, the four boundary conditions are: 


at r = a, Ex = Ey, A, =H» 


Eg = Eg, Ag, = He 


The four equations obtained from these four conditions can be written in a compact matrix form as: 


J,(k,a) 0 -K,, (kya) 0 
0 J, (ka) 0 —-K,,(k,a) A 
PP 5 eal) JOP T (kya) Pn ea) JOH’ gay} |B l= (18.199) 
ky k, ak; ky C 
-jE, ,’ Bn —jQE, Bn D 
Fdga) 1k Ki(kha) 2 Kk 
| k, nl 1a) ak? nf 12) ky nf a) ak2 nf 7a) 


The characteristic equation of the hybrid mode can be obtained by setting the determinant of the 
coefficient matrix of the last equation to zero. If then, in the characteristic equation n is made equal 
to zero, the equation splits into two equations which are 


Jo (kya) F Ko(koa) _ 


7 18.200 
kJo(ka)  k Koka) ( a) 


and 


E, Jo (kya) 2 Koka) _ 
ky Jo (ka) ky Ko (kya) 


(18.200b) 


Equations (18.200a) and (18.200b) are the characteristic equations of TE and TM modes 
respectively [i.e. Eqs. (18.187) and (18.193)]. 


18.3.9.5 Cut-off frequency of a hybrid mode 


Evaluation of the cut-off frequency of a hybrid mode is rather complicated. The recurrence 
relations of Bessel functions have to be used. The derivatives of Bessel functions are replaced by 
Bessel functions of higher and lower orders. After a somewhat lengthy algebraic manipulation, it is 
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found that the lowest mode is HE,, and for n = 1, its cut-off is given by k,, = 0. The cut-off 
frequency for k,. = 0 is 0. Hence it means that HE,, does not have a cut-off frequency, i.e. it can 
propagate any frequency up to dc. It is an interesting point to be noted that for direct currents, the 
fields inside a dielectric rod are hybrid and not transverse. So the electrostatic field (which 
corresponds to dc) must have a field component along the axis of the dielectric rod. 


18.4 RESONANT CAVITIES (CAVITY RESONATORS) 


A tuned circuit consisting of a coil and a capacitor (i.e. a resonating circuit) acts as an energy 
storage device, and is an important part of a radio receiver. But at very high frequencies, a simple 
coil cannot act as an inductor. In the centimetre range of wavelengths (i.e. 100 MHz and above), 
the dimensions of the circuits are comparable with the operating wavelength and hence unwanted 
radiation takes place. So, at high frequencies the RLC circuits are replaced by cavity resonators. 
Such resonant cavities are used in klystron tubes, band-pass filters and wave-meters. Even the 
microwave oven is an application of a cavity resonator so that the oven is the cavity itself which is 
supplied by a waveguide feed and a power supply. 

In a resonant cavity, the electromagnetic waves are reflected by the conducting walls and thus 
the resonance is produced in it. A cavity resonator can be of any shape—rectangular, cylindrical 
or spherical—but an important class is produced by placing end-faces on a finite length (i.e. piece) 
of cylindrical waveguide. 

We will consider a rectangular cavity (or a closed conducting box). It is effectively a 
rectangular waveguide shorted at both the ends. Now when a metal plate is placed at the end of a 
waveguide (rectangular), the propagation of the electromagnetic wave is blocked and the wave is 
reflected. So now there are two waves travelling in opposite directions. A standing wave pattern is 
produced which must satisfy the boundary conditions at both the ends. The problem can be analysed 
either (1) by starting with the (say) longitudinal magnetic wave travelling in the direction of 
propagation for TE,,,, mode or electric wave for the TM,,, mode, or (2) by solving the wave 
equation for the closed box with appropriate boundary conditions. 


18.4.1 TE Mode Waveguide Approach 


In the waveguide, the wave is assumed to travel in the z-direction, and for the cavity, the metal 
plates are placed at z = O and z = d. In this situation, the two waves are travelling in opposite 
directions (i.e. +z and —z). For the TE,,,, mode, the longitudinal H, for the travelling wave is given by 


y 


x aa 


a O 


Figure 18.22 A rectangular resonant cavity. 


| 694 | ELECTROMAGNETISM: THEORY AND APPLICATIONS 


MIX 


nt ; 
H, = Hy cos cos exp[j(at — fz)] (18.201a) 
For the reflected TE,,,, wave, let its amplitude be Hy: Hence 


, , MIX 
H, = Hy cos 


a . 
cos exp[ j(@t + Bz)] (18.201b) 
The total H field inside the cavity is then 
H, =H, +H, (18.202) 


Since Hz would be perpendicular to the boundaries z = 0 and z = d, it follows that it should be 
zero on these two planes. 


, 


atz=0, H,=0 — Hy) =-H, (18.203) 
H_, = Hy cos = cos 2 [exp(—j8z) — exp(jfz)] 
a 
=-2jH cos( "*) cos( “2 sin(Bz) (18.204) 
a 


not writing exp (j@f) in these expressions explicitly. 


Also onz=d,H,=0 — fBd=pzm, p =1, 2,3, ... 


or pat (18.205) 
d 


Substituting for B from this equation, into Eqs. (18.67) or (18.70), while noting that y= jf in the 
present case, 
2 2 2 
dae gles 
a b d 
1/2 


2 2 2 
1 mr nt pr 
or naar = |( +( +( }] (18.206) 
ME a b d 
where m, n, p are all integers and hence there will be discrete frequencies at which the 


electromagnetic fields can be excited inside the cavity. Since the fields are characterized by three 
indices, this mode is designated as TE,,,,,. 


18.4.2 TE Mode—From the Fundamentals 


It should be noted that depending on how the cavity is excited, the wave can propagate in any of 
the x-, y-, or z- direction. For simplicity, we choose the direction of propagation as +z direction (as 
in Section 18.4.1, Figure 18.22). 


Since E,=0, H,=X(x)¥(y) Z@) (18.207) 


where H, is the solution of V-H+k,H=0. 
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X(x) = B, cosk,.x + B, sink,.x 


Y(y) = B; cosk,y + By sinkyy (18.208) 
Z(z) = B; cosk,z + Be sink,z 
where aki +k +k (18.209) 
The boundary conditions are: 


(i) H,=0 at z=0,d 


ii £=0 at x=0,a 
my ox 
oH 
(iii) ==0 at y=0,b. 
oy 
From the boundary conditions (ii) and (iii), 
B30, B30: ad BS Re (18.210) 
a : b 
where m = 0, 1, 2, 3, ... and n = 0, 1, 2, 3. 
For the boundary condition (i), 
B,=0 and k, =P, where p = 1, 2, 3,... (18.211) 
mmx nay). ( paz 
H, =H, cos cos} —— }sin| —— 
z 0 ( , ( b ( A (18.212) 


pe G2 


; : tia 
mar nn pr 
o=27rf = + + 
f hie ; (2 ( 7 | (18.213) 
The resonant frequency is same as derived by the other method, i.e. Eq. (18.183). It should 
be noted that both m and n cannot be zero simultaneously because the field components will be zero 
if both m and n are zeroes. The ‘dominant mode’ (i.e. the mode having the lowest resonant 


frequency is TE,),; mode (a > b < c). A practical resonant cavity has walls with finite conductivity 
o,, and hence can lose stored energy. The loss is determined by the quality factor Q. 


18.4.3. TM Mode—From the Fundamentals 
In this case, H, = 0 and hence 


E, = X(x) Yo) A(z) (18.214) 
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X(x) = A, cosk,.x + A, sink,x 
Y(y) =A; cosk,y + Ay sink, y (18.215) 


Z(z) = A; cosk,z + Ag sink,z 


where aki +k, +k =o°pue (18.216) 
The boundary conditions are: 
Gi) E,=0 at x=0,a 
(ii) E,=0 at y=0,b (18.217) 
(iii) Z,=0, £,=0 at z=0,d 
From the boundary conditions (i) and (ii), 
A, =0, A,;=0, k,=—, k, =— 


a a (18.218) 
where m= 1, 2, 3,..% nee 1.2 3s 


Next, for the boundary condition (iii), from the two curl equations of Maxwell, i.e. 


vxH= 2 and vxE=— 2B (18.218a) 
ot ot 
we get 
we E ee d ji@uH Le 
=> ani = = 
Combining these two equations, 
, oH, 1 (OE, WE, 
jaeE, = ~~ +- 7 = 
“oy ja@u\ daz? — daxdz 
Since H, = 0, this simplifies to 
eee. OE, OE, 
and considering E, and H, from the same two (Vx) equations 
1 (WE, OE 
joeE, =— eas (18.220) 
~  —ja@u\ dydz az 


From these two equations [i.e. (18.219) and (18.220)], to satisfy the boundary condition (iii) which 
states 


E,=0, E,=0 at z=0,d 
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the requisite condition is 


0E 
£=0 at z=Oandd. 
Oz 


>Ag,=0 and sink,d=O=sin px 


k, =" where p =0, 1, 2,3,... (18.221) 
Substituting for the unknowns in Eqs. (18.214) and (18.215), 
E, =E, sin( 2 sin( “22 Jeos( 2) (18.222) 
a b d 


where Ey = A> Aq As. 

The other field components can be obtained from Eq. (18.222) and the two curl 
Eqs. (18.218a). 

The phase constant comes out to be 


re) 2) 


= 0 Me 


w=2nf = Te {(2) (2) (2) (18.223) 


The lowest order TM mode is TMj19 


18.4.4 Stored Energy and Quality Factor 


Considering the TE;y, mode (m = 1, n = O), the longitudinal magnetic field component is [from 
Eq. (18.204)] 


H, =-2j Hy cos (=) sin (=) (18.224) 
a d 
The other field components come out to be 

a . ( Wx Nz 

H,, =2j— Hp sin] — | cos} — 
x 7 0 (= (=) (18.225) 
E, =-2auH) — sin 2 sin =) (18.226) 

a a d 


by suitable substitutions in Eqs. (18.77c) and (18.77b) respectively (for the incident and the 
reflected waves in the cavity). 
The resonant frequency Wo for the TE;g; mode comes out as 
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Oy =2afy = : (2) +(2) 
0 0 Jue - d (18.227) 


Since every resonant circuit stores electromagnetic energy, we now calculate the stored energy. 
The average electrical energy stored inside the cavity is 


Re (E.E ) dx dy dz 


2 
=¢€ |Hof (2) {ff sin’ (=) sin’ (=) dx dy dz 


2 
abdeé 2{ Mua 
= Ho| | —— 
1 | 0| ( 7 (18.228) 


i—an 
N[e 


The average magnetic energy stored inside the cavity 


a b d 
1 
W, = 5 ii J J jRe GHB) de dy az 
x=0 y=0 z=0 
a b d 2 
= M\Ho| J J J (2) sin* (=) cos” [22 } + cos (=) sin? (*)| dx dy dz 
6-9 eh d a d a d 
2 2 
abd 2/(a : a 
= Hl (2) vio [sin () v=0ipeon] (18.229) 


which is obtained from Eq. (18.223) or (18.213) by suitable substitutions for m, n, p. 

Thus the average stored electrical and magnetic energy are equal for the cavity resonator. This 
equality is identical with the LC circuit at the resonance. 

The quality factor Q, for the resonator, is a measure of loss in the resonator, and is defined 
as 


Energy stored in the cavity 


=O, 
= Power loss in the cavity (18.230) 
_ W,+W,, 
Power loss in the cavity 
2aW. 
(18.231) 


~ Power loss in the cavity 


Assuming the loss in the cavity to be small, the field distribution of a lossy cavity is almost same 
as that of a loss-less cavity. The surface currents on the walls of the waveguide (and the conductor 
loss) can be obtained from the knowledge of the magnetic field. If the surface resistance is denoted 
by Rs, 
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Rs =(@f) (20), oO = conductivity of the cavity walls, 


then for the TE;9; mode, 


2 3 
d)°b 
Gita ee (18.232a) 
29 Rs[2b(a° + d?) + ad (a + d”)| 
(a + d*)abd 
: (18.232b) 


~ 6[2b(a? + d3) + ad(a + d?)] 


where d= : = depth of penetration (or skin depth) = g./2 of Eq. (15.7). 
D Moo 


Note: ‘d’ of skin-depth or depth of penetration (dV2) of Eq. (15.7) is not to be confused with the 
dimension d of the cavity. Hence the notation 6 has been used here. 


18.4.5 Cylindrical Cavity 


It is a cylindrical piece of radius R and axial length d, and its walls are assumed to have infinite 
conductivity. For simplicity, the cavity is asumed to be filled with a loss-less dielectric of 
characteristics i, €. Since the reflections take place on the end-surfaces of the cylinder the relevant 
expressions for the standing waves (using the cylindrical coordinate system) are: 


Asin(kz) + Bcos(kz) 


Since the two ends of the cylindrical cavity are z = 0 and z = d, the boundary conditions can be 
satisfied only if 


: where p = 0, 1, 2, 3... (18.233) 


For TE modes, the vanishing of H, at z = 0 and z = d requires 


H, = w(x.y) sin( 22) p=1,2,3,. (18.234) 


For TM modes, the vanishing of E, at z = 0 and z = d requires 
E. = w(x, y) cos( PE) p=0,1,2,3.: (18.235) 
where y is a scalar function which satisfies the two-dimensional wave equation 


(Ve +7°)w=0 (18.236) 


and Vv? is the transverse part of the Laplacian operator, i.e. 


V=V -— (18.237) 
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In the Cartesian coordinates, the transverse fields for the two modes are obtained as: 


px). ( paz 
TM mode: ES (4) sin (=) Viv (18.238a) 
JEW TC. ‘ 
H.= (2) cos (=) i, x Vw (18.238b) 
_ Jou |. ( paz\|. 
TE mode: i= -(#) cae (=) i, x VW (18.239a) 
IT I. 
H, = (4) cos (28) Vi (18.239b) 
‘ 2 
where the constant y? = (2 HE = (= } (18.240) 
c 


and y can be solved as an eigenvalue problem. 

In the cylindrical resonant cavity, the tuning is done with a piston by varying d. For the TM 
mode, the transverse wave equation for y is = E,, subject to the boundary condition that E, = 0 
atr=R. 

The solution for the cavity is 


Wr, 9) = Im (Ynn?) Exp (jm) 
(18.241) 
where Ymn =~ 


Xm, being the nth root of J,,(x) = 0. 
The integers m and n have the values 
m = 0, 1, 2, 3, ...5 w= 152, 3.225 


The resonant frequencies are given by: 


a 
c Ximn Dp 
nny = | “6 (18.242) 
P Tue R @ 


For the lowest TM mode, m = 0, n = 1, p = 0, the designation is TMop 9 and its resonance 
frequency is 


2.405c 
RY Me 


®o10 = (18.243) 


In general terms, for cavities of a few cm linear dimension with @ of about 10+ cm, the QO value 
is of the order of 10,000 
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18.1 


18.2 


18.3 


18.4 


18.5 


PROBLEMS 


Show that the input impedance of a loaded lossy transmission line is given by 


Z, + jZ, tanh yl 
Z,+ jZ, tanh yl 


Zin = Z, 
where 
Y = propagation constant 


Z, = characteristic impedance 
Z = load impedance 
/= length of the line. 


Hence, for a quarter wavelength line 


2 

L 
A coil has a complex impedance of resistance R and self-inductance L. It is connected in 
parallel with a capacitor of capacitance C with an imperfect dielectric equivalent to a 
series resistance which is also R. Find (i) a value of R which makes the impedance 
purely resistive at all values of @, and (ii) a value of @ which again makes the 


impedance purely resistive for all R. 
| L 1 
Ans.: (i) R=,/—, (i) o= —— 
Cc Lc 


Rectangular waveguide is often made of brass or steel for economy, and then silver- 
plated to provide the lowest losses. Assuming operation at 10 GHz with o = 6.17 x 10’ 
mho/m for silver, calculate the amount of silver required per mile to provide a 
three-skin-depths coating on a waveguide with an inner periphery of 10 cm. Density of 
silver = 10.5 g/cc. 

Ans.: 3.25 kg 


Define phase velocity v,, and group velocity v,, of a travelling wave, and show that 


1 1 o Wy 
Vien | Ve Von do 
and that 
dv 
ph 
Ver =Vph —4 TA 
20 
Hint: Differentiate the modified expression for v,, with respect to B, and B = a 


A transmission-line consists of two parallel strips of copper forming the go and return 
conductors, their width being six times the separation between them. The dielectric is air. 
From the Maxwell’s equations applied to a TEM wave, show that the ratio of voltage to 
current in a progressive wave is 207 ohms. 


Hint: Calculate L and C of the system, and hence the characteristic impedance. 
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18.6 


18.7 


Radar signals at 10,000 MHz are to be transmitted and recieved through a polystyrene 
window (€/€) = 2.5) let into the fuselage of an aircraft. Assuming that the waves are 
incident normally, how would you ensure that no reflections are produced by the 
window by choosing a particular thickness (= d) for the window? 


Ans.: d = any integral multiple of 0.95 cm 


By using Maxwell’s equations, prove that a TEM wave cannot exist in a single 
conductor waveguide, such as rectangular or cylindrical waveguides. 


Radiation and 
Reception of 
Electromagnetic 
Waves 


19.1 INTRODUCTION 


So far we have studied the propagation of electromagnetic waves in some detail. In Chapters 17 
and 18, we studied their propagation in free space, in various dielectric and conducting media 
(extending to infinity), and then across the interfaces (i.e. planes of discontinuity) between 
different types of media, which produce the phenomena of reflection and refraction, and then 
along various guiding structures. But till now, we have not considered how and where such 
waves are produced and their effects at their destinations. So in the present chapter, we shall 
study the sources and the receivers of such waves. 

The sources of any electromagnetic field are electric charges and currents. When these 
charges are time-varying, they may produce electromagnetic waves propagating away from the 
sources (and not returning to them). Such a process is known as ‘the radiation of electromagnetic 
waves’. Theoretically, any time-varying sources of charges and currents radiate certain amount of 
energy. For example, at power frequency of 50 Hz, the radiation from the power transmission 
lines does exist in the rigorous sense, but in reality the radiated energy is so small that 
practically it cannot be detected, and hence justifiably considered as negligible. 

In many practical problems, configurations of charges and currents radiating considerable 
energy to the surrounding space are required; and the science of designing and analyzing the 
‘radiating systems’ has developed as a part of the theory of electromagnetism. Such a topic is 
highly specialized and complex. In our present introductory text, we intend to consider the basic, 
fundamental and simple types of radiating systems. 

Systems designed for effectively radiating electromagnetic waves, are called antennae, of 
which there are many types. Once an antenna creates the em wave, the wave travels through the 
space to its destination where the message contained in the wave has to be extracted. The 
distance between the transmitting antenna and the receiving point is variable, and can be as 
much as hundreds of thousands of miles. For such large distances, special antennae which radiate 
very narrow beams are used. For receiving purposes, structures similar to transmitting antennae 
are used. These are called receiving antennae. There is a great diversity of such antennae, but 
their common characteristic is that they behave as generators when the incoming wave hits them 
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and a corresponding emf is induced in them. The analysis of receiving antennae is more complex 
than that of the transmitting antennae. 

To design a radiating system, the information needed would include its wave pattern 
distribution, its polarization, and the distribution in space of the radiant energy, non-radiative 
losses, the currents and the charge distributions in the system, and its input impedance. These 
will depend on impressed frequency and voltage, the system dimensions, geometrical 
configuration, its materials and those of its surroundings. A complete solution of the problem 
must give fields which satisfy the Maxwell’s equations and also the surface boundary conditions. 
There are methods of calculating the necessary required quantities with reasonable accuracy. By 
using the retarded potentials, the fields of charge and current distributions can be obtained. A 
rough estimate of the distant radiation (the far field) which is dependent on the major features of 
the source distributions is quite adequate. The ohmic losses can be calculated with sufficient 
accuracy by taking the real part of the complex Poynting vector. 


19.2 THE ELECTRIC DIPOLE ANTENNA (THE HERTZIAN 
DIPOLE) 


The electric dipole antenna or the Hertzian dipole (as it is more commonly known as) is the 
simplest of all the radiating systems, and is the basis for all types of antennae. 


19.2.1 Electromagnetic Field of a Hertzian Dipole 


The basic source of an electrostatic field is a point charge; and of magnetic field is a current 
loop. For an electromagnetic field, the simplest independent source is a Hertzian Dipole 
consisting of a pair of charges +q, separated by a distance / which is small compared with other 
distances considered; the charges vary with time, and are connected by a conductor in which is 
a current 7 which is 
._ dq 
dt 

The electric field of the charges is associated, when the charges vary with time, with a 
displacement current which may be considered to complete the circuit for the element (i, J); 
alternatively, in terms of conduction currents only, we have a flow of charges which is associated 
with variation in the positive and negative charges at the termini (Figure 19.1). 

Let us consider the field in free space surrounding such a dipole, in which (say) the charges 
and the current are given by 


q=f() and i=f(t) (19.1) 


In Section 13.5, we considered the magnetic vector potential applied to time-varying fields. 
Therein we have shown that the time-varying fields expressed by the Maxwell’s equations can be 
expressed by the equations in terms of the magnetic vector potential A and a scalar electric 
potential V under the ‘Lorentz gauge condition’, such that the potential equations are 
completely separate. [Refer to Eqs. (13.52) to (13.54)]. These general equations reduce to the 
following form in free space (which we are considering at present), 1.e. 


1 OV 
v a+(2|(F ee (19.24) 
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2 
va(2] Fo (19.2b) 


2 
vv-(2][ 5 | (19.2c) 


where c = (Up) '”, as earlier in connection with the plane waves. 

For a current element (i, 7) under static conditions, we saw that A was a vector of 
magnitude ({l9/47)(il/r), parallel to the current element at every point [Ref.: Eq. (13.10) of 
Section 13.3.1]. It is not to be assumed that this will hold good under non-static conditions, but 
it will be assumed that the non-static solution still retains two features of the static, i.e. 


(a) A is everywhere parallel to the element; and 
(b) A depends only on the distance r from the element and on time tf. 


With these assumptions, A in Eqs. (19.2) has only one component which may be called A, or 
just A. 
Also, 
dA, _ 0A 


a dz az 


aA 2\aA (1)( & 
2 _ = 
lv al-(© }-(2) zs -(1)[B Je 


These two equations may be proved by considering the flux out of an elementary volume 
in spherical coordinates. 


and 


; ‘ ‘ . {0A 
Moreover with A being a function of r only, the maximum rate of change is (sr and 


= = (5 eo 0 
dz \or , 


The first two equations of the set (19.2), i.e. (b) and (a) therefore become in the reverse 


order as mentioned above: 
i \f 2? 1 \({ 07A 
Gt Jeo : Gl ar } : oo 


0A 1 oV 
cos @ 5 } {2 I Ae ) = 0 (19.4) 


It may be verified that Eq. (19.3) is satisfied by 


a-(F}e(e-2) (19.5) 
r c 
where F is any function. 


ae 1 \{ a? 1)» _(1\( aA 
fr is because: Gea = fal = (2) | 


an 
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We now compare Eq. (19.5) with the static equation 


if(t 
A= (25 \(F} which now becomes = Holf () 
4a }l r 4ar 


when i = f’(t) [Ref.: Eq. (19.1)]. 
Now c is a large number; thus for small values of r and moderate values of t, F : - Z| 


approximates to F(t). If now we make 


l 
F(t) = [4] ro 


a 


then we see that Eq. (19.5) reduces to the static equation (or more accurately, the quasi-static). 
Hence the solution (19.5), for the more general case, is to be written as 


Holl) ef, 7 
satel r(r-2) 196 


Substitution of this value of A in Eq. (19.4) now gives 


Vau-? cos 0 5] 
= 72 Ic? cos ol(=|r(: - <}} Ealac a “| (19.7) 
Icos@}( 1 r Lhe r 
V= ie (}('- ta} [:- “| (19.8) 


Now f(t — r/c) is the value of the charges q at an instant r/c earlier than the instant at which the 
value of V is being calculated; similarly f’(t — r/c) is the value of i at an earlier instant. We write 
these as [q], [i], and call them the retarded values of g and i (refer to Section 13.6 on Retarded 
Potentials). Physically we see that this means that a signal travels from the point O to the point 
P with a finite velocity c, so that at the time ¢, an observer at P can only know about the values 
which gq and i had at an earlier instant (¢ — r/c). 

Thus the potentials due to the oscillating dipole are 


A (ee (19.9) 


v(t ye a (19.10) 
ATE, re cr 

It should be noted that we did not assume the retarding effect to start with, but proved this to be 
an essential requirement for the time-varying nature of the radiating sources. If the ‘retarding 
effect’ is assumed, then these potentials can be obtained more directly (see Carter: The 
Electromagnetic Field, pp. 301-302). It must however be noted carefully that the field 


components E and B cannot be obtained by inserting the retarded values of g and i into the 
static expressions of E of the static dipole. It is essential to note that we started from the 


whence 
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potentials (and not the field expressions) which were shown to require the retarding effects to 
account for the time-varying nature of the sources. 

Note: In our evaluation of the expressions for the two potentials, we have so far 
disregarded (or to be more precise, we have not been required to use it in our derivations so far) 
the third of the equations (19.2), i.e. Eq. (19.2c). If we use the Cartesian coordinate system, then: 


re oe & 
= + 


0A 1 \(ov 

(2)+(2)(2}ec Asay 
{ \(-3 

Vo =) sis | | ASO 19.2b 

(=\=] (19.28 


Differentiating Eq. (19.2b) with respect to z, we get 


sya a 


Combining Eqs. (19.2a) and (19.2b’), we get 


aca Cale 


In other words, Eq. (19.7) is a solution of the equation, and V in Eq. (19.8) is of just the same 
form except for the different functions of (t — r/c). Hence, we find that V, deduced as before, 


automatically satisfies Eq. (19.2c). 
v—_ 


The first equation (19.2a) is 


The second equation is 


0 
ag: O'ag 


Figure 19.1 An oscillating dipole. 


19.2.2. Field Components for the Hertzian Dipole 


We use the spherical polar coordinate system with the origin at the centre of the dipole, and the 
angle @ measured from the axis of the dipole (Figure 19.2). In this coordinate system, a point P 
is defined by (r, 0, 6), and the element of length has the components—6r, ré@, r sin 66¢—and 


.(aV) .(1)\fav)., 1 aV 
raver up) (ota) 
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é increasing 


r increasing 


X-axis 
Parallel to the x-axis 


» z-axis 


Figure 19.2 Oscillating dipole with spherical polar coordinate system. 


In the present problem, V varies with r and 9, but not with @ [see Eq. (19.8)]. 


(grad V) has r and @ components only. 


Now, E=- Camu 
ot 


where A and V are given by Eqs. (19.6) and (19.8). 
Also, A, = A cos 0, and Ag =A sin @. 


0A OV 
E,=- [sr eos 0-(F.| 


2) aur-(t()-[2)e-(Sr 
= [A cos a7 (a 3 f = 7 ae a 


where (t — r/c) is understood as the argument of each function; and if we make the substitution: 


Uy = 1/(c7€p), we find 


= (Fae Ce} ea}C- 


Similarly, 


Eg= 


| 


(19.11) 


(19.12) 
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The lines of force of the magnetic field form circles round the axis of the current (carried 
by the dipole). Thus B has a ¢-component only. To evaluate By, we consider the contour ABCDA 
as shown below in Figure 19.3: 


Figure 19.3 Contour for evaluating B, due to the dipole. 


__ line-integral of A round ABCDA 


Be area ABCD 
_ Ob [AG)- A+ 6r)] _( 1 \(_ aA a 
~ él; ol, - ol, or 


Also, 6Or= 6], sin 0 


By = sean 0 


il A, 
Also, By= (VX A)y ==" + 55 | 


or r r j\ 00 


with A, = A cos 0, Ag =—A sin 0, where A is a function of r only (and of 1). 


By = 


| 

z 

5 

D 
| 

Q 
|S 
| 

| > 
| > 
n———"” 


Il 

| 
—\ 
QQ 
== 
Se a 

nN 

B: 

3 

d 
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Thus, 


v(t 


If (7/c) is negligible, the retardation is of no effect, and Eqs. (19.11), (19.12), and (19.13) can be 


written as 
qlcos@ 
E,= : (19.14a) 
2WEor 
lsin@ 
Ej= 2" (19.14b) 
47éor 
HMoil sin 0 
By, = —_ 19.14c 
f 4 ar’ 


These are the equations for a static dipole, and steady current element respectively. 
At a great distance, however, the terms containing (1/r) predominate, and we get (the far 


field): 
E,=0 (19.15a) 
ens, (3) 
_ fea 4] (19.15b) 
By = Groaaaed (19.15c) 


Thus the field at this distance consists of electric and magnetic components, perpendicular to 
each other, and both perpendicular to the radius, and related by the simple relationship: 


Eg= cBy (19.16) 


This pattern travels outwards with a velocity c, diminishing in proportion to (1/r); it forms, in 
fact, ‘a travelling electromagnetic wave’. It is this waveform, which made the radio-telegraphy 
and telephony possible. The Poynting vector shows that it is associated with an outward flow of 
energy into space. 

The Hertzian dipole is not in itself an efficient form of transmitting aerial (or antenna), but 
its field is the ‘brick’ from which the fields of practical aerials are built up. 


19.2.3 Radiated Power of the Hertzian Dipole Calculated by the 
Poynting Vector, and the Radiation Resistance 


We now apply the Poynting vector to find the energy transmitted from an oscillating dipole. As 
in the previous sections, the dipole is made up of the charges tq, where g = f(t), and the charges 
are separated by a distance /. 
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At a great distance r from the dipole, the electric field was found to be in the @-direction 
(i.e. a line of longitude on a sphere concentric with the dipole), and given by the expression: 


_ ( Hol i sin@ )\ (or 
Eg= tal ’ \ i: "| (19.15b) 


and the magnetic field lies along a parallel of a latitude, i.e. 


Hol sin@ ” r 
By = Ea , \ [5] (19.15¢c) 


The Poynting vector is radially outwards, 


By 
S=ExH, where Hy = a 


And hence the magnitude of the Poynting vector is 


Ul? \ sind Y r\P 
2 a f \tS— 19.17 
ce ee lide aoa 
i.e. a travelling wave of energy in which the direction of flow is never reversed (like in a coaxial 


cable). 


To obtain the total outflow of power from the dipole, we have to integrate over the whole 
surface of the sphere, concentric with the dipole, as shown in Figure 19.4. 


> xX 


The displacement between 
these two great circles is 
6¢ in the x-y plane. 


Figure 19.4 Surface of integration around the dipole. Note that the three vectors 
E,, By, and S are mutually orthogonal. 


Area of the cross-hatched curvilinear rectangle between the angles 6 and 6 + 60, and 6¢@ is 


(rd0)(r sin 06¢@). 


Area of the circular strip (shown dashed) between the angles @ and @ +60, is 
(2zr sin 0)(rd@). 


For the complete area covering the whole surface of the enclosing sphere, 0 varies from 
6=0to 0=7. 
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O=2 


Total power, We J S(2zar sin 6)(r 60) 
0=0 
27, ., 2 
P 
=) eo f"(r-2] j(=4) 2ar? sin0d0 
16z*c c r 
0 
2 ea 
= Mol ” awe J +3 
= cae [ | sin’ 0dé 
0 
In this integral, substitute cos @ = x; .. —sin 0 d@ = dx, and the limits are: 0 = 0 => x = 1; and 
0@=n>x=-1. 


om 


+1 3 +1 7 4 
J sin’ 0d0= Jo-Praee[s—3] =(2-3)°3 


0 


(Ela 


Usually f(‘) is a function varying sinusoidally with time. Hence, we can write: 


q = f(t) = Qn sin ot, where Q,, = amplitude of the charge 


rdponal 


Po'Q ). 
The total power, We [A fo [of = “| (19.18) 
6 7c c 


W varies sinusoidally between 0 and 1. 
To find the mean output of power, we have to consider the time-varying term and integrate with 
respect to f over one time-period. The mean value of this integrated term is (1/2). 


24 2 
= Mol @ QO. 
The mean power, We | 6 7c | 2 | 


- M200? 
Se (19.19) 


where (25 = Q < rms value of the time-varying charge. 


“2 


In the transmitting aerials, it is more common to use the current than the charge. Hence: 


The rms (= root mean square) current, J = @Q 


= Pet? 
The mean power, W= fo (19.20) 
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We substitute for the angular frequency @, 


27c 


O= 7° where / is the wavelength 
2 2.2 
The mean power, W = Hol 0% le 
6 7c A 
2 P |g p 
-Ge(s)r-m vn 


where [oc = \/Mo/E& = Zo (= wave impedance of free space). 


R. (= Ryag) is called the radiation resistance of the aerial at the wavelength in question. 


> r 
R, = E re | (19.22) 


2 
But, Zp) = 377 Q “ R= 790 a 

Thus the Hertzian dipole is rather inefficient because of the (/A)? term as I << A. 

The above expression explains how it is possible for a transmitting aerial to send out 
power into the surrounding space, and how the process of transmission reacts back upon the 
source by bringing about an apparent increase in the resistance. 

So the Hertz dipole can be considered as a resistance when seen from the input terminals of 
the antenna [Figure 19.4(a)]. 


Hertz 


I, dipole 


Figure 19.4(a) Equivalent resistance of the Hertz dipole. 


This is quite low for a Hertzian dipole as mentioned above, e.g., for a 0.1A long dipole, 
Rraa = 8 Q only 

Note that Eg and By are in time-phase; and / is not necessarily a constant, but a function 
of z. 

We shall see later that / = 4/2 is a more efficient choice of an antenna. 


19.2.4 Distributions of Potentials, Field Vectors, and the Poynting 
Vector of the Hertzian Dipole 


We have obtained the expressions for the vector and the scalar potentials of the Hertzian dipole 
(i.e. the oscillating electric dipole) in Section 19.2.1, as: 
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_ ;( Ho ff Lo! a (pee , 
n= iH] 2" Jose ol 4] (19.9’) 
V= EeOSe x Q ex 1a) f= + as ex 12) i 19.10’ 
~ | 47€ r- ae c cr JPY c aa) 


The plots of A and V are shown in Figure 19.5. It is seen that the scalar potential V is a 
maximum at the poles and becomes zero at the equator, where the potentials due to the 
individual charges +Q of the dipole cancel each other. The charge of +Q predominates in the 
northern hemisphere, and that of —Q in the southern hemisphere. The magnitude of A is 
represented by the sphere marked A (Figure 19.5), and is independent both in direction and 
magnitude, of the coordinates @ and @. 


Figure 19.5 The scalar potential V and the magnitude of the magnetic vector potential, 
i.e. IAl, shown as functions of 6 and @ about the dipole oriented as shown. 


The electric lines of force can be obtained on the basis of the consideration that 
when (r/c) is negligible, the retardation effects can be neglected, and then the E vector 
[i.e. Eqs. (19.11) and (19.12)] collapses to the expressions of the static dipole. Then, 

E, = E@ 

dr rdO 
since an element of a line of force having the components dr and rd@ is parallel to the local E 
having the components E,,and Ey. To simplify the calculations, an auxiliary vector C can be used 


such that: 
C= (a [EP] {o£} sin 0 (19.14a’) 


whence E = V x C, so that 


(19.14’) 
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1 ) ; , 
Ey= [ava Jan sin 0) (19.14b’) 
and 
Eo = Si (rC) (19.14c’) 
r jor 


The differential equation for the lines of force is therefore: 
1 ) 1)oa 
oy i 2/22 (Ge 
(sra Jaan hare ) 


) ; ) . 
E (Cr sin a d@+ E (Cr sin a dr =0 


or 


Cr sin @ = constant (19.14d’) 


Figure 19.6 shows four families of lines of force of E at four instants of time. The magnetic lines 
of force are much simpler. They are circles, perpendicular to, and centred on the axis of the 


BO) 
(IED 


Figure 19.6 Lines of E of a Hertzian dipole for wt = 0, 2/2, 2, 32/2. The dipole is 
situated at the centre and oriented vertically. 


| 716 | ELECTROMAGNETISM: THEORY AND APPLICATIONS 


Figure 19.7 shows the polar diagrams (or the angular distributions) of E or H, and S,, at 
distances much greater than the dipole wavelength A. In fact, Eqs. (19.14) and (19.17) show that 
E and § vary as sin @ and sin’@ respectively; and hence these are effectively plots of these two 
functions. The Poynting vector varies as (1/r”), and E and B vary as (1/r). Since the energy flow 
varies as sin@, it is zero along the axis of the dipole, and is maximum in the equatorial plane. 
So an electric dipole does not radiate energy along its axis. Also, the energy flow is radial 
every where. 


Figure 19.7 Plots of angular distributions of E (or H) and S,, of the Hertzian dipole. 


19.2.5 Thin Linear Antenna 


The Hertz dipole which is a very small current element has a very small radiation resistance, and 
hence is not an efficient radiator. So a logical extrapolation would be a dipole of reasonable 
physical length, such that the antenna can then be used for both transmission and reception of the 
electromagnetic radiation. 

A linear dipole is then a piece of wire of length 2L (say) excited by a current or voltage source 
as shown in Figure 19.7(a). 


SN 


a P (far away) 


— 


+——_ r- 


Figure 19.7(a) A linear dipole antenna of length 2L. 
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The gap at the centre of the dipole is assumed to be small, and the current spreads over its 
length only to achieve a steady-state value (or distribution). Finding the current distribution along 
the antenna is not an easy problem. Once the current distribution is known, the radiation 
characteristic of the antenna can be predicted. It can be argued that where the wire ends the current 
will be zero and this antenna can be visualized as a flared-up version of a twin-wire transmission 
line as shown in Figure 19.7(b). 


A 


+— Antenna 
Current distribution 


SS iy a l 
GQ = & =8¢ 


Transmission line — 
v 


(a) (b) (c) 


le 


Figure 19.7(b) A dipole antenna as a flared version of a transmission line. 


We consider an o.c. section of a transmission line (twin-wire types of length L). The voltage 
reflection coefficient at the o.c. end is +1, and hence there would be a standing wave along the 
line. The current at the o.c. end would be zero and its magnitude varies sinusoidally along the 
length. 

The standing wave current distribution on the line 


I(z) = 1, sin{ BL -1z1)] 
=I,, sin[ BL -z)], for z>0 (19.22a) 
I, sin[B(L + z)], for z<0 


J, = Maximum current amplitude on the line 


a, : : 
B= —;> ie. the propagation constant in free space 


A 


z= distance measured on the line from the generator, +ve on the upper conductor and 
—ve on the lower conductor. 


As the line becomes flared, it becomes a non-uniform transmission line. When the line 
becomes an antenna, we assume the current distribution to remain unchanged, which rigorously 
speaking is a questionable assumption. For the analysis, we simplify the current distribution to be 
sinusoidal [/ sin(@t — Br)]. To evaluate the field due to this linear dipole, the dipole is sub-divided 
into infinitesimally small current elements, and obtain the field due to each element and then apply 
the principle of superposition to obtain the field due to the whole dipole. So considering an 
element dz at a height z with the coordinate system as shown in Figure 19.17(a), the Eg field can 
be expressed as [referring to Eq. (19.15b) for the far field components] 
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alee sin 8 I(z) dz e /P% 


dEg 
4WE R, 


(19.22b) 
and the associated magnetic field 
dH g = — (19.22c) 


Since the point under consideration (i.e. P) is far away from the antenna, lines AP and OP are 
effectively parallel, and so 


R, = R-z cos@ (19.22d) 


In the expression for dEg, R, in the denominator can be replaced by R but not in the 
exponent because it is considered relative to the wavelength A. Hence 


vine 
_B sind (— os 
dE, = j a T(z) ef AR Faces6) gy (19.22e) 


The total field due to the complete dipole will be 


L 


2: —jBR 
= Bp sin 6 e iB fro eiPe038 19 
1 


Eg 
42weR 


-j BR 
e IB 


= j60 1, F(@) (19.22f) 


R 
where /(z) is as stated earlier, and 


BP _ aye _ au _ Bm 308 
4nwe 4nwe 4a 4r 


(19.22g) 
and 


cos(fL cos 8) — cos(BL) 


F(@¢)= 
(@) sin 0 


(19.22h) 


F(@) describes the relative variation of the electric field as a function of 0 and so it is the 
E-plane radiation pattern. In the H-plane, Eg, not being a function of @, is constant. So the H-plane 
radiation pattern of this dipole is same as that of the Hertzian dipole. But as seen the E-plane 
pattern is different from that of the Hertzian dipole. 


19.3 THE HALF-WAVE ANTENNA 


The oscillating dipole discussed so far, is a useful tool for theoretical work, but it is not a 
practical antenna. The half-wave antenna, shown in Figure 19.8, is simply a straight conductor 
whose length is half a free-space wavelength. It is fed at the centre (i.e. a current 
(Io cos wt) is established at the centre of the dipole) by means of a suitable electronic circuit, 
and a standing wave is formed along the conductor. 

Note: It should be noted that, in many cases, the half-wave antenna is a quarter wavelength 
mast set vertically on the ground which then behaves like a mirror. The quarter-wave mast and 
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Figure 19.8 Centre-fed half-wave antenna. 


its image in the ground then together form a half-wave antenna. Radio broadcast antennae are 
often of this type. The ground in the neighbourhood of the antenna can be covered with a 
conducting screen in order to achieve good conductivity. 

The standing wave of the current on the conductor is 


I= I) exp (jar) cos (B1) (19.23a) 


Each element (J dl) of the antenna then radiates an electromagnetic wave similar to that of 
an electric dipole, and the field at any point in space is the sum of all these fields. 

Since the (magnetic) vector potential at any point will be parallel to the direction of the 
source current in the antenna, the vector potential will have only the z-component (parallel to /). 

The vector potential at the point P(v, @, @) due to the antenna element (/ d/), at a distance / 
from the centre-point of the antenna (which is also the origin of our coordinate system) is given by 


_ Mol exp (—jBR) dl 
~ 42R 


where R is the distance between the point P and the antenna element (/ dl). Since the distance R 
to the point of observation is >> A (we are interested in the far field only), we shall be able to 
make some simplifications in our analysis as we proceed. 

The total vector potential A, at P, due to all the current elements in the antenna is 


dA, (19.23b) 


0 Al4 

: dl ; dl 

A, = (5) J 1, cos (Bl) epi +| i J fo 08 (BI) exp(-jBR) = (19.23e) 
-Al4 0 


In the denominators, we can approximate R = r, but for the R in the phase factor of the 
numerator, the difference between R and r is important. Also, for the large values of R, the two 
lines R (from the element d/ to P) and r (from the centre (the origin) to P) can be considered as 
parallel lines, and we can write 

R=r-—lIcos @ (19.24) 


The above expression for A simplifies to 
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A. = (Sle o ) exp (—jfr) x } cos (fil) [exp (jf cos 0) + exp (— jl cos é)| dl 
0 
Al4 
A, = (ace 0 Jere jr) Xx } [ cos { Bz (1 + cos @)} + cos{ fz (1 — cos A} | dl 
0 
P (jr) cos (E}o= a 
Holo ©XP(—J Pr 
= (19.25) 
2 afr sin? @ 
Since the current is entirely in the z-direction, 
1 dA.) . 
Ay = (z+ > Js ” 
j (jr) cos (3 Jes af 
_ | jlo exp (J Pr 
~ 2ar sin@ 28) 
retaining only (1/r) terms for the larger distances considered. 
The electric field strength, 
ae (ifr) cos {{E af 
_ _ | {6001p exp (—jBr 

Eg = ZoHy = : | sind (19.27) 


The magnitude of the E field for the radiation field of a half-wave dipole (or a quarter-wave 
monopole) is 


sin @ m 7.28) 


jun") 


For 6 = 0 and @ = @, the expressions for Eg and Hg become indeterminate, because the 
trigonometric term becomes (0/0). To evaluate it (using l’Hospital’s rule), we get 


ols} altel 


lim 


6>0o0rz . 
sind - (sin 8) 
6>0orz 
x a :( a 
sin (3 Jes a E fe 0 
= e080 (19.29) 
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E is zero along the axis of the antenna. 
Eg and Hg are in time-phase, and hence the maximum value (in time) of the Poynting 
vector is the product of the peak values of Eg and Hg. 
The average value in time of the Poynting vector (= 1/2 the peak value), 


cos” = cos@ 
Say = 


19.30 
82° r- sin? 0 ( ) 


It points radially outwards, and varies as (1/r?), and hence ensures conservation of energy. 
The total radiated power is obtained by integrating S,, over a sphere of radius r: 


i os} 


W = 9.55 (Inme)? J r? sin Ododo 
r’ sin? @ 
7 cos” cos 5 feos 
= 60 (Inme)? J = do (19.31) 
0 


by replacing Jp by its rms value J,ms. 

In most of the radiation problems, the main difficulty lies in the evaluation of some 
integral. The above integral can be evaluated in a number of ways. One possible way is to use 
the substitution, 


1 a nt 
[5 Jess a} (19.32) 


2 a 
x | COS {[Z soe} 2a i 
= } de = } aes | da (19.33) 
0 0 


sin@ a(4r2 - 2a) 


Breaking up the fraction: 


1 (1Vy1, 1 oe 
a(4z—-2a@) |4r la 2x-a ee 
a ry 1 a ” 1 a 
— COS — COS 
ot I[ a Jee Jf 2n-a Jee 
0 0 
vial a 1 
— COS 
Z (2 [= Jen= (2 p 2.4377 (19.35) 


by Simpson’s rule (numerically). 
W = 73.1 pms) watts (19.36) 


Ryd = 73-1 Q (19.37) 
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Thus the radiation resistance of the half-wave antenna is 73.1 Q, on the basis of the 
assumption that the current distribution on the antenna is sinusoidal, which however is not quite 
correct. This is because, the standing wave pattern assumed on the antenna can be truly 
sinusoidal, only if there is zero energy loss, and hence no radiated wave. But a more rigorous 
calculation shows nearly the same result as the present approximate idealized calculation. So the 
present simplified assumption is a justifiable one. 

The radiated power by this antenna is also greater in the equatorial plane, compared with 
the dipole. If we plot the angular distributions of E, H, and the Poynting vector for the half-wave 
antenna, then the comparable functions are [cos {(/2) cos 0)}/sin 0] for E and [cos?{ (7/2) 
cos @)}/sin*6] for S,,, as against sin @ for E and sin? @ for S,y of the Hertzian dipole. The 
trigonometric functions for the half-wave antenna produce flatter polar diagrams compared with 
the torii produced by the sin @ and sin’ 6 for the Hertzian dipole (refer to Figure 19.7). The polar 
diagrams for the half-wave antenna are plotted below in Figure 19.9. 


Figure 19.9 Angular plots of [cos {(z/2) cos 6}/sin 6] and [cos* {(z/2) cos 6}/cos? 6] showing 
respectively the angular distributions of E and S,, for a half-wave antenna at r >> A. The 
plots are similar to those of the dipole (Figure 19.7) except that these are flatter compared 
to those of the dipole, indicating a larger fraction of its power in the equatorial plane. 


19.3.1 Quarter-wave Monopole Antenna 


Since at low frequencies, the wavelength becomes too large, the length of the dipole antenna also 
becomes large. So at medium frequencies (wavelength approximately hundreds of metres), the 
dipole antenna is not a viable choice. So a quarter-wave monopole antenna consisting of one-half 
of a half-wave dipole, normal to a conducting ground plane is used. The base plane is assumed to 
be infinite and perfectly conducting. A co-axial cable connected to its base, feeds it. 

A monopole antenna of length L is shown here, and a voltage has been applied between the 
bottom of the antenna and the ground. By using the image theory, the infinite, perfectly 
conducting ground plane is replaced by the image of the monopole. The field produced in the 
region above the ground plane, by the 2/4 monopole and its image is same as the field produced 
by a A/2 dipole. For calculating the radiated power, the limit of integration in Eq. (19.31) should 
be replaced by @ = 0 to 0 = 7/2, as the monopole radiates only through the upper hemispherical 
surface. Thus the monopole radiates only half the power radiated by the dipole with the same 
current. Hence 
2Prad 
I5 


Pug =18.281, and Rig = 


or Rag = 36.5 Q 
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Figure 19.9(a) The monopole antenna. (Its image is also shown in the figure.) 


Thus, in spite of the similarity, the following points should be borne in mind while analyzing a 
monopole antenna. 


1. The radiation from a monopole is in the semi-infinite half-space as distinct from a 
dipole which radiates in the infinite space. Hence the range of @ in the monopole is 
from 0 to 7/2 and for the dipole @ varies from 0 to 7. 

2. For identical currents in a monopole and the corresponding dipole, the radiated power 
by the monopole is only half of that radiated by the corresponding dipole. 

3. Since the radiated power of a monopole is half of that radiated by the corresponding 
dipole for the same current, the input impedance of the monopole is half of the dipole. 


19.4 THE MAGNETIC DIPOLE RADIATION 


The static magnetic dipole has already been studied in Section 8.2.1., where we considered a 
circular current loop of radius a, and carrying a current J; and was found to have a vector 
potential A at a point P(r, @, @) from the centre of the dipole, as 


A.=i Mol na sin 0 = HMolS sin @ 
o~ “¢ 2 ~ "9 2 
Azar 4ar 


8.11 
Anr? Aar? ( ) 


. (Homsind) “mxu 
= ly = 
where the magnetic moment of the loop (or the dipole) was: 
m = i,/S, and u = the unit vector in the direction of r 


We now consider a magnetic dipole, as shown in Figure 19.10. 
The vector potential at a point P(r, 0, @) or (x, y, z) as shown in Figure 19.10, is the vector 
sum of the potential due to each element (/dl) of the dipole loop, i.e. 


1\ dl 
ce (a) S (19.38) 
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x 
Figure 19.10 Magnetic dipole antenna fed by an oscillator. 


where 7’ is the distance of the point P from the element under consideration. It can be easily seen 
that, in the loop, for any given value of r’, there are two symmetrical dl vectors, such that their 
y-components add up and the x-components cancel. 


2n 

Mol \t add’ cos¢@ |. 

re cal f fli, (19.39) 
0 


where @’ is the @-coordinate of the element (/d/) under consideration; and y is the angle between 
the radius vector a of the current element (/d/) and r’ (the distance between the point P and the 
element under consideration). 


} 
Now, r? =r’ +a’ —2racos yw 
* 2 
r 1-44 2ar y 
p= cos 
j ae 
2 
2 1+ ons y 
ya 


since a << r’, and (r/r’) ~1, and hence we can substitute r for r’ in the denominators of the two 
correction terms on the right-hand side. Now consider (r- a), a being the vector radius at the 
element under consideration. 


(r-a) = (ix + iy + iz) - [a cos ¢)i, + (a sin @’)iy] 


= xa cos @ + ya sin & = ra cosy 


[= Joo e+ [7 Js gv 
r r 
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r a ax , ay). . 
— = 1-—~> +| — Jcos@ +] — |sin 19.4 


cos y 
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Now, for the ‘oscillating magnetic dipole’, we have to consider the retardation effect, i.e. 


2n , 
— (4 \f(F exp {io(s-£ Ho cos¢ dé’ (19.41) 
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Since the loop is quite small compared with the wavelength, i.e. 
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where x = r sin 0. 


Homevohio('~ 5) {i+ 4S} sine 
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where mp is the magnetic moment of the dipole = [ya = IpS; and [mo] is the retarded value of 


the moment; and r, is the unit vector in the direction of r. 


When @ = 0, Eq. (19.43) reduces to the magnetic vector potential of the static dipole, i.e. 


Since there is no static charge in the dipole, V = 0. 
And, hence the Lorentz gauge simplifies to: 


divA=V-A=0 


19.4.1 E and H Vectors of the Oscillating Magnetic Dipole 


+ Galt 


Mg exp io| {9('-2}] 
= ee cos @ 
c 


2ar° 


ll 
pt, 
Pls 
y|é 
ew” 


[mores 22 Jes] 


ies} 

| 
a 
Q 
| > 
See” 

| 

< 

< 

ll 

| 
a 
Q 
2 - 
—ae” 


= iy 


i exo} io = “| {1 : | wr | sin 8 


(19.44) 


(19.45) 


(19.46) 


(19.47) 


(19.48) 


(19.49) 


CHAPTER 19 RADIATION AND RECEPTION OF ELECTROMAGNETIC WAVES [PYAR 


Since the scalar potential is zero, E is hence due to the changing magnetic field. H lies in a 
plane passing through the z-axis, whereas E is azimuthal. 

At @ = 0, H reduces to that of a static magnetic dipole, and E = 0. 

If we compare the E and the H fields of the magnetic and the electric dipoles, it is seen 
that the fields of the two are similar, except that the expressions for E and H are interchanged. 


19.4.2 Poynting Vector and the Radiated Power of the Oscillating 
Magnetic Dipole 


For r >> A, 

H,.=0 (19.50a) 

mM r 
Hg= - 0 > |[sin@| expy ja} t—— (19.50b) 

4 arc Cc 
Ey= Hom sin@ | exp? ja] r—~ (19.50c) 
aad 4 arc Pid c ei 

42 
a ~ | Mo@ mo |. 2 

S., = 1i-| ———\ [> |sin’ 0 19.51 
me Eee ee 


The total radiated power W is obtained by integrating S,, over the surface of a sphere of 
radius Fr, 1.e. 


a 2 2an/2, , 6g 
w= able JP sinouoae 
3 2 
32 mc ‘a r 


= Lome (27) 4 ds 
32973 3 12 2° 
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Substituting —=—, and m= Inna’, 
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A > 
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A as om I 
The radiation resistance is the coefficient of > | 
2a i a 
Ryad = 10927" Q, a<< on (19.53) 


Thus the radiation resistance of the magnetic dipole is proportional to the 4th power of the 
frequency, whereas that of the electric dipole is proportional to the square of the frequency. This 
dipole is the basis for loop antenna. 
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It will be noticed that Ey given by Eq. (19.50) is a maximum, when @ = (7/2), i.e. in the 
plane of the loop. Hence, by the reciprocity theorem (which we shall study later in this chapter), 
the signal received by a loop will be a maximum when the plane of the loop passes through the 
transmitter. This property is used in the loop antenna which is fitted to the aircraft and to the 
ships to locate their positions by taking bearings on the radio beacons at known places. 


19.4.3 Electric and Magnetic Quadrupoles 


We now go on to study the more elaborate types of radiation produced by quadrupoles. We first 
study the linear electric quadrupole which consists of two dipoles of opposite polarity arranged 
in a line to give three charges +g, —2q, +q, at distances / from each other. The dipole moment of 
such charge distribution is zero (i.e. m = X(Q,/) = 0, where g = f(t) = Qn sin Wt, OQ, being the 
amplitude of the charge). Its quadrupole moment is m9 = © (Qm/°) = 20m P. 

Since the dipole moment is zero, there will be no dipole radiation, but as there are time- 
varying charges, there will be radiation of some sort which would be the subject of our 
investigation. We can proceed exactly as for the electric dipole radiation, and calculate as before 
the quantities V, A, E, and H. However, it is easier to add the fields of the component dipoles as 
indicated below; and for simplicity we consider the radiation field components at large distances 
(r >> A, i.e. the far field). There are two dipoles now, one with the moment [—mp exp (j@d)] 
centred at (—//2), and another with the moment [+m exp (ja@ft)] centred at (+//2). The electric 
field intensities of the two dipoles can be added vectorially (by the principle of superposition). 
Since the two dipoles (forming the quadrupole) are located at some distance away from the 
origin of the coordinate system, their field intensities at a point P(r, 6, @) will differ slightly in 
direction, in amplitude, and in phase. However for the far field (when r >> /), the differences in 
direction and in amplitude may easily be neglected, but not in phase. Hence, for each dipole at 


the origin, 
; mao ). r 
Eg= ig|-| > sin 8 exp, ja| t-— [from Eq. (19.15a)] 
47€.c°r © 
For the quadrupole, 


wo ftis)memral b(n 


These two exponential functions can be expanded in power series in (@//c) for the far field, and 
then their sum reduces to j(@//c) cos@. 


3 
5 .| Mg : : r 
_ i,| —j| ———— | sin @ cos 0 ex o|t-— for r>>A>>1 , 
Eg = | (5) pi ( ai (19.15a’) 


There can be no radiation along the axis @ = 0 or = @, where neither of the two dipoles 
forming the quadrupole radiate energy. Also along the equator 0 = 7/2, there would be zero 
radiation as the two dipoles produce equal and opposite fields on this plane. 

The magnetic field intensity can be found directly from the E field as 


U —1/2 
. 0 
Hy = ly Eo (e) 
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Next, we consider an oscillating magnetic quadrupole which can be formed from two 
oscillating magnetic dipole loops placed parallel to each other on either side of the origin of the 
coordinate system. For the simplest case, we assume the distance between the two loops to be 
equal to the radius (= a) of the loop. The lower dipole is centred at z = —a/2 and has a moment, 
—mp exp (ja@t), whereas the upper dipole is located at z = +a/2 and has a moment, +m exp (jat). 
This arrangement is very similar to that of the linear electric quadrupole discussed in the earlier 
part of this section. 

Once again, the fields of the two magnetic dipoles can be added up, neglecting the 
differences in direction and amplitude, but taking into account the difference in phase or 
retardation. This is done by multiplying the dipole field by j(aw/27c) cos 0, 


3 
He =\9 ee sin 0 cos 6 exp pee (19.50b’) 
82° re c 


3 
Ey= : [sans oi O cos | exp ((' - | for r>>A>>a_— (19.50c’) 


82° re 


19.4.4 Antenna Characteristics (Radiation Parameters) 


So far we have considered the theory of some of the basic elementary antenna types. Now we shall 
discuss some of the important characteristics of an antenna as radiator of electromagnetic energy. 
These are stated as below. 


(A) An Antenna Pattern (or Radiation Pattern) 


This is a three-dimensional plot of its radiation at far field. So this parameter describes the 
directional dependence of the radiated power of the antenna. 

The plot of the amplitude of a specified component of the E-field is called its field pattern, 
the plot of square of the amplitude of EF is its power pattern. A three-dimensional plot can be 
avoided by plotting separately the normalized |E| against @ for a given @ (in spherical polar 
coordinate system). This is called E-plane pattern or vertical pattern. When @ = 7 x 2, the pattern 
is called H-plane pattern or horizontal pattern. The normalization of EF is done with respect to 
maximum value of E. 

For Hertzian dipole, from Eqs. (19.14a) and (19.14b), it is seen that 


f(@) = sin@ (19.53a) 


and the polar or angular plot will be as shown in Figures 19.10(a), (b) and (c). 

In general, a radiation pattern has a direction of maximum radiation as shown in the polar 
plot of Figure 19.10(d). This is the main lobe. There are certain directions along which there is 
no radiation. Such directions are called nulls. There are also certain directions along which the 
radiation has a local maximum and these are called ‘side lobes’. 
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Figure 19.10(a) and (b) Field patterns of the Hertzian dipole: 
(a) normalized E-plane, @ = 0; (b) normalized H-plane, 6 = 7/2. 


Figure 19.10(c) Three-dimensional pattern. 


A Null 


Main lobe 


@= +7/2 O 0 =—n/2 
Figure 19.10(d) Radiation pattern as a polar plot. 


Direction of the main beam: This is the direction along which the radiation field strength 
is maximum, and is denoted by Q,,ax. 
Half-power beam width (HPBW): The angular region, where the effective radiation from 
the antenna goes, is the main beam. 
The effective width of the main beam = the angular width of the pattern between the 
points on the radiation pattern where the 
Band E 


magnitude of the field reduces to , /max 


oI 


being the maximum field. 
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From Figure 19.10(e), 
HPBW = 6, - 0, (19.53b) 


Main lobe 


3 dB line 


Angle in degrees 


Figure 19.10(e) Cartesian plot of the radiation pattern. 


1 
Since the field in the directions of 6, and @, reduces by a factor of Vo of Enax, the Poynting 


vector in these directions reduces to 1/2 or —3 dB compared to its value in the direction of 
maximum radiation. (HPBW is also referred to as ‘3 dB beam width’ of the antenna). HPBWs are 
generally measured in the planes of FE and H. 


Beam width between first nulls (BWFN): Sometimes, the width of the main beam is 
measured by the angular separation between the first nulls on either side of the direction of the 
main lobe. 


BWEN = 6,5 — 0,1 (19.53c) 


However HPBW is a better measure of the effective width of the main beam as the shape of 
the main beam can change while keeping the null positions unchanged. 


Side lobe level (SLL): Side lobes indicate the leakage of power in the undesired directions. 
Ideally there should be no radiation outside the main beam. But in any practical antenna, there 
are side lobes and the total radiated power is not focussed into the main beam. 
So this leakage is to be kept minimal, i.e. the side lobe amplitude should be kept as small as 
possible compared to the main beam amplitude. For good satellite antennae, the SLL is generally 
-30 dB to —40 dB. When we move away from the main beam, the amplitudes of the side lobes 
decrease and hence the first side lobe usually defines the SLL. 


(B) Radiation Intensity 


We know that the radiation pattern (of an antenna) is a three-dimensional surface and the radiation 
intensity is, in general, a function of @ and @ and is given by 


Power along the direction (0, @) in a solid angle dQ 


U(O, ¢) = 
(6, 9) Solid angle (dQ) 


(19.53d) 


The solid angle on the surface of a sphere, 
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dQ. =— (19.53e) 


where 
dA = area of the surface of the sphere 
r = radius of the sphere 
dQ = sin® dO dg@, i.e. differential solid angle 


Power along (8, @) 2 
a (19.534) 


= (Power density)? 


UO, 9) = 


Now, power density of a radiated wave = magnitude of the Poynting vector 


2 
E(@, 
Le. P(O, ¢) = peer (19.53g) 
(7) = intrinsic impedance of the medium) 
EO. 9) 
UO, $) = as = P(O, pyr* (19.53h) 


The total power radiated (= P,,q) can be obtained by integrating the radiation intensity over 
the total solid angle (= 477), ie. 


aq 20 
Pg = { J U(0, d) dQ= J i U(0, d) sin Od0 do (19.53i) 
Q=4n 0=0 6=0 
Hence the average radiation intensity 
Prad 1 i 
Uy = 24 =— fue, 9) 42 (19.53j) 
4n 40 


(C) Directive Gain and Directivity 


The radiation focussing capability of an antenna is quantified by the parameter ‘directivity’. So 
as a first step in this process we define a parameter called its ‘directive gain’. So, the Directive 
Gain Gp (0, ¢) of an antenna is a measure of the concentration of the radiated power in specified 
direction (0, @). It is thus the measure of the ability of the antenna to direct the radiated power 
in a given direction. 

So it is the ratio of the radiation intensity in a given direction (0, @) to the average radiation 
intensity, i.e. 


UG, 9) 


Gp (8, p) = U 


av 


42 U(0, 9) _ 42U(G, 9) 


(19.53k) 
J U(0,¢)dQ Pia 
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So P(@, ¢) can be expressed in terms of the directive gain as 


Gp 


P(O, d) = 
wee) Anr? 


Prad (19.531) 

The directive gain Gp(@, @) depends on antenna pattern. For Hertzian dipole and also for 
A/2 dipole, P(0, ¢) is maximum for 0 = 7/2, and minimum (i.e. = 0) at @= 0 or z. So the Hertzian 
dipole radiates power in a direction broadside its length. 

In general Gp can vary from 0 to o. In the direction of the nulls, E(@, @) and hence U(@, @) 
and G(@, @) are zero, whereas Gp is maximum in the direction of the main beam. 

So now we define directivity: 

The directivity D of an antenna is the ratio of the maximum radiation intensity to the average 
radiation intensity. 

Thus the directivity D is the maximum directive gain. 


U 
D _ max = G 
Un, D max 
or (19.53m) 
ne 4mU max _ 44 Uinax 
Pa J U(6,0) dQ 


Thus D = 1 for an isotropic antenna (which does not exist physically and is an ideal 
reference). 


2 
So, D= ATE max (19.53n) 
a 20 _ 
| | |eo.0/ sine eae 
0=0 o=0 
N a oe _ E(O,¢) . 
amalizing the radiation pattern as E,,(0, ¢) = et D can be rewritten as 
4x 
D= a 20 
} J |E,(0, @)| sin 8 dO do (19.53p) 
0=00=0 
For a Hertzian dipole, Gp(9, @) =1.5 sin?@, D=1.5 
n ; (19.53q) 
For a A/2 dipole, Gp (.9) 3 (8), D=1.64 


rad 


cos ( cos 0] 
where 7 = 1207, Raq = 73 Q, and = 
sin 0 


(D) Antenna Gain or Power Gain 


As seen above, the parameter directivity depends totally on the radiation pattern. An implicit 
assumption in this discussion, has been that the total power radiated P,.g, is same as the power 
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supplied to the antenna input. In actual practice, the antennae are made out of conductors having 
finite resistivity (or conductivity), and so when there is a current flow in the antenna surface, there 
is an ohmic loss. So a part of the power supplied to the antenna input is lost in the heating of the 
antenna due to the ohmic loss. So if P; is the power supplied to the antenna input, then 


rad 


where P; is the ohmic loss in the antenna due to its finite conductivity. 


1 
FE; = 2 in (R, + Raa) (19.53s) 
where 

Zi, = current at the input terminals 

R, = loss or ohmic resistance of the antenna. 


So we define the power efficiency (= 7) of the antenna as 


Ti 


Pad POP Psa 


=a = 19.53t 
Cee po Bee eee 
And the antenna power gain (= Gp) is defined as 
U4, (actual) 
G 0, _ max 
ee) U,,, for a loss-less case 
— 4m U pax (actual) 
P. (19.53u) 
4 tual) P. 
ATU pax (actual) Prag _ Dn, 
Fa P, 
Thus 
Power Gain = Directivity x Efficiency (19.53v) 


19.55 ANTENNA ARRAYS 


19.5.1 Directional Properties of Antennae 


The antennae have two main functions. The first job is to radiate the high frequency energy 
which has been generated in the transmitter, and then guided to the antenna by the transmission 
line. In this process, the antenna is acting as an impedance matching device whereby it matches 
the impedance of the transmission line to that of the free space. The second job of the antenna 
is to direct the energy to the required directions and to suppress the energy from those directions 
where it is not required. 

In general, a completely omni-directional (i.e. non-directional) radiator radiates energy 
uniformly in all directions. Such a device is called an isotropic radiator or a unipole, an example 
of this being a point source of sound. Since all radio antennae have some directivity, there is no 
isotropic radiator of electromagnetic energy. However, conceptually such a hypothetical source 
can still be used as a standard of reference for comparing with actual devices. 

The radiation pattern of an antenna is a graphical representation of the radiation of the 
antenna as a function of the direction. The radiation can be expressed either in terms of the field- 
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strength (i.e. E in volts/metre) or in terms of the power per unit solid angle. The power pattern is 
proportional to the square of the field strength pattern. The coordinate system, generally used for 
specifying the radiation patterns is the spherical polar coordinate system (r, 0, @). The antenna is 
usually located at or near the origin of the coordinate system, and the field strength is specified 
at points on the spherical surface of radius r. So long as r is chosen such that r >> A and also >> 
the largest dimension of the antenna system, the shape of the radiation pattern is independent of 
r. For the radiation field, E is always tangential to the spherical surface. For a vertical dipole, 
E is in the @-direction; and for a horizontal loop, E is in the @-direction. In general, there may 
be both Eg and Eg components which may or may not be in time-phase. In this case, the 
characteristics are shown by separate patterns for @- and @-polarizations, instead of the older 
vertical and horizontal polarizations respectively. The older denominations were somewhat 
confusing, because the @- or the vertical polarization does not rigorously mean that the signal is 
vertical (though the signal does lie in a vertical plane through the radius vector), whilst the @- or 
the horizontally polarized signal is always horizontal. 

The half-wave wire antenna which we have studied so far, is directive, in the sense that 
most of its radiation is in the direction for which @ > 60°, but it does not discriminate between 
the azimuthal directions. To produce a preferred direction in the equatorial plane, it is necessary 
to replace the single antenna by a group or an array of antennae suitably spaced and excited. So 
we define an ‘antenna array’ as a system of similar antennae, similarly oriented. The arrays make 
use of the wave-interference phenomena which take place between the radiations from the 
different elements of the array. We shall consider first, the simplest two-element array. 


19.5.2 Two Element Array 


We consider the simplest array in which two half-wave antennae (with their axes parallel to the 

z-axis) are spaced apart A/2, and are excited in phase. The antennae are parallel and lie in 

the x-z plane, as shown in Figure 19.11. The point of interest P is (r, 0, @) such that r >> A. 
The E field due to each antenna is given by Eq. (19.27) which we can rewrite as 


Az 


Note: @ is measured in the xoy a 
plane whereas y is measured 
in the xoP plane. 


Figure 19.11 A pair of parallel half-wave antennae, d metres apart. 
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J 601) exp {of - =| cos {[E}e= ah 
(19.54) 


r sin 0 


Eg= 


For the array, the resulting Eg, will be 


A 
cos4}] — |cos@ dcosw 
() (2) aa a 


Eg = X| exp | ja} t— 
r 


sin @ c 


,— doos ¥ 


+ exp | ja| t— 2 
c 


Jee l(2 
[it cols -ef ol[2] ws 


It should be noted that in the above expressions, of the two waves reaching the point P from the 
two antennae, one has travelled a distance [r + (d cos w)/2], and the other one a distance of 
[r — (d cosy)/2], and as a result, when they reach P, they will be out of phase. This, of course, 
assumes that the antennae had been excited in phase. Now, we replace the angle y by @ and @, 
because: 


x 
| a | 

oO 

Pa 

ao) 

| 

Se 
o|8 
nnn€_=-” 
o.oo 
Q 

Q 
Nw] oO 
wn 
— 


rcos y=r sin @ cos @ (19.56) 


The electric field intensity expression becomes 


; cos (E} af 
Eo = i, ae exp {of ' - - i} cos (Gana cos 7 (19.57) 


sin 0 


When the two antennae are half-wavelength apart, 


ad _@wA (27\A)\ a 
% 4c | Ala] 2 
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In the x-y plane, where @ = 7/2, the variation of the E field is proportional to 


coo 5 cos 0}, and hence 


rsa clfls}eal] 


At points where @ = 0 or z, E = 0; and where @ = 7/2, E is a maximun, i.e. 


_ | 71201 . r 
Enax = lg 7 exp) JM — (19.59) 


Thus there is constructive interference along the y-axis; and destructive interference along the 
X-axis. 


In the x-z plane, @ = 0, and hence E is 


[tools] sje 


The first trigonometric term is the angular distribution for a single half-wave antenna. This is 
zero at 9= 0, and maximum at 0 = 7/2. The second trigonometric term is a consequence of the 
interference between the two antennae. It is a maximum at 0 = 0, and zero at 0 = 77/2. 


In the x-z plane, E is zero both at 6 = 0, and 6 = 77/2. 
Finally, we consider the y-z plane where @ = 77/2. 


o/ 
cos] — |cos@ 
_ | §120 Ly r (2) 
= | 220 exnfin(- 2h (19.61) 


sin 0 


ie. E on the plane y-z, behaves like the E field of a single half-wave antenna. 


To obtain the expression for power, we rewrite the expression for the E vector, changing its 


numerical constant to the characteristic impedance, and we have 


ee | 
eset HA fear) sm 


The average value in time, of the Poynting vector is 
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wml 


2 
; cos {[E}e= of 
_| Zolo 2|{ @d). 
fe (7 } sind cos ( oe Janeen ” (19.63) 


This is for the two half-wave antennae spaced a distance d on the x-axis, both excited with the 
same current and in phase (by the same current, we mean both have currents of the same 
amplitude). We can generalize further, and if there is a phase difference between the antennae of 
a, then, we have: 

2 


a 
a7 cos (E}e= a ; 
S.v = | a } cos” (Se) Ocosg+ a| (19.64) 


Arr sin 0 


This is the ‘power per unit solid angle’, when r = 1. 
If the two antennae are in phase, and spaced a distance of half-wavelength, then a = 0, 
d = 4/2, and {@d/(2c)} = 7/2, and so: 


2 


‘ cos (3 ] cos af 
S. -( Zolo } cos” (F} see 7 (19.65) 


Iw r sin @ 


The pattern in the plane @ = 7/2, is shown in Figure 19.12, which indicates that there are two 
main directions of radiation which are both perpendicular to the line of the array. This is a 
particular example of a ‘broadside array’. If the number of elements is increased, the main beam 
becomes sharper and small sidelobes appear. 
On the other hand, if the two antennae are spaced quarter wavelength, i.e. d = A/4, with a 
phase difference of 77/2, i.e. @ = 7/2, then Eq. (19.64) becomes 
2 


wp cos (E}e a 
= 0*0 } cos? (F Jo OAcos @+ o| (19.66) 


ai ee sin 0 


wm 


> x 


Figure 19.12 Two-element broadside array. 
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The pattern of this expression is symmetrical about the x-z plane (i.e. E plane) and about the 
x-y plane (i.e. H plane). The power patterns in these two planes are shown in Figure 19.13. It will 
be seen that only a small portion of the power is radiated to the left of x = 0, the main energy 
going in a broad beam in the direction of the positive x-axis, i.e. the line of the array. This 
system is an example of an ‘end-fire array’. 


AZ AY 


> x > x 
E plane H plane 


Figure 19.13 Two-element end-fire array. 


As mentioned earlier, the factor [cos {(/2) cos 0}/sin 6]* in Eqs. (19.65) and (19.66) 
represents the pattern due to an element of the array. The factors cos” [(2/2) cos @] and 
cos” [(77/4) (sin @ cos @ + 1)] characterize the broadside and the end-fire arrays respectively, and 
are called ‘array factors’. The broadside array factor is like a toroid with a directive pattern in 
any plane through the x-axis. The end-fire array has a pattern like a pencil beam possessing 
directivity in both the planes through x- and y-axes. These arguments hold for the arrays 
containing more than two elements. The end-fire arrays usually have a higher gain than the 
broadside arrays of the same size. More highly directive systems can be designed by combining 
the two types which we have discussed now. 


19.5.2.1 Two element array (of isotropic antennae) 


So far we have described a two-element array of half-wave dipoles which is a practical one. Now 
we will discuss a two-element array made up of isotropic antennae. An isotropic antenna does not 
exist in real life and is a hypothetical one. But its use helps us in understanding the principle of 
the arrays, and we will show that an array of non-isotropic elements can be derived very easily 
from this analysis of isotropic element array. 

Since we are considering an array of isotropic elements, this means that each antenna is a 
‘point source’. Let the two such antennae be separated by a distance d, and be excited by the 
currents J; 76, and J, 76) where I, and J,, and 6,, 6, are the amplitudes and phases of the excitation 
current in the two antennae respectively. The line joining the two elements is the axis of the array 
[i.e. line AB in Figure 19.13(a)]. All the angles measured from the axis of the array are @ which 
should not be confused with the spherical polar coordinate variable (r, 0, 6). As the antenna 
elements are point sources, the radiation pattern of the array would be axi-symmetric about the axis 
AB. So the section of the radiation pattern in a plane passing through this axis [e.g. (say) the plane 
of the paper] would generate the total pattern by rotating the section about AB. Since we are 
interested in the far field, let P be such a point at which the total E field has to be evaluated. The 
distance of the point P from the array is specified as r, as shown in Figure 19.13(a). This distance 
r is >> than the dimensions of the array. 
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To the point P, 
i.e. point of observation 


A B 
Figure 19.13(a) A two-element array of isotropic antennae. 
E field at the point P, due to the antenna (1) is 
Che _, 
E, =—_ ei (19.66a) 


r 


where C is a constant dependent on the parameters of the medium. Similarly the field E, at P due 
to the antenna (2) is 


jo. 
= Cc Ine! ‘i eo JAlr - deos9) 
(r —dcos@) 


Since d << r, it can be neglected in the denominator of the amplitude term, but not in the phase 
term. 


E, (19.66b) 


i. 
E, =, Cl, e! ° e JP —deos9) 


(19.66c) 
3 
Since the two isotropic antennae are identical, the directions of E, and E, will be same. 
Ey = E, + E, 
. .2ad 
ae id le + Ie! ce aa 
r 
C e Ihr 
For a specified r, —— = constant = Cy (say) 
6 Ty (5-5) i2a{ ese) 
Ey = Cle ‘hy +— er? “Ve (19.66d) 


ff 
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A plot of Ey; as a function of @ gives the radiation pattern of the array in the plane containing the 
axis. From this equation, the radiation pattern can be controlled by the following three parameters. 


1. 7 (i.e. the ratio of the distance between the two antennae to the wavelength). 
2. (6) — 6;) (= phase difference between the two elements). 
I 


2 
3. 1 (i.e. the ratio of the amplitudes of the currents). 
2 
(A) Effect of Phase Difference on Radiation Pattern 
=1 and I, =1, =I; then 
Pang 
Eq =Cy Tel | 14 ch -% eA (19.66e) 
Since the radiation pattern is a plot of |E| against the angle ¢, we have 
(5, - 6) paler 
|Ey|=|CoZ|l+e%2 Ve 4 (19.66f) 


Let the antenna | be the reference element, i.e. 6, = 0 and the phase difference 6, — 6, = 6. 
So, we get 


|Er| =|Cod| ae aa 


1 20 
cos} (a + Foo) (19.66g) 


For maximum £,, from the above equation, 


=2|Col| 


1 
mi [s + = cos 6] =m, m being =0, 1,2... (19.66h) 


The direction of maximum radiation is obtained from the principal value of m, i.e. 


5+ Zcoso=0 


eer eae 
Desig = COS (4) 


When the spacing between the elements and the wavelength of operation are specified, the 
direction of maximum radiation is a function of 6. So the direction of maximum radiation changes 
as the phase difference 6 changes, i.e. when 6 = 0 and the two elements have the same phase, 


(19.66)) 
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2d 


7 Dax = COS '(1) =0. 


then pax = cos '(0) = m/2,; or when 5 =— fd =- 


From the expression for @pax, it is seen that as 6 changes from —Bd to Bd, byax changes from 
0° to 180°, i.e. this is the range of variation of the direction of maximum radiation. So the inter- 
element phase difference is an important parameter to control the direction of maximum radiation. 


(B) Inter-element Spacing (= d) 
Let J; = I, = I and 6, = 6; so that 6 = 0. The radiation pattern then becomes 


|Er|=2|Col| 


md 
con cos 6] (19.66k) 


d. 
where = is the spacing normalized with respect to the wavelength. 


.. The condition for maximum radiation is 


d 
a cos d= mz, m=0, 1, 2,... (integers only) 


. A 
Pmax = COS (74) (19.661) 


A d 
When 7a <1, the corresponding values of @,,,, Will be physically realizable, i.e. for all mS re 


the radiation is maximum. There will be discrete number of directions of maximum radiation (= N). 


d 
.. N= maximum permitted value of m = floor (4) +1 where floor (x) represents the highest 


A 


integer < x. 
Next, for null directions, i.e. directions along which there is no radiation, we use the same 
equation, allowing the cosine function to be zero and thus we get: 


= COS May = [m + se m = 0 and integers (19.66m) 


So it follows that the directions of nulls and the directions of maximum radiation appear 
alternately [Figure 19.13(b)]. 
null 
r 


null 


null 


max max 


Figure 19.13(b) Maxima and nulls in a radiation pattern of a two-element array. 
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d 
Thus the inter-element spacing q splits the radiation pattern into angular zones. 


(C) Effect of Amplitude Ratio 
Considering the general case, i.e. Eq. (19.66d), 


j 6+7F acoso) 


|E|=|CyZ,|)41+ = e ( (19.66d) 
1 


: : I ae . 
let us discuss the effect of the ratio R=— on the radiation pattern, allowing R to vary over the 


1 
whole range 0 to ». 


When R = 0, there is no excitation to the second element, and when R — o, there is no 
excitation to the first element. 

In both these cases, there will be no array and the radiation patterns will be those of 
individual antenna (i.e. isotropic in both the cases). The maximum array effect is thus realized when 
I, = l,, i.e. equal excitation to both the elements. In general, the array elements are excited with 
equal magnitude but with different phases. There are special cases where the amplitudes of the 
currents have to be varied. 


I 
Thus combining the effects of these three parameters, i.e. 6, . and — (each having different 
2 
effect on the radiation pattern) a derived radiation pattern of high complexity can be achieved. 


So far this analysis has been based on the assumption of isotropic antenna which is of course 
not physically realizable. All available antennae are non-isotropic in nature. Even the basic 
Hertzian dipole is non-isotropic with zero radiation along its axis and the maximum on the normal 
central plane. So when the elements have non-identical patterns, the radiation pattern in each plane 
through the array axis has to be computed, and the three-dimensional pattern would be a collection 
of such planar patterns. 

We now consider a two-element array of non-isotropic but identical antennae, with its axis 
lying in the plane of the paper (say). Let the individual pattern be f(@) in the plane of the paper. 
Let the two antennae be oriented identically with respect to the array axis and the excitation 
currents be J, Z 0 and J, Z 6. The far fields at a point P, due to these two elements can be expressed 
as 


Che” 
fe _ 

ei (19.66n) 

Clee 

E, =—“——— (9) 
Hence the total field at the point P will be 
Cel] I iS _j Bdcos 

Ey =——— f@) C eo ee (19.66p) 

1 


by analysis on similar lines as in the case of isotropic elements. 
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It should be noticed that Eq. (19.66p) is identical with Eq. (19.66d), except that now there 
is a multiplying factor f(@). 

Hence it can be stated that: 

Radiation pattern of a non-isotropic array 

= (Pattern of each element) x (Radiation pattern of array of isotropic elements) 


T T 
This is also known as This is defined by array parameters and is called 
Primary Pattern or Array Factor (AF). 
Unit Pattern. 
= Element Radiation Pattern x Array Factor (= Group Pattern) (19.66q) 


This is known as Pattern Multiplication. 

Thus, it is possible to draw by inspection, the pattern of an array by pattern multiplication 

While the ‘Unit Pattern’ depends on the type of the element, the “Group Pattern’ is 
independent of the element type so long as d, 6 and orientation of the element in the array remain 
the same. 


Note: These points which have been mentioned in general terms here, can be checked specifically 
for a two-element half-wave antenna discussed in Section 19.5.2 by referring to Eqs. (19.60) 


to (19.66). 


19.5.3 Linear Arrays 


When the communication has to be made from one point to another (i.e. point-to-point 
communication), the requisite radiation pattern is a single narrow lobe or a beam. Such a 
characteristic can be achieved by a multi-element linear array. An array is said to be linear, when 
the elements of the array are spaced equally along a straight line. A linear array is said to be 
uniform, when the elements are fed with currents of equal magnitude and progressive phase-shift 
along the line. 

The pattern of such an array can be obtained by the vector addition of the field-strengths 
of each of the elements. For a uniform array of non-directional elements, the field-strength 
will be 

Ey = Ell + exp (jw) + exp (j2y) + - +» + exp (ia - 1) W)] (19.67) 


where 

Eo = field-strength due to the first element of the array, or due to an isolated element 

w =Bdcosd+a (19.67a) 
with 

a = progressive phase-shift between two successive elements 

d = distance between two successive elements in the array 

Bd = 2m/A—path difference in radians 


From Eq. (19.67), 
1 = exp {jiny)} 
1—exp (W) 


Ey 
Fo 
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; | ny | 
sin > 
= (19.68) 


The maximum value of this expression is n, and this occurs when y = 0. This is the ‘principal 
maximum’ of the array. This occurs, when [from Eq. (19.67a)]: 


cos @ = a (19.69) 
A broadside array is one whose array factor has an absolute maximum in directions perpendicular 
to the axis of the array. (In our present notations, in this section, this means @ = 7/2). This means 
that @ = O for this condition. The half-power width, the full angle in which the power radiated in 
any direction is not less than half the maximum value, is 102°/n, the approximation improving 
as n increases. 

When the (currents in the) elements in an array are all in phase, but the amplitudes 
decrease uniformly from the central element, such an array is called a ‘gabled array’. If a is the 
ratio of the sidelobe maximum to the main maximum of an array in which the currents are 
uniform, then for the corresponding gabled array, this ratio will be a’ (as its factor is square of 
the uniform one). Hence the sidelobes are reduced, but the main beam is now broader, and has a 
half-power width of about 146°/n for n elements. 

An end-fire array is one, which has a maximum in the direction of the axis of the array. 
This happens when @ = 0, and hence, 

o=—Bd (19.70) 
For this type, Eq. (19.68) is zero, when 


p= tka, k=1,2,3,... (19.71) 


These are the nulls of the pattern. The secondary maxima occur approximately between the 
zeroes or nulls, i.e. 


Se =tOm+h =, 2 DBs (19.72) 


Numerous graphs and details of the function (F7/E)) can be found in any book specifically 
dealing with detailed study and design of antennae (e.g. Jordan and Balmain, Electromagnetic 
Waves and Radiating Systems, 2nd Edition, Prentice-Hall of India, 2000). 

Another type of linear array has elements which are called ‘parasitic elements’. These 
elements are not connected to a generator, instead the currents in the parasitic elements are 
induced by the currents in the driven elements. The resultant radiation pattern is the vector sum 
of the patterns produced by all these elements. 

A very familiar type of a linear array with parasitic elements is the Uda-Yagi array, shown 
in Figure 19.14. A rigorous analysis of such a system is highly complex. The distances d), d5, d; 
are determined experimentally. The driven element is approximately A/2 long, the reflector 
being slightly longer, and the directors shorter. The directors can be two or more. 

The Uda-Yagi antenna is most often used as a receiving antenna. So far we have discussed 
some of the basic points of some of the fundamental types and simple and familiar types of 
antennae. The subject is a complex one, and for greater details and in-depth study, the interested 
readers are recommended texts on the subject, such as Jones, D.S., Jordan and Balmain, etc. 
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Figure 19.14 An Uda-Yagi array. 


It should be noted that Eq. (19.68) is the Array Factor of the uniform linear array, i.e. 


E sin = 
AF = a ee (19.68) 
0 sin ¥ 


(or sometimes, AF = a where n is the number of elements in the array) 
nko 


19.5.3.1 Direction of maximum radiation 


The total phase difference between the fields due to any adjacent elements in the uniform linear 
array is 
y = Bdcoso+a (19.67a) 

where 

Bd cos@ is the space phase, being a function of the direction @ (Bd—the path difference in 

radians =277/J), 

a = the electrical phase — the progressive phase shift between the two successive elements, 

independent of the direction @. 
For the direction of maximum radiation, y = 0 


cos Dern a a 
or 
@max = cos”! rey cos! Ze 19.72a 
Hak Bd 21d ( ) 


This is same as Eq. (19.66)). 

It is to be noticed that the direction of maximum radiation is independent of the number of 
elements in the uniform array. Hence as in the case of the two-element array, the direction of 
maximum radiation is made to vary from ¢ = 0 to ¢ = z by allowing a to change from —Bd to +Bd. 


CHAPTER 19 RADIATION AND RECEPTION OF ELECTROMAGNETIC WAVES [RYZE 


When @ = 0 or @ = @, the direction of the maximum radiation appears along the array axis, 
and such an array is called the ‘End-fire Array’. When the direction of the maximum radiation is 


orthogonal to the array axis, i.e. = 7/2, the array is called the ‘Broadside Array’ [Figure 19.14(a)]. 


Broadside 


End-fire Axis of the array 
=} 


direction 


End-fire 
direction 


Figure 19.14(a) Broadside and end-fire directions of an antenna array. 
Substituting for a (or 6 of the earlier equations) in Eq. (19.67a), 
y = Bd(cos @ — COS @inax ) (19.67b) 


19.5.3.2. Direction of nulls 


This is the direction in which there is no radiation, i.e. the electric field is zero. Hence the 
required condition from Eq. (19.68) is 


or 
BY sd: m = 1, 2, 3, 
2 
2mn 
y=t m=1, 2, 3... (19.72b) 
n 
“. If @,un denotes the direction of null 
2 
y = Bd COS Putt +Q= +o" 
n 
or 
2mn 
Bd(cos Ogu, — COS @max ) = + (19.72c) 
n 
2mx mar 
COS Pry = COS Pax + T— = COS Pax + — (19.72d) 
Pull p Ban p in 


It should be noted that m is to be an integer # 0 because m = 0 corresponds to y = 0 representing 
maximum radiation and not a null. To obtain the directions of null, the integral values of m must 
be such that the RHS of Eq. (19.72d) must lie within the range +1. So there will be finite number 
of nulls. Also the maximum value of m with +ve and —ve signs can be different depending on the 
value of ax. 
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19.5.3.3 Half-power beam width (HPBW) 


This has been defined while discussing the radiation parameters of an antenna. This is the angular 
separation between two directions, one on either side of the direction of maximum radiation, 


along which the E field has reduced to Yo of its maximum value. Let these two directions be @, 


and @ [Figure 19.14(b)]. Since the power density, as given by the Poynting Vector is proportional 
to the square of the E field, the power density along these two directions will be half of that 
along the direction @max. The angular width (@) — @,) is called the ‘half-power beam-width’ of the 


array. 
The half-power angles @, and @ can be calculated from the expression for IE] given in 
Eq. (19.68) 
. ny 
7 =i =. (19.72e) 
= .72e 
. ia V2 


Maximum Radiation 


iY 


Figure 19.14(b) Half-power beam-width of a radiation pattern. 


This equation has to be solved numerically to obtain the half-power angles @, and @, which then 
gives the exact value for HPBW. 

Next, we have the following quick and approximate method of calculating HPBW of a large 
array (when an accurate answer is not required). 

Note that the beam width between the first nulls (BWEN) is approximately twice the half- 
power beam-width (HPBW). 

We assume that the first nulls are approximately symmetric with respect to the direction of 
maximum radiation, then 


iyo oe 

Puppw = % — 9 = 2 (On — On) 
= (On a Prine) (19.72f) 
= (Omax ~ Qn) 
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1 _ 
Here the implicit assumption is %ax = 5 Ga + On) 


It should be appreciated that depending on the location of @,,,,, there may be cases when 7, 
or g, may not be visible in the polar plot of the radiation pattern, i.e. when @,,,, approaches 7, 


the null ¢*, may not be visible, or when @,,,, approaches 0, g7, may not be visible. In such cases, 


the suitable expression from Eq. (19.72f) should be used. 
Let us first consider the case 


duppw = On — Pmax (19.72) 
then 
: A . 
COS Gy) = COS Pmax aay from Eg. (19.72d) with m = 1 
n 
or 
4. a 
COS 1 — COS Pmax = —— (19.72h) 
nd 
or 
9sin On ~~ Pcae sin On a5 a = A 
2 2 nd 
or 
2sin Puppw. sin 2Pmax + Popw | _ a (19.72k) 
2 2 nd 


Expanding the trigonometric function, and considering a large array for which n >> 1 and using 
the approximations sinx > x, cosx — 1 (x << 1) the above equation can be reduced to the 
following quadratic 


2A 


Papaw (COS Omax ) + (2 SiN @nax )PupBw — nd =0 (19.721) 
Solving this quadratic, 
—sin Prax ae J [sie Prowse an os COs én 
nd 


(19.72m) 


Puppw = 
COS Dinax 


Le. aS @yax increases from 0 to 7/2, the beam width @yppyw decreases monotonically. 


When @y4x = 0—the end-fire array, HPBW is maximum. 

When @,,4x = 7/2—the broadside array, HPBW is minimum. 

For these two limiting cases, from Eq. (19.721), for the broadside array (@max = 7/2) 
A A 


= (19.72n) 
nd length of the array 


Puppw = 


For the end-fire array (@nax = 0), 


Puppw = | 74 = 19,72 
eee nd length of the array ihetey) 


The length of the array is (n — 1)d, but when n >> 1, the length = nd (approx). 
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19.5.4 Directivity of Uniform Array 


In Section 19.4.4 subsection (C), the directivity of an antenna has been defined as its power 
focussing capability and from the radiation pattern of an antenna, the directivity can be calculated 
using Eq. (19.53p). 

“. The directivity for an N-element uniform array, 


Oa (19.72q) 
00 


where AF (= the normalized radiation pattern of the array) is given by Eq. (19.68). 

For a general uniform array, this expression has to be solved numerically. For a large array, 
approximations are possible for the integral in the denominator. The integral can be replaced by 
the solid angle within the half-power beam-width of the array. 

Considering the two limiting cases, i.e. broadside and end-fire arrays, and denoting their 
HPBW by ggg and @gp respectively. 


A 2A 
=— and = ,{/— 19.72r) 
bys =— ter = 
The solid angle for the broadside array is approximately 
Qes = 27Ogs; 
and for the end-fire array is 
b 2 (19.72s) 
Opp = 7 a 
The directivity of the two arrays, thus, are 
__4n__2nd 
8S 2tbas A 
| = 16 a “= (19.72t) 
| PEE (24) 
2 nd 


i.e. the directivity of the end-fire array is about four times that of the broadside array of same 
length. 
On the other hand, comparing HPBWs. 


Pos _ A fit = | a (19.72u) 
dup nd\2A \2nd 


Since (nd) >> | for large arrays, the conclusion is gs >> gp. This implies that the broadside array 
has high directivity as it has a narrower beam compared to the end-fire array. 

So one has to be careful using only a planar radiation pattern. It is more important to develop 
the capability of visualizing the three-dimensional patterns (as three-dimensional solids). 
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19.6 THE RECEIVING ANTENNA 


So far we have been discussing only the transmitting antennae. The task of a receiving antenna 
is to extract the energy from an electromagnetic wave, together with the signal carried by the 
wave, and deliver it to a receiver. This mechanism can be described qualitatively in simple terms. 
The time-varying E field of the wave which surrounds the antenna, induces currents and charges 
in the body of the conducting antenna. A certain voltage is thus developed across the antenna 
terminals; this voltage varying with time as per the inducing wave. This voltage is fed into the 
receiver which amplifies it, and then converts it into the required form which can be sound (e.g. 
in radio, and the corresponding audio signals of the televisions) and/or optical (e.g. optical 
signals in televisions, and in radars). 

Though the geometrical shape of a receiving antenna is less diverse than that of a 
transmitting antenna, they are functionally interchangeable. But it must be remembered that the 
working conditions of the two types are not the same. For the transmitter, the external E-field 
wave acts only between the antenna terminals; whilst for the receiver, the external E-field exists 
all over the antenna surface. The resulting currents and the charge distributions for the two cases 
will be quite different. 

But even then, it can be shown that the most important characteristics of the receiving 
antenna (which are its directive properties and its impedance) are identical to those of a 
transmitting antenna. In our present discussions, we shall consider the two dipoles as the two 
basic receiving antennae. (For further detailed information, interested readers are referred to the 
specialized texts mentioned earlier.) 

We have seen so far that from the input side, an antenna appears as an impedance in general, 
the resistive part of the impedance corresponds to the power radiated by the antenna. So, for a 
transmitting antenna, we can say that the current (of the antenna) is the cause and the 
electromagnetic radiation is the effect. But for a receiving antenna the cause and the effect get 
reversed, i.e. the cause is the incoming electromagnetic radiation, and the effect is the current 
induced in the antenna surface, and the voltage induced between the antenna terminals. There are 
two important points to be understood regarding the receiving behaviour of the antenna: 
(1) Variation of the terminal voltage as a function of the direction and polarization of the incoming 
radiation. (2) The maximum power that can be received by the load connected to the antenna. Also 
of interest are the relationship between the antenna parameters in its two modes, i.e. transmitting 
and receiving. 

The antenna is a reciprocal device (i.e. an antenna has identical radiation and circuit 
characteristics in transmitting and receiving modes). This follows from the reciprocity theorem 
which has been proved in Section 19.7. 


19.6.1 The Electric and the Magnetic Dipoles (Oscillating) as 
Receiving Antennae 


Figure 19.15 shows the electric (Hertzian) and the oscillating magnetic dipoles as the receiving 
antennae. 

The tangential component of the incident E field induces currents in the wire, such that 
they re-radiate the energy and produce a voltage V across the load resistance R. It can be 
justifiably assumed that the effects of these currents on the transmitting antenna are negligible. 
The voltage across R can be measured by some suitable electronic voltmeter. 
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BY 
<—_ <-> 


(a) (b) 
Figure 19.15 Oscillating electric and magnetic dipoles used as receiving antennae. 


For the Hertzian dipole, it can be shown that, 


V=E1=E-1( Elcos @) (19.73) 
where 


E, = tangential component of E (i.e. tangential to the antenna) 
1 = length of the dipole antenna 
V is maximal when E is parallel to the antenna (i.e. @ = 0). 


Hertzian dipoles (or almost Hertzian dipoles) are used as receiving antennae of television 
receivers, portable radios, or car radios, etc. 
For the magnetic dipole, the induced emf is given by 


v= ge-ai=g-(Sh+0v)-a 
Cc 


Cc 


= IJ-{rxSrrvxvv) as (19.74) 
S 


where S is any surface bounded by the contour C of the loop. 
Now, VxVV=0 (a vector identity) 


Also, we can interchange the order of the operators of time and space on the first term on 
the right. Hence, we have 


Ve gp-a=-(2)[fevxay-as=-[2) [fas (19.75) 
Cc S S 


Hence, the induced emf in the loop is equal to the time-rate of change of the flux linking the loop. 
This is a maximum, when the normal to the loop is parallel to the local B. V is zero, when @ = 77/2. 
Either of these two conditions can be used to determine the direction of the wave, and locate, say, 
a clandestine broadcasting station. Usually a = 7/2 condition is used, because the zero of V can be 
detected more accurately than a maxima. With two or more search loops, the location of a 
transmitting antenna can be determined with a high degree of accuracy (Figure 19.16). 

It should be noted that when R — ©, then the voltage V is not necessarily the induced emf, 
because the circuit may be excited in the electric dipole mode. For a symmetrical loop as shown 
in Figure 19.15(b), when the E vector is in the plane of the loop, but is perpendicular to the pair 
of the wires leading to the loop, an extra voltage appears on R which comes from the dipole 
excitation and adds to the induced emf. But if the co-planar E is parallel to the two wires 
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leading to R, then the charge oscillates from one end of the wire to the other end, and V is not 
affected by the dipole oscillation, and so Eq. (19.75) is correct. 


Search loop (2) 


Transmitter Search loep: 01) 


Search loop (3) 


Figure 19.16 Locating a transmitter by search loop antennae. 


19.6.2 Hertzian Dipole Parameters as a Receiving Antenna 


(A) Radiation Pattern and Polarization 


We consider a Hertzian dipole, which of course is a small length of wire with an infinitesimal gap 
at the centre, placed in an incoming radiation field. The dipole is located at the origin of the 
coordinate system, its axis being along the z-axis. A source of an electromagnetic wave is located 
at a very large distance R from the dipole which generates an electromagnetic wave linearly 
polarized in the plane of the paper. 

Let this source be located at A [Figure 19.17(c)] on the y-axis (i.e. along the centre of the 
dipole orthogonal to its axis, i.e. @ = 7/2. So the E field will be polarized along the z-direction 
and hence parallel to the Hertz dipole. 


Wave 
travelling 
inwards 


Figure 19.17(c) Hertzian dipole as a receiving antenna. 
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The o.c. voltage between the terminals of the dipole will be 


V. 


Oo 


. = Vy =E-1= El (E and | are parallel) (19.75a) 


Let the source be moved to a point B such that it is along the arc of radius R and the direction 
of radiation is inwards towards the Hertzian dipole. 


a 
The angle between the Elect. field E and the Hertzian dipole a é 
V,, =V, =E-l= El cos( 5 -0)= 2 sin 0 (19.75b) 
“. Induced voltage at the receiving antenna is a function of the direction of incoming radiation 0. 


a ‘ : 
When @=—, Vo. is maximum 


When 6 = 0, Vig =O 

Thus sin @ is the factor of dependence for V,, (for a given polarization). 

It should be remembered that the radiation pattern for a transmitting Hertzian dipole is sin@. 
So the Hertzian dipole shows the same directional dependence for both the transmitting and the 
receiving mode. This is true for any radiating system, i.e. the radiation pattern for an antenna is 
identical for both transmitting and receiving. 

We have kept the orientation of E unchanged in the movement of source so far. If the 
polarization of E is changed by moving the point A to the x-axis, the terminal voltage of the Hertz 
dipole changes and becomes zero when E is oriented in the x-direction. So the o.c. voltage is also 
a function of the polarization of the incoming radiation. 

For the Hertzian dipole, V,, will be maximum when E is along @-direction, i.e. E = ig Eg. So 
an antenna responds maximally to that polarization in the receiving mode, which it generates in 
the transmitting mode, i.e. the state polarization of a receiving antenna is same as that which it 
is capable of generating. Thus the radiation pattern and the polarization of an antenna are identical 
in transmitting and receiving modes. 


(B) Equivalent Circuit 


A transmitting antenna is equivalent to an impedance R + jX, where R is related to the power 
radiated by the antenna, and X is related to the capacitive and inductive fields surrounding the 
antenna. 

The receiving antenna is like a voltage source with o.c. voltage V,, and an internal 
impedance R + jX. The receiving antenna delivers power to the load impedance Z; connected to 
its terminals. The power delivered is maximum when Z, and Z are conjugates of each other, i.e. 
Zr, = R — jx. 

Hence, the maximum power received by the antenna and delivered to the load is then 
Wel 


Penne _ 4R 


[Figure 19.17(b)] (19.75c) 
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— 
_—_ 
Transmitting antenna 

a 

2] — <= = ¥0O li 


Receiving antenna 


= []z-Rex 


Figure 19.17(b) Equivalent circuits of the antenna. 


(C) Effective Aperture (or Area) 
Let the Poynting vector of the incident radiation on the receiving antenna be S. 
Power density of the incident wave = S watts/m? 
This antenna taps a power P; from the wave. 
P, 


The effective aperture of the antenna = A, hee (19.75d) 


This parameter is special to the receiving antenna and it gives the power capturing ability of a 
receiving antenna. 


(D) Directive Gain 


A system as shown in Figure 19.17(c) consists of a transmitting antenna | and a receiving 
antenna 2 separated by a distance r. Let the antennae 1 and 2 have internal impedances 


Z, and Z, respectively where antenna 2 has been connected to a conjugate load Zz, . From circuit 


considerations the two antennae would interact through a mutual impedance Z,,, 
Hence V,, can be expressed as 


Voc = Zou! (19.75e) 


Radiation 
> 


V Transmitting 
' antenna 


Receiving 
antenna 


mu 


Figure 19.17(c) Transmitting and receiving antennae system. 
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.. The power received by the antenna 2 and delivered to the load Z) is 


24,2 
Zonal Vr 
p =m 19.7 
iS ae (19.758) 
The power transmitted by the antenna | is 
P=|1/R, (19.75g) 


Let us assume that the gain of the transmitting antenna = Gp, and the two antennae are aligned in 
the direction of their maximum radiation. 
.. The power density due to antenna | at the location of antenna 2 is 


_F Gpy _ hil? RiGox 


S 19.75h 
Ar? Ar? : 
If the effective aperture of the antenna 2 is A,5, then the power received by antenna 2 
al RiGo, 
P, = SAg = ——>— Aen (19.75j) 
4ar 
Since this is same as the power delivered to the load P;,, 
2), (2 2 
Z I I) RG 
then Bobs! mul Vat _ Wil RiGor Ay (19.75k) 
4R, Apr? 
2 R,R,GpA 
Zim [=A (19.751) 
mr 
By the reciprocity theorem, since the two antennae are reciprocal, so 
Zinul = RG Aa (19.75m) 
ar 
.. From Eqs. (19.751) and (19.75m), 
Gp, Aer = Gp, Ae (19.75n) 
G, G 
or ee aK (a constant) (19.75p) 
A. Ao 


Since in this Section (D) no specific antenna was mentioned, Eq. (19.75p) will hold [ic the ratio S) 
only if it is a constant, which is to say that K does not depend on any type of antenna. : 


(E) K for the Hertzian Dipole 


First we calculate G for the Hertzian dipole 


E(@) = sin@ 
For a loss-less dipole, 
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4n 3 
G,=D= na 24 “5 (19.75q) 
J sin? @ sin 0 d0 do 


6=0 ¢=0 


Let the Hertz dipole be of length /, and be located in a radiation electric field specified as E 


leP _ ler 
Power density of the wave =S= s = 1202 (19.75r) 
Maximum o.c. voltage developed at the antenna terminals, 
Voc = El 
aa ss oe 802° 
Note: Radiation resistance of the Hertzian dipole = R,,.g = 5 
.. Maximum power delivered (to the matched load) 
2 272 2 
P. = Vo —= |E| l A 
LT 4R. ' _ 4 x 8072 2 (19.75s) 
.. The effective aperture for the Hertez dipole 
Pan 
A. ata (19.75t) 


.. Effective aperture of Hertzian dipole is not dependent on its length and is a function of 
the operating wavelength only. 


On ae 19.75 
Aw (19.75u) 
For a general antenna, Gx = = (19.75v) 
a : 


It should be noted that the ‘Directive Gain’ is a parameter of a transmitting antenna, whereas 
the ‘Effective Aperture’ is a parameter of a receiving antenna. So for an antenna which can operate 
in both modes (by the theorem of reciprocity), these two parameters, Gp and A,, are directly 
proportional, i.e. if an antenna has high gain while transmitting, its effective aperture will also be 
high while in receiving mode. 

Referring back to 2-antennae system of (D), from Eq. (19.75h), we have 


2 
pe 4ar’S 
Gp, 
From Eq. (19.75d), 
Pr = Ae S= Be 


which combined with Eq. (19.75v), gives 
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A 

P.=S:—G 

r An Dr 
P. SA?Gp, M42) AY 

= 2 =p Ope | 
P 4ar°S 4ar 

a» 

P. =Gy,Gp,| — | F 

r Dt Dr (4) t (19.75w) 


This is known as ‘Friis Transmission Formula’ relating the power received by one antenna 
to the power transmitted by another provided that the two antennae are separated by a distance 
r > 2d’/A where d is the largest dimension of either antenna. So care must be taken to see that the 
two antennae are in the far field of each other. 


19.7 THE RECIPROCITY THEOREM 


It is known, in the theory of electrostatics, that certain relations exist between two possible 
potential and charge distributions on a given system of conductors (see Appendix 3). Such 
relations are commonly known as the ‘reciprocity theorems’, and similar theorems exist for the 
harmonic electromagnetic field. Each component of the field vector satisfies the harmonic wave 
equation, 

V7o+kKo=0 (19.76) 


However, we start by discussing a more general equation, which can be written as 
Div (a grad f) + kf = 0 (19.77) 


where a and k are known functions. When a = 1, this equation reduces to Eq. (19.76). Let T be 
the volume enclosed by a closed surface S, and let f, and f, be any two solutions of the 
Eq. (19.77) which satisfy the same boundary conditions at any boundaries within 7. 

It follows from the divergence theorem, that 


of, oft 
fon ta me & aS =0 (19.78) 
provided that the integrand is continuous across all boundaries within T. 


The boundary conditions of this type are: 


1. f and (a Of/dn) are continuous, or 
2. (af) and (df/dn) are continuous. 


The more general boundary condition containing both these conditions is: 


a{(df/dn) + af} and {6 (df/dn) + f} are continuous, where a and B are continuous, and such 
that (a B) # 1. 


The continuity of the integrand with these conditions can be seen by writing it in the form: 
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(aaa (S} GE) oe) fa AEG) 


This theorem holds also if the boundary condition is f = 0 or (df/dn) = 0 or more generally 
(df/dn) + of = 0. Equation (19.78), which is valid under the appropriate boundary conditions, is 
one form of the reciprocity theorem. This form does not include the sources in the region. A 
different form of the theorem is for when the sources are present in the region under 
consideration, i.e. inside T. In this case, let f,(R) and f,(R) satisfy the equations, 


div (a grad f,) + kf; = — 6(R — R;) (19.79a) 
div (a grad fo) + kf) = — 6(R — Rd) (19.79b) 


where R, # Ry, and R, and R, are points of 7. Then 


of, of 
ff) (#)-- oe dS = f,(R,) — f, (Ra) (19.80) 
s 
provided f, and f, satisfy the boundary conditions of the type mentioned earlier. If, in addition, 
of ofr 
on = a ie @ on S, 
then 
fi(Ro) = fal Ry) (19.81) 


Under these conditions, the reciprocity theorem states that: 


The field produced at the second source by the first source is the same as that produced at 
the first source by the second. 


In case Eqs. (19.77) and (19.79) are not satisfied inside S, but valid outside, then the 
reciprocity theorems (19.78), (19.80), and (19.81) are still valid provided f,; and f, satisfy suitable 
radiation conditions at infinity. 

The corresponding theorems for the electromagnetic fields are obtained in a similar manner. 

This theorem when applied to electromagnetic waves states that ‘the current in a detector 
divided by the voltage at the source remains constant when the source and the detector are 
interchanged, so long as the frequency and all the impedances remain unchanged’. 

This theorem is very widely used for investigating circuits as well as antennae. Here we 
shall prove the generalized form by using the Maxwell’s equations. 

To start with, we have a pair of loop antennae, one of which is being used as a transmitter, 
and the other is used as a receiver, as shown in Figure 19.18 shown below. 

The conductors and the medium of propagation are assumed to be isotropic. The source 
connected to the left-hand antenna supplies a voltage V, and the detector is connected to the 
right-hand antenna and measures a current J. 

By the reciprocity theorem, (//V) remains unchanged, if the source and the detector are 
interchanged, as shown in Figure 19.19. We now consider the field a (i.e. E,, H,) that is obtained 
when the antenna a is the transmitter on being connected to the oscillator (the top part of the 
Figure 19.19), and then the different field b (i.e. E,, H,) when the antenna b is made the 
transmitter by connecting it to the oscillator as shown in the lower part of Figure 19.19. We 
assume the frequency and the impedances to remain unchanged for these two arrangements. 
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Figure 19.18 A pair of loop antennae. The one on the left (transmitter) is excited by an 
oscillator, supplying a voltage V. The other (receiver) is connected to a load resistance R, 
through a zero-impedance ammeter, measuring the current J. 
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Figure 19.19 A pair of loop antennae with the source in a at the top, and then in b (bottom). 
The frequency and the impedances remain unchanged. 


Then for any point in the space which includes the antennae as well as the source, the following 
vector identity holds: 


¥s (E, x H, - E, x H,) = H, - (V x E,) = E, : (V x H,) = H, i (V x E,) — E,- (V x H,) (19.82) 


Using the Maxwell’s equations, 


OB oD 
V-(E, x H, - E, x H,) = —H, -( pe. [1 OM) 


oB oD, 
+H, (Gees (a+ 38] (19.83) 
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Since we are considering the time-harmonic fields, — = ja, 
and on simplifying, this equation reduces to: 
V -(E, x H, — E, x H,) = Ey - J — Eq: Spa (19.84) 


For points outside the source, J= OE (assuming that the Ohm’s law holds). But within the 
source there is another electric field intensity E,, and hence, in general: 


Jja= O(E, + E,,) (19.85a) 
Jyp = O(E, + E,,) (19.85b) 


The quantities E,, and E,, are the applied field intensities within the source when it is in the 
loop a, and when it is in the loop b, respectively. 


Jja = the current density at any point in space, when the source is in a 
J/» = the current density at any point in space, when the source is in b. 


Substituting these in Eq. (19.84), we obtain 
Vy: (EK, x H, ~ E, x H,) = E,,° Jr ~ E,,- Sia (19.86) 


In general, the right-hand side of the equation is not equal to zero. 
This above relationship holds for any pair of electromagnetic fields at any points in space, 
including the region inside the sources. Hence, integrating over the whole space, 


ii} V-(E, x H, - E, xH,)dv = [| (Ey, °Sjp — Egy Sy) av (19.87) 


By applying the divergence theorem, 


pe, xH, - E, x H,)dS = {ff (ee es en Pa (19.88) 


If the sources are now constrained to a finite volume, the surface of integration on the left-hand 
side is infinitely away from them, and then there is a plane wave with E and H orthogonal and 
transverse. 


Ex H=r,EH (19.89) 


where rj, is the unit radial vector. 
1 1 
H, = Z r,;xE, and H,= Z r,xE, (19.90) 
The integrand on the left-hand side of Eq. (19.88) is 
1 
(EK, x H, ~ E, x H,) = [z, |e x (r; x E,) = E, x (r; x E,)] =0 (19.91) 
0 


at points infinitely remote from the sources. 
The integral on the right-hand side of Eq. (19.88) must also be zero, 1.e. 
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i] (Esa: Spy — Esp: ja) dv = 0 (19.92) 


The integration is extended to all space, but it can be restricted to the sources, since E,, and E,, 
are zero elsewhere. 


SN) (Esa Spy) dv = i (Esp - Ja) dv (19.93) 


where the integrals are evaluated over the regions where E,, and E,, are non-zeroes. 
Physically what this equation means, can be explained in terms of the pair of the loop 
antennae a and J, i.e. 


{J (E,,- Jp) dv = ff] (Eya- AI) (Syp- dS) = Vealy in a 


where V,, is the voltage supplied by the source in a, and J, ;, , is the current in the same loop a 
when b is energized. 
Similarly, 


[IJ ada av = fff Geo: at) Te dS) = Varta in» 
b 


Veale ina wild in b 


day = tina 
V, Vep 


sa 


i.e. the physical interpretation is: 


The current induced in b when a is energized, divided by the voltage applied on a is equal 
to the current induced in a when b is energized, divided by the applied voltage on b 
(keeping the frequency and the impedances unchanged). 


This is the reciprocity theorem. It is valid for any pair of antennae. It should also be noted that 
this theorem is concerned only with the ratio (//V), and does not say anything about the power 
expended by the source (which usually changes when the source is moved from one position to 
the other). 


PROBLEMS 


19.1 The field near to a Hertzian dipole of length / has the following principal components 
in spherical polar coordinates: 


peo pg, adisne, on ue 


¢ 


’ ga ? 
2ner° 4neyr? 4ar 


If i is oscillating and equal to J V2 cos ot, prove that the predominant energy flow in 
this region is likewise oscillatory, being such that a quantity of energy given by 
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flows out and back from a sphere of radius r, twice in each cycle of the dipole current. 


19.2 Show that the phase velocity of H field of an oscillating dipole is 


v,=c]1+ c 
9 wr. 


Show also that the phase velocities of r- and @-components of E field are: 


2 4 2 
v,=c ( ra } and Vg =c [es oe | respectively. 


or (arlc)* — 2(a@rlc)? 


(The charges of the dipole are +Qe/’.) 


19.3. The symmetry of Maxwell’s equations in free space implies that any system of 
travelling waves defined by the field vectors E, B, has a dual in which E’ = — cB, B’ = 
E/c. What source would produce a field which is the dual of that set up by a Hertzian 
dipole? 

19.4 Discuss and draw the image of a horizontal dipole antenna above a perfectly 


conducting plane, and show that the current in the image and the current in the antenna 
flow in opposite directions. 


Discuss and draw again the image of a vertical dipole (antenna) above a perfectly 
conducting plane, and show that in this case, the current in the image as well as in the 
dipole flow in the same direction. 


19.5 Considering the far fields of the electric dipole and the magnetic dipole, show that they 
are duals of each other. 


19.6 The field of a magnetic dipole is such that V = 0 and A # 0. Is it possible to have a 
radiation field which has V # 0, A = 0? 


19.7 A sealed plastic box contains a transmitting antenna radiating electromagnetic waves. 
How would you identify whether it is a magnetic or electric dipole? 


Electromagnetism 
and Special 
Relativity 


20.1 INTRODUCTION 


So far, in our study of electromagnetism, whenever we have distinguished the ‘electrostatic’ field 
of stationary charges from the ‘electromagnetic’ field of moving charges, we have made a tacit 
assumption that the earth is fixed, and ‘stationary’ means at rest relative to the earth’s surface. 
But the earth is not fixed in any absolute sense, and the dominant factor is whether there exists 
rest or motion with respect to a particular observer. Electromagnetic observations, made by two 
observers in relative motion, will differ. However before we apply the relativistic concepts to the 
electromagnetic phenomena, we shall have a look at the concepts of relativity in the context of 
classical mechanics. 

Furthermore, if we have a look at the historical sequence of the scientific developments, we 
find that Maxwell’s electromagnetic theory (1855-1865) was based on the experimental laws of 
Coulomb, Ampere, and Faraday. The special theory of relativity was enunciated in 1904-1905. It 
was L. Page, who in 1912 said that ‘if the principle of special relativity had been enunciated 
before the date of Oersted’s discovery of the magnetic effects of electric currents, then the 
fundamental relations of Maxwellian electrodynamics could have been predicted on theoretical 
grounds as a direct consequence of the fundamental laws of electrostatics, extended so as to 
apply to charges in relative motion, as well as to charges at rest’. 

We shall try to show in this chapter that starting from electrostatics (i.e. Coulomb’s law), 
and applying the transformations of special relativity, we can derive Ampere’s, Faraday’s laws, 
and the generalization into Maxwell’s equations. 

This will give us a better insight and deeper understanding of all aspects of the electro- 
magnetic theory, and thereby lay the groundwork for more advanced study of electrodynamics in 
moving media. It will also help us in finding correct solutions for indeterminate or ambiguous 
problems caused by the flux-cutting rule. Finally, various isolated laws will appear as different 
facets of a single comprehensive theory. However, before we apply the concepts of relativity to 
electromagnetic phenomena, we shall have a look at some of the simpler phenomena in classical 
mechanics so as to be clear about the ‘relative velocity’. 
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20.2 GALILEIAN RELATIVITY (GALILEO GALILIE) 


This is the simplest case in classical mechanics, so much so that it is applied without any 
conscious thought process. 

Let us consider a boat, on a river moving downstream with a velocity v relative to the 
water of the river, and that the river water has a velocity u (in the same direction). 

Hence the velocity of the boat relative to a stationary observer on the bank of the 
river = Vv + u. 

And (to an observer sitting on the boat), the observer on the bank appears to move with a 
velocity equal to = —(v + u). 

The position of the boat can be specified with respect to: 


1. a fixed point on the bank of the river, or 
2. a point on the river—moving with the water, i.e. a drifting bouy. 


So now we choose a coordinate system S fixed to a point which is fixed on the bank, and 
another coordinate system S’ whose origin is fixed on the drifting bouy (Figure 20.1). 


ZA ZA 


y y 
> ; 1 7 
° x >u x’ Boat 
% Bouy 
Figure 20.1 Coordinate systems S and 9’. 
Hence, 
x = the position of the boat with respect to the coordinate system S; and 


x’ = the position of the boat with respect to the coordinate system S’; then we can write: 
x =x-ut (20.1) 


This equation expresses the position of the boat relative to the drifting bouy in terms of the 
position and the time measured by an observer fixed on the bank. 
Or, we could equally well have written this relationship in the form 


x=x’+ut, (t=1f) (20.2) 


where the position of the boat relative to the bank has now been expressed in terms of the 
position and the time measured by an observer sitting on the bouy and drifting along with it. 
This transformation from one coordinate system to another as given by Eq. (20.1) or (20.2) 
is known as the Galilean transformation, named after Galileo Galilei. In classical Newtonian 
mechanics, the basic hypothesis is that the laws of motion hold equally in all rigid coordinate 
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frames moving with uniform rectilinear velocity with respect to each other. The equations of 
motion remain unchanged in the two systems by using the two transformation relations 
mentioned above. This invariance of the laws of mechanics under a Galilean transformation is 
called the ‘Galilean relativity’. There are certain assumptions implicit in this transformation. 
They are that the mass and the dimensions remain same at rest as under motion. Also, it is 
important to note that the variation of time is at the same rate for both moving and fixed 
observers. As we shall see later, that these assumptions are valid only when the velocities under 
consideration are much smaller when compared with the velocity of light (= c), 1.e. v << c. These 
laws become different when we have much higher velocities, i.e. the velocities comparable to 
that of the light velocity. 


20.3 ELECTROMAGNETIC PHENOMENA AS VIEWED BY 
DIFFERENT OBSERVERS 


We have two inertial frames of reference F and F’ where the frame F’ moves with a constant 
velocity u in the x-direction with respect to the frame F. 
(Note: We define an ‘inertial frame of reference’ as follows: ‘If in a reference frame, a particle 
under the influence of no forces travels in a straight line with constant speed, then that reference 
frame is called an inertial frame of reference’. The laboratory system is generally a very 
satisfactory approximation to an inertial reference frame for the description of electromagnetic 
phenomena.) 

The two frames of reference F and F’ have a common x-axis as shown in Figure 20.2 below. 


Layer of —ve surface charge density, —ps 


ZA Pa 
F F’ 
———»> u 
> 
> 
O x O’ x’ 


ee ee 
Layer of +ve surface charge density, +ps 


Figure 20.2 Parallel layers of electric charge. 


There exist two layers of electric charges parallel to the x-y plane, y-axis being normal 
(into) the plane of the paper. We consider an observer making measurements at O, a point 
between the two sheets of charges (as shown above) of densities + ps per unit area. Since the 
electric field is stationary in this frame, the observer will detect an electric field having one 
component given by 

E, = 2 (20.3) 
cars 
and no magnetic field. 
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In the other frame of reference F’ with the axes O’ x’ y’ z’, moving relatively to F with the 
velocity u in the direction Ox, an observer (sitting at O’) will also detect the electric field E,, but 
for him the charges are gliding backwards with the velocity u, and so the upper charge-sheet 
appears as a current-sheet of (psu) amps/metre directed in the direction O’x’ whilst the lower 
charge-sheet appears as a similar current-sheet in the reverse direction. The diagram (Figure 20.3) 


| fe 
+ psgu/unit width 
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C2 
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Co COI CO CORN CORK CORREO CONS 


Figure 20.3 End-view of the charge-sheets as seen by an observer in the 
moving frame of reference F’. 


shows the end-view of these currents. At infinity they seem coincident, so produce no magnetic 
field, and hence a magnetic circuit such as C, shows that there exists no magnetic field anywhere 
outside the currents, while the circuit C, shows that between them (the current-sheets—as they 
appear to the observer in the moving frame of reference), there exists a magnetic field in the 
direction O’y’, which is given by 

Hi, = ups = —J& (20.4) 
or 


u 
By, = UoPsu = Mo€uE, = [se (20.5) 


Thus the observer O’ in the frame F’ observes this magnetic field as well as the electric field 
which the observer O in the frame F discerns, 1.e. 


El=E, (20.6) 


Let the charge-sheets now be replaced by iron poles with respect to which the frame F is at rest. 
Let the magnetic field between these poles be observed from F as B, (Figure 20.4). 

If the frame F’ carried a conductor along the axis O’y’, then an emf (uB,) would be found to 
be induced in it in the direction O’y’. This emf is a sign that if the conductor were absent, there 
would be an electric field given by 


E’, = -uB, (20.7) 


The observer in the frame F’ will observe this field in addition to the magnetic field B,. 

The magnetic flux density BY, given by the Eq. (20.5), introduced into the observations on 
the moving frame F’ by its relative motion to the frame F, is got by multiplying (F)’s electric 
field E, by (u/c”) and swinging the vector through negative 90° about the direction of u. If (F)’s 
field had contained a component E),, the same rule would give 
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Figure 20.4 Two parallel magnetic poles. 


PSs [=| E, (20.8) 


Similarly the electric force E‘, given by Eq. (20.7) is obtained by multiplying the flux 
density B, observed from the frame F by u and swinging the vector through positive 90° about 
the direction of u. So by similar arguments [as we had for Eq. (20.8)], if the frame (F)’s field had 
contained a component B,, then the same rule (mentioned before in this paragraph) would give 


E= uB, (20.9) 

But the components in the x-direction (i.e. the direction of motion) would be observed equally 
from both the frames. Hence 

E.=E, and B, = B, (20.10) 

Thus building up a general field by superposition of perpendicular components. we find that the 


general relation between the vectors E, B in the frame F and FE’, B’ in the frame F’ which has a 
relative motion u with respect to F in the direction Ox, is contained in these equations: 


EL=E,, E,=E,-uB,  E,=E,+ ub, (20.1 1a) 


u u 
Bl=B, Bo=By+ (|e. BL =B,- (=| (20.11b) 
ae a 


These equations have been derived with the assumption of uniform fields, but with fields which 
vary from place to place, they are still true at the instant when the frames F and F”’ coincide. 
Equations (20.11) can be written in compact vector form as: 


E’=E+ (ux B) (20.12a) 
B’=B- [2 Jo x E) (20.12b) 
c 


As a first application, we may get the formula for the force on a moving charge. Let the charge 
gq move with a velocity v = u in the frame F in which exists both an electric field E and a 
magnetic field B. Let g move with the origin of F’, it is then static in F’, and so the force on it 
is given by 

P’ = gE’ (20.13) 
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Transforming to the frame F, and assuming: 


1. gq is same for both the frames (true); 
2. P =P?’ (true for the order of the accuracy here considered), 


we get [from Eq. (20.12)] 
P= g[E+ (ux B)] (20.14) 


This is the important Lorentz Force Formula, which we had used to define the magnetic flux 
density vector B. 


20.4 TRANSFORMATION OF ELECTRIC AND MAGNETIC 
FIELDS 


Equations (20.11) were derived from the Galilean relativity which is applicable to the Newtonian 
mechanics. 

Similar to these principles, the physical results obtained should be independent, 
whether the frame F or F’ is regarded as fixed, i.e. it is valid to consider F’ as fixed and F 
moving in the x’ direction with a velocity (—u). 

The unprimed fields should be obtained from the primed fields by a set of relations 
corresponding exactly to Eqs. (20.11) with the primed and the unprimed quantities interchanged, 
and u replaced by (-u). 

Equations (20.11) should transform to 


E,=Ei, Ey=E,+uB, E,=E,-uB, (20.15a) 


u u 
B, = Be. B, = By (se: B, = B. + [Je (20.15b) 
) p c c : 


But, if Eqs. (20.11) are solved to obtain the unprimed field quantities, then the following set of 
relations is obtained by the steps which are obtained from Eqs. (20.12), i.e. Eqs. (20.12) can be 
re-written as 

E =F’ -(uxB) 


= kK’ -(ux B)) - [Jim 
c 


If u has only x-component, the components of (u x E) are 0, — uE., u£,; and of [u x (u x E)] are 
0, -wE,, —wE,. 
Thus the equations for E and B in terms of E’ and B’ are 


Ey = Ex (20.16a) 
E,+ uBi 
f= > (20.16b) 
oe 
2 
E> ub, 
Le (20.16c) 
feo 
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and 
B, = By (20.17a) 
By |= |B 
B, = . ; (20.17b) 
: u 
Ls 
c 
* u - 
B+ 2 Ey 
B,= ; (20.17c) 
u 
aa) 
c 
which can be written in the compact form 
E,=E,, E,=B(E,+uB),  E,= B°(E,- uB}) (20.18a) 
2 , u , 2 ’ u ’ 
; ; c c : 


2! 


u 
where B? = Lae 
¢ 


Then, how do we explain this lack of self-consistency in these equations? That is, they do 
not transform properly into a similar set when solved with primed and unprimed quantities 
interchanged and u replaced by —u. We have to look for the reasons for this inconsistency. 

This inconsistency implies that something is wrong with the underlying principles of this 
above analysis, i.e. either with Newtonian mechanics and Galilean relativity, or with classical 
electromagnetics, or with both. Historically, this was the difficulty faced by the physicists 
towards the end of the nineteenth century. The uncertainty and the controversy were associated 
with the correct formulation of the velocity of light, and was eliminated by the special (or the 
restricted) principle of relativity. 

What we have been saying so far has been that: 


The laws of nature are same referred to all frames of reference, which are in uniform 
translation with respect to one another (i.e. there is no meaning in absolute velocity). 


So, we consider, as before, two frames of reference F and F’. The coordinates of a point, in 
the frame F, are (x, y, z), and in the frame F” are (x — ut, y, z); i.e. a particle with velocity u, in 
the x-direction with respect to the frame F, will appear to have a velocity (u, — u) in the frame F’. 

This, in fact, conflicts with the observation of constant velocity of light in both the frames 
of reference. 

We shall not go into the historical details of this controversy regarding the velocity of 
light. Suffice it to say that the root of the conflict was the question of existence of an ‘aether’. 
We have seen that Maxwell showed light to be an electromagnetic phenomenon, and that the 
velocity of light was given by c = (ue) !/*—a characteristic of the medium, and presumably the 
velocity is measured relative to the medium. Under these circumstances, if the frame F is 
assumed to be stationary in the medium, the frame F’ moves through the medium with a velocity 
u in the +x-direction. Then a light wave travelling in the medium with a velocity c in the 
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+x-direction, should appear to have a velocity (c — u) to an observer in the frame F’, moving 
along with it. This result conflicts with our results as we obtained in Eqs. (20.18), as the factor 
(1 — u’/c’) obtrudes itself. Admittedly, c is a very large velocity, and so this factor is very small; 
but even so its presence raises doubts about the validity of the whole theory. It is not difficult to 
cook Eq. (20.11) in such a way as to remove this anomaly. For example, if it could be shown 
that the true equation for E’ were 


Ey = Ex (20.19a) 
E, = B(E,— uB,) (20.19b) 
Ey, = B(E, + uB,) (20.19c) 
p Acle 
u 
where B= t = =| (20.20) 
c 
with a similarly modified set of equations for B’, i.e. 
By = By (20.19) 
u 
By = A), (3 }e.| (20.19e) 
; c 
u 
BL = pl. -(=}e.| (20.19f) 
c 
the process of solution would give 
BE, = EX (20.21a) 
E,+ uB, 
ar re i BCE‘, + uB2) (20.21b) 
7 es 
E,— uB, 


= B(E;- uB)) (20.21c) 


ir a 
{2 


and so forth, so that the new equations would have the same form as Eqs. (20.19) except that the 
sign of u has been changed. It should be noted in passing that Eqs. (20.19) cannot be expressed 
directly in vector form, because the factor B does not multiply every component. 

However, the mere fact that B makes the answer come true (right) does not justify us in 
inserting it. There must be some much more solid argument for its presence. To explain it, we 
need a fundamental enquiry into the relation between the physical quantities as measured in the 
two frames of reference; not merely of electromagnetic quantities, but of length and time, and— 
ultimately—of mass. For the two frames of reference having a relative motion, which is linear 
and uniform, this inquiry is the province of the ‘Special Theory of Relativity’. 
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20.5 THE RELATIVITY OF SPACE AND TIME 


The ‘relativity’ of electromagnetic measurements to a particular observer is a consequence of the 
elementary electromagnetic principles, but the more subtle considerations lead to a similar 
‘relativity’ about the fundamental measures of mass, length, and time. We shall consider first the 
last two. 

We have proved that the electromagnetic waves travel with the velocity c = ({Ug&)!” in 
free space. Since the field equations on which this deduction is based are relative to a particular 
observer, we do not expect the velocity as observed by an observer in a ‘moving’ frame of 
reference to be the same. Experiments [especially those of Michaelson and Morley (1887)] show 
that the velocity of light or other electromagnetic signals is the same for all observers. 

This means a departure from the normal kinematic ideas; if a particle has a velocity (U, V, 
W) with respect to the frame of reference F, it is assumed to have the velocity (U — u, V, W) with 
respect to the moving frame F’, and so it cannot have the same velocity with respect to both. In 
order that the light may have the same velocity c with respect to both F and F’, we find it 
necessary to introduce a scheme wherein the measures of length | and time t are relative to a 
particular observer. 

Let F and F’ be the frames of reference having relative motion u, and let them coincide at 
t = 0. An event is defined as something happening at a specified place and time—e.g. a flash of 
light or a pulse of radiation occurring at a place (x, y, z) and time (f). In ordinary or classical 
Newtonian mechanics, an event (x, y, z, f) observed from the frame F will have the coordinates 


x =x—Uut, y=y, 7 =4, t=t (20.22) 


observed from the frame F’. These are linear relationships, but we have seen that they cannot 
satisfy the ‘constant velocity of light’ condition. 

The path of a particle in either F or F’ is a sequence of events. If a particle is acted on by 
no forces, it moves (we assume) with uniform velocity in a straight line with respect to either F 
or F’; its path may be represented by a straight line with time members uniformly spread along 
it. In order that this may be true, the relations between (x, y, z, tf) and (x’, y’, z’, t’) must be linear. 

A flash of light occurring at the origin, at the instant when the two frames F and F’ 
coincide, will spread out so that at the time ¢ an observer in F sees it as having reached the 
sphere a a a 

xX +y+7= cr 

and, in F’ 


x2 + iv? + 7 = er? 


Hence the relation between (x, y, z, f) and (x’, y’, 2’, f’) must be such that 


x” + 9 a ig _ er? = og + y 4 2 = er (20.23) 


and this combination of coordinates is said to be invariant. 
We find it possible to satisfy [Eq. (20.23)] with y’ = y, z’ = z, and x’, f linear functions of 


x, t such that 
ee = ere eer (20.24) 


Let those functions be (since x = 0, t= 0 > x = 0, f = 0) 
x’ =Ax + Bt, t = Cx + Dt; then from (20.24) 


(Ax + BA? — (Cx + DIP =P - CP 
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whence 
AP = eC? = 1, 7D? -B=c*, AB-c’CD=0 (20.25) 


Now x’ = y = 7 = 0 is moving with the velocity u with respect to F. 


7 a —u (20.26) 


and Eqs. (20.25) and (20.26) give four equations for A, B, C, D. 
Substituting from Eq. (20.26) in Eqs. (20.25), 


C= A? -1 and c2D* = uA? + c*; thus 
(A? = 1)G?A? +c?) = WA" =0 


whence (taking the positive root), 


2 = 1/2 
A= t _ =| = B (20.27a) 


B=-uf; C=# ae D=B (20.27b) 


Q 


Assimilation to Eq. (20.22) requires the lower signs, and the relations are: 


w=Ba-uw, yoy ws, rs Al: = =] (20.28) 


This is called the Lorentz transformation. 


20.6 CONSEQUENCES OF THE LORENTZ TRANSFORMATION 


1. Events which occur simultaneously, but at different places in one frame, are not 


ux 


simultaneous in the other frame. This is a consequence of f = Bt - an | 
c 


2. If the equations are solved for x’, f in terms of x and t, we get the same relation with the 
sign of u changed. 


3. Contraction of lengths. Let x‘, x5 be points on the x’-axis in the frame F’; and x,, x7 
their coordinates in the other frame F. Then, 


x5 — x4) = B(x - x1) (20.29) 
when measured at a particular time ¢ with respect to the frame F. 


Hence an observer in F' sees a length divided by B, a number > 1. (This is Fitzgerald 
contraction.) 
It should be noted that there is no contraction perpendicular to the line of motion. 


4. Dilatation of time. Let a clock at the origin of the frame F” tick at f = fr, and ¢ = £4. 
With respect to the frame F, we have 


Ux, 


ux 
x, — ut, = 0, X2 — Ut, = 0, t= An} t= fn“) 
c c 
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2 
u t t 
ie. i= Bll1-— |t Sky —— 
| a B B 


and the time-interval measured from the frame F is 


ty —t = B(to - 1) (20.30) 


—a longer time—i.e. the ticks seem to occur at a longer interval. This leads to the famous clock 
paradox. 


5. Transformation of velocities. Let a particle have the velocity (v,, v,, v,) in the frame 
F, and (v‘, Vy, Vz) in the frame F’, where 


2 2 


vetvetvw=v and Ve tv eves’ 


If the coordinates of the particle in the two frames are (x, y, z, ft) and (x’, y’, 2, ) respectively, 


then: 
dx’ dx —udt = 
g.2 2-22) (20.31a) 
dt B nud ena: 
c2 C2 
dy’ d v 
v= ? = a : (20.31b) 
. uax uv 
Cc 
dz’ d. V, 
vis = : A= z (20.31c) 
udx uv,. 
Cc Cc 
Similarly, 
d. ‘+ 
oe cae eae (20.314) 
dt (4 v,u 
c2 
d Vv 
i / (20.31e) 
dt vu 
ais 5 
Cc 
Cs ee (20.31f) 


pli“ 


It should be noted that if the two systems have a relative velocity u = c, and if a point in 


the F’-system has a velocity v’, =c, then the value of u, is still c. 
By similarly differentiating these six equations with respect to f and /’, we get 


3 
vu dv’ 
x = T+ x x 
a [of 2 ll W (20.31g) 
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Wy B 14 ee e Gin Vow Ul ‘aed du’, 
dt 2 a pe ee) a (20.31h) 
, uw’, 
The corresponding expressions for HY and ht’ can be obtained by interchanging the primed 


and unprimed quantities and replacing +u by —u. A_ point to be noted is that a constant 
acceleration in the F’-system does not, in general, imply a constant acceleration in the F-system. 
Thus, 


2 2,.2,.2 
AS $V, +, 


3) 
2 


2 v2 = C2 


2.2. 


2 Wey x 2 2 u Mee 
(« -2av, +38] (aye )-[1- 5 Jogo 


fhe (20.32) 


2 
2 _ UV, 
acs 


If v = c, then vw’ = c; the ‘addition’ of (u, 0, 0) to (v,, v,, v,), then gives the same 
velocity. 
If we write (1 — v’/c”) = (B,)-?, then (1 — v7/c?) = (B%,)-? 
then Eq. (20.32) becomes: 


(Bi)? = [1 = pa (20.33) 


6. Transformation of mass and momentum. (a) We postulate for the mechanics of 
interacting particles, as a general law of nature, the conservation of mass and momentum. 


In the system F’, two equal perfectly elastic particles, moving with velocities v and —v along 
O’x’, collide and rebound. (‘Equal’ means that they have identical properties with respect to an 
observer at rest relative to them.) 
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The frame F’ moves relative to the frame F, parallel to Ox with the velocity u, and it will 
be shown that the masses of the particles depend on their velocities. Relative to F, let the 
velocities before the collision be w, and wy, and let the masses be m,, m,. Let M be the sum of 
the masses at the moment of collision when they are relatively at rest—at rest relative to F’, but 
having velocity u relative to F. 


Then, for F: 
m,+m,=M (conservation of mass) (20a) 
mW, + mW2 = Mu (conservation of momentum) (20b) 
uty u-v 
Also, Wi= ‘ W2= (20c) 
uv uv 
a Lae 
Cc c 
From Eqs. (20a) and (20b), 
M(u- wy) M(w, —u) 
ny = os and Mm, = —— 
Wi W2 Wi W2 
14 
i ee c*bby (Eq. 20) 
My am Ww —u fas uv > y ( q. IC 
oe 
but by Eq. (20c), 
1 wy 1-(u+ v) 


Thus, 
2 2 \7 1/2 
1-=fi-+> 
uv Cc Cc 
1+ 2 = a (20d1) 
ce 
and 
2 > \7 1/2 
1-4 fi-> 
uv Cc Cc 
1- 2 = 2 (20d2) 
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wy 
m a 
— = | — 20d3 
My ; wi ( ) 
a 


Hence, the masses of the two particles, which by hypothesis have the same mass—imp, say, when 
at rest, are inversely proportional to (1 — w7/c”)"”” when moving with the velocity w. So the mass 
m of a particle moving with the velocity w is 


Mo 


1/2 
w- 

Le 
Cc 


where mo is called its rest-mass or proper-mass. Therefore, the mass m increases with velocity. 
By Eq. (20a), 


= = Mo 4 mo 
M=m,+m = 2 72 
au _ 
2 2 
uv uv 
mes} (2) 
= by Eqs. (20d), 
c c 
- 2m 
2 2 
1-= fi-> 
c c 
2 
; Vv 
> ————., since |! -—~ | < 1, whenv #0. 
c 


But M is the total mass at the instant of collision, when the particles are relatively at rest—the 
instant of greatest deformation. u is their common velocity at this instant (with respect to F); 
2mg is their total (undeformed) rest-mass. 

Hence the total mass M at the instant of greatest deformation is greater than the mass with 
respect to F as calculated from the total undeformed rest-mass. This suggests that the mass must 
be ascribed to the potential energy of the elastic deformation, if the laws of conservation of mass 
and momentum are to be preserved. 


(b) We consider next a simple hypothetical experiment devised by Tolman. 
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As before we consider two frames of reference F and F’ where F’ moves with a constant velocity 
u in the x-direction with respect to the frame F (also they have a common x-axis). At the instant 
of time when the origins of the two frames are coincident, the frame F’ projects a sphere with a 
velocity v from B’ toward O’, and the frame F projects one from A parallel to y with a velocity v. 
The lengths OA and OB are so chosen that these two spheres collide when their centres are 
aligned in the y-direction. The collisions as observed by F and F’ are shown in Figure 20.4(a). 
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pe 
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ee 
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Figure 20.4(a) Experiment with colliding spheres. 


The masses of the spheres have been so chosen that when they are at rest with respect to any 
observer, both have (for the observer), the mass mp. It is assumed that the mass is a function of the 
magnitude of the velocity, so that 

m=f(v?) and  m=f(0) (20.d4) 


From the formulae of last section, 


For F For F’ 
, , Vv 
Vix= 9, Vay=V Vax =—U Vay = B 
; (20.d5) 
Vox =U Voy= B Vix =O Viy=—V 


Let the velocities after the impact be denoted by bars on the top. 
Neither of the observers in the two frames will see any transfer of the x-component of the 
momentum (as a consequence of the impact of smooth spheres), 


Hence F observes that mu =m,U, 
or 


which requires V,p=7—V and 3 Mm, =™M, (20.d6) 
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The —ve sign has been chosen, since it is to be correct for small velocities where B = 1. 
For the y-component, the observation of F is 


vf (v2) — 2” a7, pow?) — Me Me 


B B 


Since we saw above that m, =m, and also the known result when u = 0, this equation can 
be satisfied, only if V, =—v, and so the above equation becomes: 


fv?) =m, = 7 
m, B (20.d7) 


If the velocity of projection v becomes very small, then 


2 
m), = i[e ol fu?) and m, = fv?) > f)= my (20.48) 


Thus the mass of an object in motion having a velocity u with respect to a given observer appears 


to him to be increased by a factor 
9) 1/2 
u 
B= | = () (20.d9) 


At this stage, two new symbols are introduced, i.e. 8; and B which are defined as: 


over its mass at rest. 


-1/2 
ve +V; +v2 
B= re ans (20.410) 
-1/2 
; vo +v’s +v? 
A = a oe (20.d11) 


where v,, Vy, V, are the components of the velocity of a particle as seen by an observer in the 


frame F, and v‘,, V,, V, are the components of the velocity of the same particle as seen by the 
observer in the frame F’. 
Using Eqs. 20.31(a) to (f), we get 


A= pp + a (20.d12) 
and = Ph, 1 = as (20.d13) 


7. Transformation of charge density amd current density. (If Pc and J are the values 
measured from the frame F, what are the corresponding values measured from the 
frame F'’?) 
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fim | 
ae 


1p > 
F F’ 


Figure 20.5 Charge density and current in the two frames of reference F and F’. 


We consider a volume element dv with respect to the frame F, containing (n, dv) charges, all 
moving with the same velocity v (= v,, Vv), v,). Let Fo be a frame of reference moving with the 
charges; and if an observer in Fp sees (ngdvg) charges occupying the volume dv, then the observer 


in the frame F sees: 
ie) 
dv = dv 1—-— |, and since (n, dv ) = (ng dv), 
Cc 


No 


a (20.34) 


"3 


If each charge is gq (assumed absolute), we have 


Pc = & (ny) (20.35) 
and 
J, = X(qnyv,), and similarly J, and J,, so that: 


J = X(qgnvv) (20.36) 


where the summation is over all the velocities. 
Similarly, an observer in the frame F’ sees the density: 


a (20.37) 
1-5) 
Cc 
Po == (qn) (20.38) 
"= ZL(qn\v’) (20.39) 


The components of v’ are given by Eq. (20.31), and in the notation of Eq. (20.33), Eqs. (20.34) 
and (20.37) are to be written in the form: 


ny = Byno, m = Byno (20.40) 


n= ’ n= Bl1-—*|n, throm E 20.33 20.41 
ae 2 [from Eq. (20.33)] (20.41) 
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Thus, 
uv, 
Pc =z (qn’,) = sao a oe Je] 
uJ, 
_ Afr _ “| (20.42) 
uv v.-u 
a ‘WV )y= 1-—+ aS 
J. =X (qn’x) wf 2 ] “Ww, ny 
a 
= BU; — pcu) (20.43) 
uv Vv » Ny 
J, == (qnv;,) =z wal! - = ] y 
: ; Cc Bli- uv, 
=, (20.44) 
and 
JS, (20.45) 
These are similar to the Lorentz transformation of f, x, y, z. 
When f — 1, they tend to vector equations: 
: 1 
Pc = Pc = (u- J) (20.46) 
J’ =J-—-pcu (20.47) 


8. Moving conductors. The charge and the current density transformations derived in 
Eqs. (20.42)-(20.45) can be expressed in the compact matrix form as 


, 


J. B 0 0 -j(Bulc) || J, 
Jy | | 0 1 0 0 J 
JI} | 0 oO 1 0 a (20.48) 
icpc| Li(Bule) 0 0 8B Lice 


(a) CHARGED BODY NOT CARRYING CONDUCTION CURRENT 
If J. = J, = Jz = 0, then we get J, = (Bupc), Pc = Bc. 


The latter is increased due to the Fitzgerald contraction. The former, equivalent to 
J, = (upc), is a convection current. 


(b) CURRENT-CARRYING BODY NOT CHARGED 


If po=0,we get =P, Naty Sat, pce fa 
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J’ is entirely the conduction current (the movement of equal +ve and —ve charges). Ohm’s law 

(E’ = p’J’) is obeyed. 

(Note that p’ is the conductivity of the conductor, whereas Oc and p¢ are the charge densities.) 
From the fixed frame, the +ve and —ve charges no longer appear equal, and the current 

(density vector) J is part conduction, and part convection; and in fact: 


J=J+pcu (20.49) 


Ohm’s law applies to conduction current only. We thus have 


pur | Ih 
Joy = Ie = u = ie= I= 
C x— Pc BJ, | 2 B 
Also, Joy = Jy= J}, Jo, = Jy. 
Let the electric and the magnetic fields in the fixed frame F be E, B respectively. The 


effective electric force driving the current through the conductor is [EK + (u x B)]; so if the 
effective resistivities are P,, P), P,, then 


E. = py Jex» Ey — uB, = py Joy; E, + uBy = p-Jo, 


But E, = E’, = p's pie gS paae ge 
x x x? 'y Zz B B ? Zz 'y B ‘ 
Substituting for Jc,, Jey, Je;, we get 
J 
py.= "= ot p, = Bp’ (20.50a) 
ps. , 
B Sp, 10¢ p= a (20.50b) 
J. ’ 
Z B =P or pes 5 (20.50c) 


Thus p (= the resistivity) appears to have increased in the direction of motion, and reduced in the 
perpendicular directions. 


20.6.1 The Transformation Equations for Force 


We define the force as the rate of change of momentum (and not as the product of mass by 
acceleration, which can then change the nature of these equations). Then, 


d d 
F == (my) = my (By) (20.50d) 


When the components of this equation are written down, it is seen that with this definition, the 
force and the acceleration, in general, are not in the same direction. Carrying out the 
differentiation in the above equation, 
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2 2 2 1/2 2 -1/2 
dm d Vy tv, tv, Vv 
te toma a-[- a) -(1-5) 


2 
dv vv dv 
Pm, 612-2 |= a = 
mg Bi _ ae a (20.50e) 


If the force applied is in the direction v, of v (v; = unit vector in the direction of v), then 


dv dy 
vV=v,v and —=v,— 
dt dt 
dv dv 
F = BF Say (20.50f) 
then 1 = Mo By dt m, a 


where F; is the longitudinal component of the force, and m, =mo B = longitudinal mass of the 


particle. 


dv 
If a i.e. the velocity changes in direction, but not in magnitude, then Eq. (20.50e) 


shows that the force is again in the direction of acceleration (which is perpendicular to v) and 
hence, 
dv dv 
F, = mf, — =m, — 
dt dt 
where F, is the transverse component of the force, and m, = mp3, = transverse mass of the particle. 
The components of the force F can be obtained as: 


(20.50g) 


d 
F. =m = (B,v,) [from Eq. (20.50d)] 
vuy)id 
= (4) Sa 
mo( 2 dt’ {B\( x )} 


, -1 72 yor 
, viu Vv, la es Pi a2 
aR 4 mou + “| f me Aas (20.50h) 


and so on. 


20.6.2 Energy of a Charged Moving Particle 


The energy given to a charged particle by the action of a force is defined as the work done on it. 
If in an infinitesimal interval of time dt, a particle moves a distance dr = vdt, then the work 
done on it, 
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d 
dW =¥-dr = Fdr = mf? aa [from Eq. (20.50f)] 


= mfp dv (20.50j) 


Substituting for B; and integrating from 0 to v, we get 


w= [aw =| mo} dv 
0 0 
=(m, —mg)c” = (B, — moc? (20.50k) 


i.e. an energy increase is equivalent to a mass increase. 


20.7 THE PRINCIPLE OF SPECIAL RELATIVITY 


The theory of special relativity is concerned with the frames of reference for which the relative 
velocity is uniform and in a straight line. The principle of special relativity states that: 


The laws of nature are the same referred to all frames of reference in uniform translation 
relative to each other. 


As a consequence of applying this to the law of conservation of momentum, it has been 
shown that a particle whose mass is mg with respect to a frame in which it is at rest, has a mass 
m = Bmp with respect to a frame in which it has a velocity u. Thus, moving bodies become 
heavier. This relativistic increase of mass must be taken into account in designing high-energy 
particle accelerators. 

Note that all these effects tend to a limit, as u - c—moving rod contracts to zero, moving 
clock goes infinitely slowly, moving mass becomes infinite. 

The velocity c of light in free space is deduced from the Maxwell’s equations. Since this 
velocity applies to both the frames, we expect the Maxwell’s equations to transform into 
themselves, or to be invariant under a Lorentz transformation. We shall verify this later. 


20.8 FIRST ORDER RELATIVISTIC EFFECTS IN 
ELECTROMAGNETISM 


In the exact equations relating E’, B’ to E, B, the factor B appears in the equations for the 
transverse components only. This means that they cannot be written in the vector form without 
the use of a highly artificial ‘transverse stretching operator’. However if we write B = 1 [so 
neglecting the (u’/c”) term], we get a first-order relativity which cannot be entirely self- 
consistent, but this nevertheless throws light on a number of electromagnetic phenomena. In this 
(simplified, approximate, first-order) theory, E’, and B’ are related to E and B by: 


E’=E+ (ux B) (20.5 1a) 


B’ =B- [= Jo x E) (20.51b) 
Cc 


There is no loss of generality, if we take the direction of the relative velocity of the frames u as 
the x-axis; so that the coordinates are now related by the classical equations: 
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, , 


x =x—ut, y=y, Z-= i=4 


A charge density Pc at rest in the frame F is observed as moving with a velocity (—w) in the 
frame F’; thereby constituting a convection current density (—pcu); Thus the current densities J 
and J’ are related by the equation: 


J=J-pcu (20.52) 


It is not so easily obvious physically that a current density in the frame F gives rise to a charge 
density when viewed from the moving frame F”’; this however is a consequence of the first 
equation of Eq. (20.51a), as we shall see. Let there be a steady current density J in the frame F; 
this creates a magnetic field which is such that it satisfies the equation: 


culH=VxH=J 


Let the currents and the charges be in free space; then the first equation of Eq. (20.51), 
when multiplied by &, can be written in the form: 


D’=D+ [J x H) (20.53) 
c 


Now, in the frame F’, 


since ft is independent of the space coordinates. 


u 
Also, D,.=D,, Di, = o,-[ Je D’, = D,+ 


%| < 
Ye 
= 


ro 
so that 
, (9D, 9D, oD, ) (u \( oH, 9H, 
Po = ox oy Oz 2 oy dz 
_ re-(3 | J, (20.54) 
c 
This is generalized as: 
1 
c= Pe- [J J) (20.55) 


A physical explanation of the last term of Eq. (20.55) can be offered in terms of the Fitzgerald 
contraction. Let us imagine a conductor of unit cross-section, carrying a longitudinal current J. 
and let this consist of positive charges moving to the right (as shown in Figure 20.6) with 
velocity u, and stationary negative charges. The charge density viewed from a frame F fixed in 
the conductor, must be (+J/u). If there are N charges, each (—q), in each metre of the conductor, 
then: Nq = J/u. 

The A positive charges (+q) must also occupy a metre when viewed from the frame F, and 
hence f metres when viewed from the moving frame F’; because their (i.e. the moving charges) 
space undergoes a Fitzgerald contraction when viewed from any frame other than that moving 
with the charges. 
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a= 


Figure 20.6 Section of a conductor of unit cross-section. 


Let us now move to the frame F’, and look back at the negative charges, and we observe 
that their space has undergone a contraction as is now (1/8) metres. The negative charges have 
now become denser, and 


sect FEV aed BI Yu 
the apparent charge density is = — GG ap ~ u | 2 | 


To the first-order approximation, we now put f = 1. and thereby obtain a charge density (as 
viewed from the frame F’) of = —(uJ/c”). This is identical with the term —(1/c?)(u- J) in 
Eq. (20.55). 

This explanation given above is not a completely satisfactory one. This is because of the 
fact that the second-order Fitzgerald contraction has to be invoked to explain Eq. (20.55) which 
is derived from the first-order Eq. (20.51), and thus does indicate the difficulty of defining the 
border-line between the first- and the second-order effects in such a way that the first-order 
effects form a closed and self-consistent set. 

It is not quite clear that the last term is of such an order as to be retained; but it is essential 
in order to be consistent with the field equations. It represents the source of the electric part, as 
viewed from the frame F”’, of the electromagnetic field which corresponds with a purely magnetic 
field as seen from the frame F. 

In free space, Eqs. (20.51) may be rewritten as 


D’=D+ [= Je x H) (20.56a) 
Cc 


H’=H-(uxD) (20.56b) 
Through the Maxwell’s equations, 
divD=V-D= pc 
and 
dD 


cul H=VxH=J+ — 
ot 


these above equations (20.56) are related to the charge and the current densities. If the 
transformations (20.52) and (20.55) hold good in all media—and it seems likely that the 
transformations of charge and current will be independent of the medium in which they are 
found—it follows that Eqs. (20.56) must apply to all media, not merely to free space. 


CHAPTER 20 ELECTROMAGNETISM AND SPECIAL RELATIVITY [REA 


20.9 THE FIELD OF A MOVING CHARGE 


Let a charge g, momentarily at the origin of the frame F, be moving with respect to F with a 
velocity u, and let the frame F’ move with the charge. Then, since the field in F’ is electrostatic, 


,_ _(_4 a 
EF’ = ae Jene() (20.57a) 


B’ =0 (20.57) 


ee pee i 
E= Es Jere( (20.58) 


or 


B = ~—_4__ _ (20.59) 


This magnetic vector is perpendicular to u and to r, the rotation from u to r being right-handed 
about it; and also its magnitude is 
Moqusin@ 


Anr? 


where @ is the angle between u and r. This is in strict accord with Biot—Savart. 
If we have an element 6s of a circuit of wire of cross-section S (Figure 20.7), N charges per 
unit volume moving with velocity u, the above formula gives 


a 
os 
OS, 
eS 


Figure 20.7 A circuit element ds. 
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Se 
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(ae Je xr ) 
B = 


r- 


_ Moi(Os Xr) 


5 : a la Biot—Savart (20.60) 


4ar 


20.10 THE FORCE ON A MOVING CHARGE (RELATIVISTIC 
CALCULATION) 


If a particle is momentarily at rest in a frame F’ and has the force P’ = (P,,, P\, P) upon it, the 
components of the force measured from the frame F can be shown to be 
ok. eek 
P= Py. Py= B P= B 


Let us consider now a charge q at rest in the frame F’, so that 


Pp’ = qk’ 


(20.61) 


or 
Pr=qEy, Py=qEy, P= qE- 


Transferring to the frame F, we get 
P,=qE,, BP, = Bq(E,—uB,), BP, = Bq(E, + uB,) 


The B’s cancel, and we are left with the three equations which are equivalent to the vector 
equation 
P=q{E+ (ux B)] (20.62) 


which is of course the Lorentz formula, which is thus seen to hold good for any velocity. Both 
parts of it are known from elementary considerations, but the deduction of the magnetic half 
from the force on a current-carrying wire is of doubtful validity, and the relativistic proof is the 
sound one. 

Note that the magnetic force [g(u x B)] cannot change the energy of the particle. 


20.11 THE BETATRON 


We now consider the application of the methods discussed, to the problem of a practical device, 
such as Betatron. 

Betatron is a particle accelerator in which the electrons are accelerated to high energies by 
having them move in a circular path of constant radius and at the same time, increasing the 
magnetic flux through the circular orbit so that the electrons acquire additional energy during 
each revolution. In the operation of the Betatron, the electrons from a heated filament are 
injected into the circular or doughnut-shaped tube by applying a difference of potential between 
the filament and a plate P, whilst the electrons are focused by a grid, placed in between the two. 
The alternating magnetic field is applied parallel to the axis of the tube. As a result, two effects 
are produced, i.e. an emf is produced in the electron orbit by the changing magnetic field which 
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gives the electrons additional energy; and secondly, a radial force is produced by the action of 
the magnetic field whose direction is perpendicular to the electron velocity. thus keeping the 
electron moving in a circular orbit. The magnetic flux through the orbit has to be chosen in such 
a way that the electrons will move in a stable orbit of fixed radius R. The electrons make several 
hundred thousand revolutions in this circular path while the alternating magnetic field is 
increasing from zero to a maximum in a quarter of a cycle. 

The electron accelerator is like a transformer with its secondary replaced by an evacuated 
glass tube containing an electron source. The core is shaped as shown in the Figure 20.8, to 
provide at the electron orbit a field to keep the electrons in circular motion. 

The equation of motion in orbit (neglecting relativity) is 


- du) _( e d® 
dt} | 2aR }\ dt 
So an electron starting with negligible velocity when ® = 0, subsequently has the velocity: 


e 
us = Je (20.63) 


Let the flux density at the orbit be B. Then, the inward radial force = euB. This must equal 
2 
muTR. 


(b) 


Figure 20.8 (a) Section of a Betatron and (b) the orbital path of electrons in a Betatron. 
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B= ~ (20.64) 
co) 1 . ios ; 
a ae = [> Josten flux density within the orbit) (20.65) 
7 


The whole acceleration takes place in a quarter cycle of the supply voltage, during which time 
the electrons my describe 10° orbits. The relativistic increase of mass is used to get them out; 
they spiral outwards till they hit a target. 


20.12 MAGNETIC FOCUSSING OF ELECTRON BEAM BY 
AXIAL FIELD 


Let the electrons be emitted with axial and radial velocities ug, vp respectively (as shown in 
Figure 20.9), in an axial magnetic field B, and let the subsequent velocities be u, v. Only v 
cooperates with B to produce a force (evB) perpendicular to the component of velocity at right 
angles to the axis; it should be noted that neither component changes if there is no electric 
field. In absence of the electric field E, (u? + v’) is constant, since B can produce no force in its 
direction; therefore, for all time, u = Uo, and v = Vo. 


COSC RC MORCR ORO RC ROR ORG Ome p= “No 


Helix 


® © © © © © ® ® ®© WB &B WB WB ® 
(a) (b) 


Figure 20.9 Magnetic focussing of an electron beam: (a) side view and (b) end view. 


Thus the end-wise view of the path is a circle of radius [mvo/(eB)], described in the time = 
[22m/(eB)] = [(3.57 x 107!!)/B] sec. 

Thus the electron path is a helix, which crosses the axis of the tube at a distance 
equal to [27muo/(eB)] from the source. Since this does not depend on the velocity component 
Vo, all the electrons are brought back to this point. In practice, the electrons are likely to have 
equal energies, i.e. equal values of (ug + vd); thus the condition that all electrons shall have 
equal axial velocities is that (Vo/up) shall be small. 


20.13 FOUR-DIMENSIONAL SPACE-TIME 


We have seen that an event is designated by four numbers—3 space-coordinates for its position. 
and 1 time-coordinate for its instant of occurrance. This leads us to consider a four-dimensional 
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coordinate system, i.e. x, y, z, @ = ct; by dropping z, we can picture the rest as a three- 
dimensional system. A cross-section of this system in the plane Oxq@ is shown below in 
Figure 20.10. 


Ao World-line 
of a particle 
moving 
Ao uniformly 
on 
X-axis 


Absolute 
future 


Light-cone 


Here-now 


Va > x 
O Absolute 
elsewhere 


Absolute 
O elsewhere 


Absolute 
past 


(a) (b) 


Figure 20.10 (a) Three-dimensional representation and (b) two-dimensional section of the 
four-dimensional space-time. 


A pulse of light at ¢ = 0 at O (the origin) spreads out as 


rty4+7+ oa =0 (20.66) 


if z is dropped, this is the equation of a cone; and so in four-dimensions we may call it a hyper- 
cone; it is also known as light-cone. In this four-space, each particle, moving in space and 
durable in time, is represented by a line which is called its world-line. In particular, a particle 
moving uniformly along the x-axis is represented by a straight world-line which must lie (since 
its velocity is necessarily < c) within the light-cone. If the point O (in Figure 20.10) represents 
here-now, then the line points from the past to the future. It can be shown that all the events in 
the upper-half of the cone are future, and all the events in the lower-half of the cone are past, 
with respect to O, in all reference systems; and so these regions are labeled as absolute future 
and absolute past. 

To go from O to the region outside the cone, a particle would need to travel faster than 
light; this being impossible, these points are absolute elsewhere with respect to O. Two events 
can be related causally if the latter lies within the light-cone of the earlier. 
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20.14 FOUR-SPACE ASPECT OF THE LORENTZ 
TRANSFORMATION 


Writing @ for ct, the Lorentz transformation may be expressed as a matrix equation: 


iB 


- Boo 4), 
y | 2 1 0 O y 
z 0 O T 0 | yz (20.67) 
o _ IPs 00 B o 


This linear transformation closely resembles that giving the change to a new set of axes in three- 
space, i.e. if with respect to Ox’y’z’, Ox has the direction cosines (J,, m,, n,), Oy has the direction 
cosines (/5, m>, nz), and Oz has the direction cosines (/3, m3, n3), then the point (x, y, z) becomes 


(x’, y’, z’) which is given by the equation: 


x L om n |ix 
YJ=|b mm myly (20.68) 
z L m ny 


In this equation, 
B+m2+ni=B + m+ nd = B+ m+ ng =1 (20.68a) 
and 
lal, + mymz + Nyonz = bl, + mym, + ngn, = Ll, + mymz + NyNy 


= MN, + Mon, + m3Nz = Nl, + Nol + Ngly = Lym, + Lm, + bm3 = 0 (20.68b) 


This means that, with respect to Oxyz, Ox’ has the direct cosines (J,, l, 13), Oy’ has the direction 
cosines (mm, m7, m3), and Oz’ has the direction cosines (,, nz, n3). This is because Oxyz are 
mutually perpendicular. Equations (20.67) do not have the corresponding properties; but by a 
simple alteration they can be made to have such a property. This is by taking the time 
coordinate as ‘imaginary’, so that these four are then: 


Xp=X, XH =Y, X= 2, Xy = jet (20.69) 


This is rather inconvenient for visualizing, because the light-cone is now imaginary; but the 
Lorentz transformation now becomes: 


jBu 
, 0 O 
x B Cc x} 
x, _ 0 1 0) 0 X95 
cl jBu X4 
-— 0 0 
- B 


The sum of the squares of the terms in each row and column is now 1; and the sum of the 
products in any pair of rows and columns is zero. Hence the Lorentz transformation is simply a 
rotation of the axes in the four-dimensional space described by (x, x2, x3, x4). 
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20.15 FOUR-DIMENSIONAL VECTOR ALGEBRA 


A vector having the components A,, Az, A3, Ay along the four mutually perpendicular axes is 
called a 4-vector or world-vector. x), Xz, X3, X4 are themselves the components of a 4-vector—the 
radius 4-vector; the rules of addition and transformation for any other 4-vector are the same as 
for x1, Xo, x3, X4. If i,, ib, iz, ig are the unit vectors in the 4 directions, then a world-vector A is 
given by: 

A = i,A, + A, + 1,43 + Ay (20.71) 


and, since i,- i, = in: bh = iz: 15 = iy: iy = 1, the scalar product of the 4-vectors would be: 
A-B= A,B, + A,B, + A3B; + A4B, (20.72) 


It should be noted that i,, i, iz, ig are ordinary vectors, and the scalar product of any two of them, 
only involves two dimensions. Just as 3 mutually perpendicular vectors add up to a vector in 
3-space, so the adding up of four mutually perpendicular vectors give a ‘vector’ in 4-space 
or 4-vector. 

It should be further noted that ‘vector products’ cannot be formed in 4-space; if (i, X iy) is 
perpendicular to i, and ij, it could be anywhere in the plane (is, iy). 

If, on the analogy of the vector product, we formed the products of the form (A,B; — A;Bj), 
we should get six components, and hence the analogue of (A x B) (of 3-dimensions) will not be 
a 4-vector in 4-dimensions. Thus the mode of generalizing from 3- to 4-dimensions is found by 
writing 

A,B, — A,B; = Cy =—-C 


ji 


(20.73) 


and representing the vector product by the anti-symmetric matrix: 


0 C, 2 C, 3 
Cy 1 0 C23 
C3 1 C39 0 


By analogy, we can then say: 


C3, Cy O Cr (20.74) 
Cy, Cyn Cyz 0 


By analogy with the vector operator del V, we introduce the corresponding 4-vector operator: 


eh oe .( 0 . (a + 3 
DSi, [a }: i, (as }: i, [as }: iy & ] (20.75) 
mh ie: . (0 . (0 sf a 
grad @ = a6=i, tal i, tan i; Ean (ae | (20.76) 


(20.77) 


We then define: 
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However, if curl A = oXA, it is not a 4-vector, but an anti-symmetric matrix: 


culA=oxXA = = [Fi] (20.78) 


h F aa’ = aaa d 20.79 

where p= dx, Bay and so on (20.79) 

In 3-dimensions, the components of curl A are of the above form and satisfy the identity 

div curl A = 0. Corresponding to this in 4-dimensions, there are four identities which may be 
expressed in the general form, 

OF ik §: OF i re OF; 

Ox; Ox, OX, 


t J 


=0 (20.80) 


where i, j, k, are any 3 of the 4 numbers 1, 2, 3, 4. 
A matrix whose components transform in a certain way when the axes are rotated is called 
a ‘tensor’. [F;;] is one of such tensors, it is a ‘four-tensor of the second rank’. 


20.16 FOUR-DIMENSIONAL ELECTROMAGNETISM 


We have seen that the charge density pc and the components of the current density J 
transformed in the Lorentz transformation in the same way as f, x, y, z. Hence it follows that the 
quantity defined by 

J = i, + iJ) + iJ, + yjcpc (20.81) 


is a 4-vector. It is called the ‘current 4-vector’. In the same way, the three components of the 
magnetic vector potential A combine with the electric scalar potential @ to form the 4-potential: 


A =ijA, + iA, + 5A, + (Ze (20.82) 
. Cc 


In both the cases, the dimensional uniformity is preserved by inserting c in the expressions. 
We have oXA = [F;;] as defined in Eqs. (20.78) and (20.79). 


If, now, we examine the components of [F;;], we find 


0A, 0A, 9A, OA, 
Fy = 3-5 = 5 - = B, (20.83) 


and 


(4 
= E Je (20.84) 
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0A 
using respectively curl A = B and —grad @ — (sr = E. 


Thus all the components of [Fj] are proportional to the components of the electromagnetic 
field; in fact: 


JE, 
6 6 -— a2 
3 3 Cc 
iE 
-B, 0 B, je 
Cc 
[Fil = 
i E 
BR =f 0 fa (20.85) 
jE jE) js 4 


Cc Cc Cc 


The components of E and B are thus all contained in this ‘electromagnetic field tensor’. 
Next, we have a look at the identities of Eq. (20.80), and substituting i, 7, k = 1, 2, 3, 
respectively, we get 


OB, OB, OB, | ; : 
5. a + a =0 ie. divB=0 (20.86) 


and with i, j, k = 2, 3, 4, respectively, we get 


WS-SHE) 


which is the x-component of the equation: 


(| 
curl E = — (20.87) 


Ot 


Thus, these two among the four Maxwell’s equations are implied when the field 
components are expressed in the form: 
[Fy] = axA (20.88) 


This is quite natural and logical; because they are also implied by the underlying equations: 
0A 
E = —grad @ - ae and Be=curlA 


The development of the electromagnetic theory in free space is simplified, if A is made to 
satisfy the condition: 


1 \(o 
div A + faca =0 (i.e. Lorentz gauge) (20.89) 
c 
It is easily verified that in 4-space, this is equivalent to: 
o-A =0 (20.90) 
The other two Maxwell’s equations, 
div D = pc (20.91) 
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and 


curl H — (| =J (20.92) 


contain D, H, and the components of the 4-current. So writing in the Cartesian form with 
numbered components, we get 


(s2) es (Se) =, io $24] =e (20.93a) 
(S| 7 (2) =, io $22) =f (20.93b) 
(2 _ ($] _ uo 2) =J; (20.93c) 
vol + oP . + = } J4(= jefe) (20.93d) 


If, now, we define a second field tensor 
-H 0 H -jcD 
IGj=| °° tad (20.94) 
H, —-H, 0 —jcD3 
jcD, jcD,  jcD, 0 
then Eqs. (20.93) reduce to the form: 
dGi, fs dGiy fs 0G,3 fs OGi4 
Ox, Ox Ox; Ox4 


=J;, and so on. 


Or, in a more compact form: 


“, (0G, 
> =J, (i= 1,2, 3,4) (20.95) 
ox 


july j 


The 4-space approach thus enables the four field vectors E, B, D, and H to be replaced by two 
field tensors [Fj] and [G,]; the four Maxwell’s equations to be replaced by two sets of equations 
(20.80) or (20.78) and (20.95), the vector and the scalar potentials by a single 4-potential; the 
two equations E = — grad@ — (dA/dr) and B = curl A by the single Eq. (20.88). Finally, the 
continuity equation 


dig V4 Pc = (20.96) 


is implicit in Eqs. (20.91) and (20.92), and these take the single form 
o-jJ=0 (20.97) 
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20.17 INVARIANCE OF MAXWELL’S EQUATIONS UNDER 
THE LORENTZ TRANSFORMATION 


From the Maxwell’s equations, together with the relations D = gE and B = oH, we conclude 
that the electromagnetic waves travel in free space with velocity c. The Lorentz transformation 
assures the truth of this statement for all inertial frames of reference. It is therefore to be expected 
that Maxwell’s equations will hold good in all inertial frames, i.e. they will be invariant under a 
Lorentz transformation. 

A direct proof of this statement is possible, which is rather laborious, by writing the 
equations in Cartesian coordinates, and then transforming them to the ‘primed’ system. A more 
fundamental approach starts from the 4-dimensional field tensors. Comparison of Eqs. (20.85) 
and (20.94) shows that, in free space, the terms of the tensors [F;] and [G,] are proportional: 


Fig = MoGy (20.98) 
Thus, Eq. (20.95) may be rewritten as 
4 
OF, 
> c : Jo (i = 1, 2, 3, 4) (20.99) 
; x; 
j=l2ye J 
Substituting, 
0A, 
y= aH a ; from Eq. (20.79), we get 
Ox; OX; 
4 2 4 
O-A, 07 A. 
Joye i |= ; 20.1 
p> ras p> E Mod) (20.100) 
j=12,-- jot j=1,2,-° J 


and the first term is 


when we assume that 


ot 
Thus Eq. (20.100) reduces to the four equations, 


4 2 
0° A; 

> 7 [=~ Modi 
jot OX; 


0-04; =- pp; (i= 1, 2, 3,4) (20.101) 


div A + eaca =0 [see Eqs. (20.89) and (20.90)] 
Cc 


or 


Here A; is treated as a set of 4 scalars. If a Lorentz transformation is performed, A; and J; transform 
in the same way, and the transformed components obey the same equation. 
If we substitute the components A; and J; from Eqs. (20.81) and (20.82), we find that the 


first three of Eqs. (20.101) are 

VA Lee J (20.102a) 

-|IsIale- .102a 
ce? Jl or? He 
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eae i ao __ Pe 
Vo (. (%  & (20.102b) 


These are the equations which give rise to the waves propagating with the velocity c; their 
similarity, surprising in a 3-dimensional approach, is here quite natural. 

Thus the Maxwell’s equations in free space have led to a set of invariant equations 
(20.101), which lead in turn to waves that propagated with velocity c. Maxwell’s equations 
transcend the Lorentz transformation, and are so built deeply into the world structure. They are, 
more fundamental, for example, than the Newton’s second law of motion, which is usually stated 
in a form which assumes constancy of mass. 


and the fourth 


20.18 RELATIVISTIC ASPECTS OF ELECTROMAGNETIC 
INDUCTION 


We shall conclude our discussion of the relativistic approach to electromagnetic field theory, by 
considering the practical problem of ‘electromagnetic induction’. 

When induction occurs in a magnetic field of constant pattern but varying intensity (as in 
a transformer), we have the so called transformer induction which is a sign of the fact that every 
varying magnetic field is accompanied by an electric field (also varying). This is expressed in 
the Maxwell’s equation: 


When we have a field pattern, which moves but remains constant in intensity (e.g. that set up by 
rotating magnetic poles in an alternator), we have the motional induction, and find it convenient 
to apply the flux-cutting method. This is a relativistic phenomenon. In Figure 20.11, in the frame 
F’ (which is attached to the rotating pole), we have only a magnetic field; but in the frame F 
(attached to the stator), we have also an electric field, which makes itself known as an emf 
induced in a winding in that frame F. 

The emf can equally well be calculated by the flux-linking approach [¢ = —(dA/dt)], which 
is equivalent to the flux-cutting (¢ = Blu). But the equivalence seems to break down when we 
have homopolar generator, with no passage from N (north pole) to S (south pole) poles. 


AF 


, 


Figure 20.11 Stator and rotor of a rotating alternator. 
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20.18.1 Electromagnetic Induction by Flux-cutting 


This phenomenon takes a new aspect when viewed relativistically. For instance, the train of 
arguments describing the operation of a dynamo with its field (winding) on the stator becomes: 


1. The field winding sets up B with respect to the stator (frame F). 
Both E’ and B’ are potentially present in the rotor (frame F”). 

3. £’ is short-circuited by the rotor conductors, and is reduced to zero by the movement 
of the charges to the ends of the conductors, just as when a metal rod is placed in an 
electrostatic field. 

4. The reduction of E’ to zero brings into being an electric field E with respect to the 
stator (the frame F). The sources of the field are the charges aforementioned. Its 
magnitude is given by: 


E = -(u x B’) = -(u x B), to first order (20.103) 


This gives with respect to (the frame) F, a potential difference between the ends of the 
conductor; but E - d] = 0 for a fixed circuit with no change of flux-linkage, and so we get an equal 
and opposite contribution across a measuring instrument. The flux-cutting action is shown 
diagrammatically in Figure 20.12. 


External emf 
+ B 
uxB 


b> 


Figure 20.12 Flux-cutting emf. 


20.18.2 The Concept of a Moving Field 


There is no way in which the ideas of ‘fixity’ or ‘motion’ can be ascribed to a field. The velocity 
u in the Lorentz formula is not ‘velocity relative to the field’ but ‘velocity relative to the 
observer’; for another observer with relative motion, E, B, and u would be different, yet in such 
a way as to make F (the Lorentz force) the same. What, then, are we doing when we make use of 
the idea of a moving or gliding field, for example in an ac machine? 

We now consider the induction of emf in the stator coil of an alternator (Figure 20.13). We 
could calculate it by flux-linkage, but in fact we usually use flux cutting. regarding the flux as 
glued to the magnetic pole. This is equivalent to changing from a frame F which is fixed with 
respect to the stator, in which the flux density at any point is changing, to a frame F’, fixed with 
respect to the rotor, in which the flux pattern is practically unchanging. Relative to the frame F’, the 
stator conductors are moving through an unchanging field—a fair case for a flux-cutting method. 
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We are not necessarily ascribing to the field the same motion as that of the coils which 
produce it. Thus the words ‘the velocity of the field’ must be taken to mean ‘the velocity of a 
frame of reference, with respect to which the field pattern is unchanging’. In an induction motor, 
the frame F’ (with respect to which the field is unchanging) glides round at synchronous speed, 
which is not the speed of any material portion of the motor. When the field is pulsating, 
whatever the frame of reference we may choose, the ‘moving field’ idea has reached its limit of 
usefulness. 


Figure 20.13 Stator and rotor of an alternator to explain the concept of a moving field. 


20.18.3 Examples of Homopolar Induction 


20.18.3.1 Faraday’s disc 


When a disc is rotated in an axial magnetic field, an emf is observed between the periphery of 
the disc and the axle [Figure 20.14(a)]. The value of this induced emf is the value given by ‘flux 
cutting’ by any radius of the disc; the method of ‘flux linking’ appears to give zero emf. 

Take the axes as shown in Figure 20.14(b), and let the two frames F and F’ momentarily 
coincide. The frame F is fixed in space, and the frame F’ is fixed to the disc. The relative 
velocity u = mr is in the x-direction. 

As the disc is a conductor, there will be no electric field in the x- or y-direction relative to 
the frame F’ (which is fixed to the disc). 


E, = E,=0 (20.104) 
But Ei. = E, and B= 2, = ub, (20.105) 


where B, is the axial, imposed magnetic field. 
Hence, with respect to the frame F (which is fixed in space), 


E, =0 and Ey = uB, (20.106) 
The emf across the radius PQ [Figure 20.14(a)] is 


-j or B anal Jou B. (20.107) 


where a is the radius of the disc. This emf value is measured by the meter. 
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The amendment to the ‘flux-cutting’ rule which will make it cover this and similar cases is 
that the circuit must be such that at no place are the particles of the material moving across it. 
Such a circuit is shown in Figure 20.14(c), and it gives the correct answer when the flux-linking 
tule is applied. 


Ss 


(b) 


(a) : ee (c) 
Figure 20.14 Faraday’s disc. 


20.18.3.2 Faraday’s disc with rotating magnet 


This is a slight modification of the previous configuration, as shown in Figure 20.15. The 
question now is: ‘if the Faraday’s disc is excited by a cylindrical bar magnet, which rotates with 
it, what result is expected?’ 

Actually, the induced emf is unaffected by the rotation of the magnet. This is because the 
term ‘rotating field’ is fundamentally meaningless when the field pattern is symmetrical. 


+ 


© 


—— 
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Figure 20.15 Faraday’s disc with rotating cylindrical bar magnet. 


Bar magnet 
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20.18.3.3 Induction in a rotating cylindrical bar magnet 


This problem is akin to the last one. Here, do we expect an induced emf? (Figure 20.16) 

The answer to this question is, yes. Since a symmetrical rotating magnetic field is 
meaningless, we should get the same answer whether we assume it or not. 

If the field is stationary, the induction occurs across the Faraday disc. If the field rotates, 
we get an induced emf in the external circuit. It can be seen that the two mental pictures give 
emf of the same polarity as also of the same magnitude. 


© 


Pee See 


Figure 20.16 A rotating bar magnet. 


20.18.3.4 Current, terminal voltage, and power in a Faraday disc 
generator 


The Faraday disc generator (or Homopolar or acyclic generator), with its details, is shown in 
Figure 20.17. The applied flux density By is constant, and the shaft is driven at constant velocity 
(angular) @. The material of the disc is homogeneous, isotropic and electrically linear with 
material constants 6, Up, €. The dimensions are defined in Figure 20.17. We shall derive the 
expressions for the terminal voltage and the current for any load resistance R, (under steady-state 
operation). 

It should be noted that the current in the disc is radial, and the current density is uniform 
around the periphery at any radius. The magnetic field generated by the current density is 
tangential and has no effect on the terminal voltage. Hence the field due to the current in the 
disc is neglected. 

In the cylindrical coordinate system chosen, the symmetry and the uniformity of the 
problem shows that we can assume 


doa 


and the only variation is along the radius (= r). 
If the total output current is J, the radial component of the current density in the disc (at a 
radial distance r) is given by 
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Figure 20.17 Faraday’s disc generator, connected to a load resistor. 


I 
l= ee (20.108) 
By Ohm’s law for a grain of matter at a radius r, we get the relationship 
J. = O(E, + @rBo) (20.109) 


where Bo is the magnitude of the externally applied magnetic field, and E,. the radial component 
of the electric field intensity. 

The tangential component of B (the flux density By due to the current flow in the disc) is 
parallel to the material velocity, and hence does not contribute to the (v x B) term above. Thus 
the neglect of this component of B generated by the current flow in the disc is justified. 
or Bo (20.110) 


r 


~ Qardo 
Since there is no time-rate of change of B in the fixed reference frame, the terminal voltage is 


r=R 


: I R oB 
V=- | E,dr=- In} — |+| —® |(Ro - R? 20.111 
R a (seea)"( [ z | ° ‘ 
In the above expression, if we let Ri, — o, then the open-circuit voltage is 
@Bo 2_ p2 
Voo = 5) iG - R?) (20.112) 
and the internal resistance of the generator is 
R; 
c= (20.113) 
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Hence the terminal relationship is 


Vo 
The short-circuit current is 
V,.  @B)(R2 — R?)2a0d 
i = (20.115) 
at 2in{ Xe 
R; 
The maximum power delivered by the generator is 
Viol 
P. = oc” Sc 
max 4 
@ By (Ro — R7)xod 
= (20.116) 


R 
] O 
8 (| 


This experiment is one in which the terminals of a galvanometer are connected to a pair of 
springy metal strips, as shown in Figure 20.18, which are held apart at one end by an insulating 
block. But the strips are so shaped that their springiness makes them snap together (bringing 
them in contact) at the free end, thus short-circuiting the galvanometer. 

In the experiment, the free ends of the strips are forced apart by pushing a permanent 
magnet (say, of cylindrical cross-section) between them side-ways; when the magnet has been 
completely pushed in, the contacts spring together again, with the magnetic flux from the 
magnet now linking the circuit. 

The question is: do we expect an induced emf, when the cylindrical bar magnet is pushed 
between the clips? 


20.18.4 Herring’s Experiment 


b 
(1) ) (2) 


Figure 20.18 Herring’s experiment. 
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The answer is: there is no reading in the galvanometer. The reason is that. as in the 
previous case of the Faraday’s disc, the flux-linkage must be calculated in a circuit across which 
the material particles are not moving. Two such circuits are shown in the Figure 20.18(b); and in 
neither is there any change in the flux-linkage. 

It will be found that when the idea of a moving field is successfully employed. we are 
really talking about a moving field pattern. This means transference from a frame of reference in 
which the field is unchanging to another in which the field-pattern moves without variation of 
shape or magnitude. If no frame exists in which the field is unchanging, the concept of a moving 
field is a snare. 


20.18.5 The Cullwick Experiment 


A piece of steel tubing R (as shown in Figure 20.19) is coaxial with a long wire C carrying a 
direct current 7. The tubing moves with a uniform velocity u in the direction opposite to that of 
the current flow. 


Wire C ~¥ 


Al 


) 
AY 


<-~> 


Steel tubing R aid fi 
1, Y, 


Figure 20.19 The Cullwick experiment. 
The questions in this experiment are: 


1. What is the induced emf (in the loop or the contour shown in Figure 20.19)? 
Does the emf change, if the steel tubing is replaced by a brass tubing (of identical 
shape and size)? 


A. Direct solution. We consider the emf in the loop shown in Figure 20.19, comprising 
a path round the edge of the cylinder. 


fot 


In air, = 
2ar 


(20.117) 


If the cylinder has fallen through a height / in the time 7, 
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? Moll Ty 
the extra flux in the length / = | =— |In} — (20.117a) 
20 H 
Since this fall has taken place in the time T, 
; Moll i) 
= | —— [In| = 
the induced emf Ea n( ] (20.118) 
and 
h dene | ota = 20.119 
the current in the loop = TART - (20.119) 
where R is the resistance of the loop. 
And 
he chase = (= inl @ 20.120 
e charge = aR 7 (20.120) 


This is independent of the material of the cylinder. 


B. Moving frame of reference solution. (Figure 20.20) 


MIMI 


Figure 20.20 The Cullwick experiment, showing the frames of reference. 


In the stationary frame F 


Pes ay (20.121) 
2ar 7 


In the moving frame F’, there is potentially 


D’= [2 Je x H) (20.122) 
Cc 


which gives 


I 1 
Di.=— or 5-(2|(F] (20.123) 
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This is short-circuited by the conductor, giving rise to an emf: 


r=h 
€ = J Bar =( BF Jo(2 (20.124) 
J 2H nH 
dx .. . 
If the velocity u = Tt’ this gives a charge: 


-{(e)-(e (2) (a 


| Hol yy) | : 
= || In| 2 
E *| ( ] x distance moved (20.125) 


where R is the resistance of the circuit. 
This argument is independent of the material of the cylinder. 


PROBLEMS 


20.1 A car with 2 metre long bumper is travelling at 100 km/h. Find the potential drop 
produced in the bumper due to earth’s magnetic field of 3.2 x 10° webers/m? and the 
angle of dip of 64°9’. 

Ans.: 1.6 mV 


20.2 The differential form of Faraday’s law when applied to a system moving with a velocity 
u can be written as: 


VxE=- By yxuxB 


A rectangular loop is located in the field of a long current-carrying straight wire as 
shown below. 


x 
TA 
Zz 
0 
r 
Vv 
I< fo pt b ———>» 


Using the above expression, evaluate: 
(i) The induced voltage in the loop if it is fixed in space but J varies as Ip cos at. 


(ii) The magnitude and the direction of the induced voltage as a function of r when 
I = Ip and is constant, but the loop moves towards the wire with a velocity u. 
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20.3 


20.4 


(iii) The induced voltage in the loop when it moves towards the long conductor with a 
velocity u and the current varies as J = Ip cos @t. 


J + I 1 1 
Ans.: (1) MoO" aln iia ‘sin @t; (ii) How*ot ; 
20 1 22 \% H+b 


I +b 1 1 
(iii) Mo*ot \° In 0” . sin aot — Lo Jeo ar} 
20 1 ty Wtb 


The electric and magnetic fields in a region are E = i,Eo and B = i,Bo respectively, 
where Ey and Bo are constants. A small test charge Q having a mass m starts from rest at 
the origin at the instant ¢ = 0. 


Using the Lorentz force equation 
F = q(E+ vx B) 
and the equation of motion, show that the velocity components of the charge will be: 


Eo 

=— (1-cos @,t 
Vx 7 COS @,t) 

Eo 


Vv, =— sin w.t 
y c 
Bo 


B 
where w, =Q—. 
m 


What will be the electric field as seen by an observer moving with the test charge? 


A metal vehicle travels round a set of perfectly conducting rails which form a large 
circle. The rails are L metres apart and there is a uniform magnetic field By normal to 
their plane as shown in the figure below. The mass of the vehicle is m, and it is driven 
by a rocket engine having a constant thrust Fy. The system acts as a dc generator whose 
output is fed into a load resistance R. Show that the output current J from the system 
increases exponentially as given by the equation 


F BV 
T= ud =—°_|1~-expj-¢| —2 
R~ BoL mR 


where V is the induced voltage. 


join J a = : In (b — ax). Use the equation of motion of the cat 
—ax a 
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L metres 


Uniform magnetic 
field By © 


Load resistance R 


Rocket 
vehicle 


Conducting rails 


20.5 Faraday’s law when applied to a system moving with a velocity v can be written as 


¢=GE a=-% [Bassi xB)-a 
Cc S Cc 


Hence or otherwise, find the emf induced in a rectangular loop, one side of which 
moves with a constant acceleration g across a flux-density field B which increases 
linearly in the direction of motion of the conductor and periodically with time. The 
direction of the motion and of the magnetic field are shown in the figures below. 


Ya 
@ 
_ l |___» v = gf(i,1 + iO + i,0) 
@ > X 
Zz B = bxe!'(i, sin 6 + i, cos @) 
: a = jobxe!”' (i, sin @ +i, cos 6); dS = i, d,d, B 
> xX 


ns : 
Ans.: = —e/” bl cos a i) 
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20.6 The Faraday disc shown is to be used as a motor by including a battery in the circuit. 
If the current flowing is J and the magnetic flux density B is uniform, show that the 

ol 

2 


torque exerted on the disc is —, where @ is the flux crossing the whole disc. 
5 


O+ 
o- 

—> 

— 

—> 

—> 

a B 


Find / if the battery emf is @, the resistance of the circuit is R, and @ is the angular 
velocity of the disc in rads/sec. 
— GoI2n 


Ans.: |= @ 
ns é R 


Numerical Methods 
for and Computer 
Solutions of 


Electromagnetic 
Field Problems 


21.1 INTRODUCTION 


So far in our study of electromagnetic field theory, our main emphasis has been on the proper 
understanding of the underlying physical concepts of the theory, so that correct mathematical 
techniques may be applied to solve practical problems. In most of the practical problems, the 
main difficulty lies not in the selection of the mathematical method, but in the representation of 
the correct boundary conditions. The interpretation of the physical boundaries, and finding their 
correct mathematical equivalents, is in fact, the first critical step in solving such problems. This is 
the reason as to why we have emphasized so strongly on the need for a deep insight into the 
physics of most electromagnetic phenomena. Having completed the mathematical analysis of the 
problem, again re-interpreting the mathematical solution in terms of its physics depends very 
much on the earlier step mentioned above. Hence the correct formulation of the boundary 
conditions for a specified problem is a very critical step in solving it. 

We have discussed earlier in a number of chapters (i.e. Chapters 4, 5, 9), the different 
methods of solving electrostatic, magnetostatic, and quasi-static magnetic field problems, apart 
from the various problems (including electrostatic, magnetostatic, and electromagnetic) discussed 
and solved in different other chapters in this book. It has also been pointed out earlier in this 
book that whilst the electrostatic and the magnetostatic problems are mostly Laplacian and 
Poissonian in nature, the electromagnetic problems (i.e. eddy currents and wave problems) are 
more complex in nature, though under special simplified and idealized conditions, these can be 
reduced to simpler equations (i.e. Laplace and Poisson). However it should also be remembered 
that in all these operating differential equations, there is the Laplace’s operator (= V7) as the main 
spatial operator on their left-hand side. Hence the basic methods of solving the general 
electromagnetic field problems would apply to the static problems, as these can be considered as 
restricted cases of the more general class. 

We have already discussed a number of eddy current and wave problems in the 
Chapters 15-18, for which we have obtained (mostly) analytical closed-form solutions, using a 
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number of analytical methods. But these are, by and large, idealized problems. So in this chapter, 
we shall not go into further details of such methods. This is not to imply that we have covered the 
complete range of such problems solved by these analytical methods. But since this is an 
introductory text book on the subject of electromagnetism, we shall not go into the details of 
those more complex problems, which, of course, would be the subject matter of more specialized 
texts. Of the other methods which have been discussed earlier, the numerical methods are being 
increasingly used to solve more and more problems because of the rapid development of more 
powerful and faster computers. While describing the applications of the numerical methods 
(i.e. the finite difference method = F.D.M., and the finite element method = F.E.M.), we have 
pointed out that both these methods are being widely used to solve electrostatic problems. Whilst 
F.E.M. has gained wide popularity in solving electromagnetic, magnetostatic, and quasi-static 
magnetic field problems, the F.D.M. has been in significant use for solving electrostatic (and heat 
transfer) problems, because in electrostatics, there are quite a large range of problems with open 
boundaries. For such problems, F.D.M. is found to have significant advantages, and the geometry 
of electrostatic problems (in a large number of cases) permits the use of regular and graded meshes 
without taking too much computer time. Since we have already discussed in fair detail the 
methods of F.D.M. (while considering the solutions of electrostatic problems), we do not propose 
to go into the details of this method for solving magnetic and electromagnetic problems, as the 
techniques of solving such problems are identical with those for the electrostatic problems. This is 
true particularly for two-dimensional problems, because even though the vector potential is being 
used for these problems, the potential usually has only one component (though some of the 
magnetic field vectors can have more than one component) and hence the treatment is similar to 
thar of the scalar potential (which is the usual operating variable used in most of the electrostatic 
problems). 

Similar arguments may apply to the use of the F.E.M., though of course, the formulation of 
the ‘functional’ would be different for (say) the magnetostatic fields (being a resticted case) from 
that for the electromagnetic eddy current fields to electromagnetic wave patterns. So we shall now 
discuss the functionals for various types of electromagnetic field problems, using the concept of 
magnetic vector potential. 


21.2 FINITE ELEMENT METHOD APPLIED TO 
TWO-DIMENSIONAL ELECTROMAGNETIC FIELD 
PROBLEMS (INVOLVING EDDY CURRENTS) 


As mentioned earlier, F.E.M. is a popular numerical method based on the variational principle for 
solving any boundary-value field problem. A ‘functional’ is an integral expression involving a 
function dependent on the unknown variable and its derivatives. The functional is identified, and 
minimized with respect to the unknown variables, subject to the boundary conditions specified. 
This process results in the required solution to the field equations. Let the functional be defined 
as follows: 


T= {I F(x, y, A, A,, Ay) dx dy (21.1) 


where A,= =, Ay=— 


(Notes: 1. It should be carefully noted that here the suffices x and y in A,, A, respectively 
represent the derivatives of A with respect to those independent variables, and not the vector 
components. 2. Also this [ should not be confused with the reflection coefficient of waveguides, 
even though the same symbol is used for both.) 
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As stated before, we are restricting ourselves to two-dimensional problems with the magnetic 
vector potential having one component only, and the present derivation is in Cartesian coordinate 
system (though this is not a restriction imposed on the method). 

Since the functional is an area integral in terms of the variables x and y within the specified 
boundaries of the problem, the variations can be effected in A only. Let A be changed by a small 
quantity 6A. The value of the functional then changes to: 


= {I F(x, y, A+ 6A, A, + 6A, A, + 5A,)dx dy 
The change in the functional is given by: 
olr= {I FQ, A+ 6A, A, + GA, A, + GA,de dy = } F(x, y, A, Ay, A) dx dy 


The first term can be expanded by the Taylor series; and then for sufficiently small values of 6A, 
we can neglect the terms containing higher orders of dA. 


r= [f(5r eae x dy alle a, tear [l 5 ~ fa dx dy 
= [Ise Jeees (Sr aieaa wl [5r (Ja (21.2) 


From Eq. (21.1), 


ars J [ix Jade ff [ar [ax Jones I] [sa [ay Jomere 


But the total differential of 6A is given by: 


a P 
d(6A) = (x |e dx + [55 Jo dy (21.3) 
oF ar \(a 
ars {I (sx | dx dy+] | [a [ax J ax] 
ar \(a 
I [(ae [aoe] als 


In Eq. (21.4), for the bracketed term in the second integral, the integration is with respect to 
x, keeping y constant, which implies that dy = 0 in Eq. (21.3), and so for this condition, we get 


d(6A) = [ar Jo dx 


and for the third integral, the bracketed term is integration with respect to y keeping x constant, 
which reduces Eq. (21.3) to 


) 
d(SA) = face dy 


Jae] dy+ } J Gage (21.5) 


So Eq. (21.4) becomes 


‘re {J [ar J aoa SI Se 


x 
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The second and the third integrals can be integrated by parts, i.e. 


[Ne }ooo-I [arose ls ats 
{i ‘lea eek 


since, as before dy = 0 as this integration is with respect to x. 
Substituting in Eq. (21.6), 


Ge Jaco] a= I (ar Joa {I sas lax Jew (21.7) 


Similarly the third term of Eq. (21.5) would reduce to 
OF oF OF 
Gs Jeon a =| (5 Je fl sls, [a Jew (21.8) 
Substituting from Eqs. (21.7) and (21.8) in Eq. (21.5), the incremental change in the functional is 
obtained as 
OF t) OF 0 Elam 
OF OF 
lJ sal Sr Jit J anl ae Jes (21.9) 


The above expression is called the first variation of the functional for sufficiently small values of 
6A. The necessary condition for the functional to attain its minimum is obtained when this 
variation is set to zero, 1.e. 


ut 


56T=0 (21.10) 


If, in this expression, as shown in Eq. (21.9), the second (line) integral is set to zero, we are left 
with the first integral which also must be made equal to zero to satisfy the above condition 
(21.10). The implication of the line integral setting to zero will be discussed later when we 
discuss the boundary conditions, with the actual functional for specific problems. 

For the first integral, since 6A # 0, we are left with the following equation: 


a (S}REH ELE)" om 


This is called the Euler equation of the functional T. Thus the minimization of the functional 
requires that the Euler equation of the functional be satisfied along with the boundary integral 
being set to zero. Thus, if for a given functional, the above equation turns out to be the original 
partial differential equation which we seek to solve and force the boundary conditions so as to 
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make the line integrals to be zero, then the minimization of the functional will yield the solution 
of the partial differential equation. So now we shall select the functional for electromagnetic eddy 
current problems with time-harmonic variations. 

The appropriate functional for solving Eq. (21.11) for the type of electromagnetic field, as 
specified just above, is one containing all energy terms expressed as functions of the variables 
which are the magnetic vetor potential and the space (i.e. the coordinate variables). The required 
functional for two-dimensional electromagnetic eddy-current, time-harmonic field problems is 


1 1 
re ill [5 Jada arare[ 5} dS (21.12) 


is the region of analysis 

is the reluctivity (reluctance) 

is the current density 

the flux density 

is the magnetic vector potential 

is the angular frequency 

is the conductivity of the medium. 


where 


ASrPUBar Rr 
a 


The first term represents the stored energy in the system; whilst the second term denotes the 
input energy to the system. The third term represents the reaction of the induced field; i.e. the 
losses in the system. Thus the functional represents the energy balance of the complete system. If 
the variable vector potential is changed by a small value, there will be a corresponding resulting 
change in the functional. This change will be ‘zero’ only if the functional is at its minimum. If the 
medium is linear, then the functional can be simplified to: 


:= iJ (3 Jos )-S w+(5 Juma dS 
= {f|[5 e+ 2-c-a +(F}iaoaty]a 


Writing B in terms of the vector potential A, ie. 


rs {J (; Jai Ay =(- (5 Joon’ | dS (21.13) 


The Euler equation of the above functional is given by 


EYRE HELE © 


F= (eu eay—aeay+( 5 Juooa?y (21.15) 
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Substituting for F in the Euler equation, and differentiating 


; ) ) _ 
(-—J + j@oA) - vax fs - vias fs = 0 


or 
ad \(0A da \(a 
co iwoh «(5 |)“ a= 8 
or 
A OA 
ae Sag 4+ j0@0A 21.16 
se ae ee! (21.16) 


This is the governing equation for two-dimensional field problems expressed in terms of the 
magnetic vector potential. Thus the minimization of the functional indirectly gives the solution of 
the equation itself. 

The line-integral of the equation is given by 


OF OF 
Joa( sr J+ [onl ie Je 20 


Substituting for F in Eq. (21.15), 


[54 A,dy + [64 Ade = 0 


aA QA 
Joa( SE Juv foal 5 Ja =0 


Replacing dx and dy by (ds cos a) and (ds sin @) respectively, 


J (Ss at [se a| oAds =0 
dA )_( 0A \( dx is dA \( dy 
an | | ax || dn dy |\ dn 

dx . d 

— =sin qa and a = cos & 


dn 
(Fo dy 26 (21.17) 
on 


The above condition derived by Eq. (21.17) is satisfied on the boundary, if either of the following 
statements given below is true: 


or 


Now, we have 


However, 


We get 


1. 6A = 0. This makes the boundary an equipotential line or a flux line. 


0A ‘ , dit : 
2. =— = 0. This requires the normal derivative of the vector potential to be zero, or the 


on 


flux lines to cross this boundary normally. 
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Thus, in the process of minimization of the functional, we have obtained the Euler equation of the 
functional (which, of course, comes out to be the original pde), and the boundary conditions, such 
as the continuity of the flux density vector across the boundary, are automatically satisfied, while 
the specified potentials on the boundaries have to be imposed in the solution process. 

To minimize the functional over the region, the variable (i.e. the vector potential over the 
whole region) is represented as a discrete quantity. To do this the whole region is sub-divided 
into a number of elements in any desired manner ensuring that all the material interfaces (i.e. all 
the iron—air—conducvtor boundaries) coincide with the sides of the elements. The number, shape, 
and size of the elements can be chosen in any arbitrary manner. An approximate distribution of 
the vector potential is assumed within each element, such that it is a function of the coordinates 
of the nodes of the element and the nodal values of the potentials at its vertices. Thus an 
approximate distribution of the vector potential is obtained by taking the above values together. 
These potentials are now varied until the functional given by Eq. (21.13) reaches its minimum. 
The resulting vector potential distribution gives the best possible result in the ‘least square’ sense, 
since the functional contains terms involving the second order of the vector potential. A variety 
of approximate descriptions for A within the element are possible. One of the simplest is triangular 
element with linear variation of A inside, which gives sufficiently accurate results. The treatment 
of such a triangular element is similar to that described in Section 5.6 with reference to 
electrostatic problems. The only difference is that instead of the scalar potential V of the static 
problems, we now use A—the vector potential, which we write as (referring to Figure 5.13): 


A (x, y) =ax+ by+c (21.18) 

The constants a, b, c can be obtained in terms of the nodal values of A and their coordinates, to 
give: 

D+q;x +ny 
A 7 ab SP i 1A. 21.1 
(x, y) oy ak Ja (21.19) 
i=1,2,3 

where 


> 
ll 


area of the triangle, i, 7, k being the vertices of the triangle 
Di = je — XKY;) 

di = (Yj — Ye) 

ri = Qe — %) 


; = vector potential at the node i. 


> 
| 


The flux density within the triangle is given by 


oA iA; 
B, = (F)- a (21.20a) 
i=1,2,3 
0A GA; 
B, = la ee a (21.20b) 


[compare with Eq. (5.83)] 


In this case, the flux density, and hence the permeability inside a triangle is constant, for the first 
order elements. 
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As in Eqs. (5.84) and (5.85), we can now express A in terms of area coordinates (or shape 
functions), i.e. 


A(x, y) = y c, A, CAA) 


i=1,2,3 


Cj, Cj, Cy being the area coordinates for the nodes i, j, and k respectively. 


C; = Pit Gx thy (21.22) 
2A 
The properties of these functions have already been described in Section 5.6, and so there is no 


need to repeat them here. The only difference is that the functional is now 


l 1 
ies J — |vB? -J,- A, +| ~ | j@oA? | dS, 
ee (5): k Ji k [2 |re2 | as (21 23) 
where 


n is the number of elements 
dS, is the area of the kth element. 


Rest of the treatment is similar to what has been discussed earlier in Section 5.6, and so the 
final global matrix is now given by 


[S] [A] + [7] [A] =—- lJ] (21.24) 


The points regarding the Dirichlet boundary condition are also same as before, and the final 
matrix equation, containing the set of simultaneous equations, is solved by the Gaussian 
Elimination method. 


21.3. FINITE ELEMENT METHOD FOR EDDY CURRENT 
PROBLEMS 


We have seen earlier (Sections 15.1, 15.4, and 15.5) that the current distribution within the 
section of a conductor is affected by its own field, when the current is alternating. The result is 
that the final distribution of the current density over the conductor cross-section is non-uniform, 
producing higher losses which shows up as increased apparent resistance of the conductor. Thus 
the effects of the induced currents cannot be neglected for evaluating the losses and the current 
densities correctly. 
The governing equation for the fields in a linear conducting region, with the excitation 

having sinusoidal time-variation is 

VA — jouoA = — Ud, 
or 

VA =— (J, — j@OA) (21.25) 


The first term on the right-hand side is the uniform source current density within the section of 
the conductor, whilst the second term represents the effects of the induced currents, or the reaction 
field due to the eddy currents. More generally, the second term reflects the combined effects of 
the boundaries and other conductors (i.e. combined skin-effects as well as proximity effects). Thus 
the solution obtained corresponds to the current density distribution given by the right-hand side 
of Eq. (21.25), or for the total current which is 


f= J (J, — j@oA) dS (21.26) 
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For a linear case, subject to the same boundary conditions, the resultant distribution of A, 
obtained, remains unchanged, except for the magnitude and the phase for any other value of the 
total current in that conductor. Hence the field distribution for any specified current J in a single 
conductor, the final value of A is given by 


I 
A= “(7] (21.27) 
where 
A’ is the vector potential values obtained by feeding an arbitrary current J’ (corresponding 
to a uniform direct current density J,) 


I’ is the resultant final current given by Eq. (21.26) 
I is the specified current in the conductor. 


The current density at any point within the conductor section is 
J = (J, — j@0A) (21.28) 
where J, is the uniform source current density. 
The total current is 
fe J (J, — j@oA) dS (21.29) 


It should be noted that all the quantities like A, J,, etc. are complex. 


21.3.1 Single Circular Conductor in Open Space 


We apply the above method to obtain the solution for a single circular conductor carrying an 
alternating current, and hence having induced eddy currents in it. An analytical, closed-form 
solution exists for this problem (Sections 15.5 and 15.5.1), and hence has been chosen to show the 
effectiveness of the F.E. method, and compare the accuracy of the F.E. results with the numerical 
values obtained from the analytical solution. The results are presented graphically in Figure 21.1, 
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Figure 21.1 Current density distribution inside a circular conductor. 
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and numerically tabulated in Table 21.1. Figure 21.1 shows the current density amplitudes and its 
phases presented as a function of the radial distance from the centre of the circular conductor. 
Graphically, the results obtained by the two methods are practically coincident; and as shown in 
Table 21.1, the numercal values obtained, agree remarkably for the first two places of decimals, 
which can be considered to be very good. 


Table 21.1 Current density distribution inside a circular conductor 


Radius of conductor = 60.0 mm, current = 10000.0 amps 
Conductivity = 5.8E+07, Frequency = 50.0 Hz 
Average current density = 0.885118E+07 amps/m? 


Analytical solution FEM solution 

Sr. No. Radius J (mag.) Phase J (mag.) Phase 
1 0.0 0.756377E+07 —56.08 0.757594E+07 56.00 
2 8.0 0.756630E+07 53.98 0.757869E+07 53.90 
3 12.0 0.756661E+07 51.36 0.7589 18E+07 52.80 
4 16.0 0.760428E+07 47.70 0.761703E+07 47.70 
5 20.0 0.766237E+07 43.04 0.767522E+07 —43.00 
6 24.0 0.776708E+07 -37.41 0.777990E+07 —37.90 
7 28.0 0.793702E+07 -30.91 0.794965E+07 -30.90 
8 32.0 0.819206E+07 —23.66 0.820429E+07 —23.70 
9 36.0 0.855 192E+07 —15.83 0.856353E+07 —15.80 
10 40.0 0.903479E+07 —-7.58 0.904555E+07 -7.60 
11 42.0 0.932738E+07 -3.36 0.933765E+07 -3.40 
12 44.0 0.965642E+07 0.91 0.9666 14E+07 0.90 
13 46.0 0.100235E+08 5.19 0.100326E+08 5.20 
14 48.0 0.104299E+08 9.45 0.104385E+08 9.50 
15 50.0 0.108772E+08 13.78 0.10885 1E+08 13.70 
16 52.0 0.113665E+08 18.05 0.113737E+08 18.00 
17 54.0 0.118991E+08 22.30 0.119057E+08 22.30 
18 56.0 0.124763E+08 26.52 0.124822E+08 26.50 
19 58.0 0.130994E+08 30.72 0.131046E+08 30.70 
20 60.0 0.137699E+08 34.88 0.137744E+08 34.90 


DC resistance of the bar = 1.5244E—-05 Q AC resistance of the bar = 1.9486E-05 Q 


21.3.2 Parallel, Rectangular Busbars (with Eddy Currents) Inside 
a Slot 


Two rectangular conductors are placed inside an open (at the top) rectangular slot whose side- 
walls (as also the bottom floor) are infinitely permeable. The open top boundary of the slot is 
assumed to be a flux line (Figure 21.2). When only the bottom conductor in the slot (i.e. the 
conductor 1 in Figure 21.2) is carrying a current, the boundary constraints force all the flux lines 
to be parallel to the top boundary, and the top surface of the conductor 1. There is no field below 
the conductor 1 due to its own current (cf. check by the method of images; and also up to this 
stage, this is a problem of skin effect with certain boundary conditions imposed in the finite 
region). When a current is passed through the top conductor in the slot (i.e. the conductor 2 in 
Figure 21.2), the above described field gets modified in a manner which depends on the 
magnitude and the phase of the current in the conductor 2 (the current distributions in the two 
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Figure 21.2 Conductors in a slot. 


conductors are now a consequence of the skin effect as well as the proximity effect; and of 
course the superimposed effects of the boundaries in the finite region). The current density J and 
the flux density B distributions can be obtained by analytical method as well as the F.E.M. 
described earlier in this chapter. For the analytical solution, the interested reader is recommended 
to refer to Foundations of Electrical Engineering by K. Simonyi, for the solution of a similar 
problem of a rectangular conductor in an open rectangular slot. The current density and the flux 
density distributions for the top conductor in the slot have been ontained by both the analytical 
method as well as by the F.E.M. The results of the two methods have been compared in 
Figure 21.3 (i.e. the current density magnitudes at different vertical heights in the slot and the 
corresponding phase of the current in the top conductor in the slot), and tabulated in Table 21.2, 
for equal and opposite currents in the two conductors. The agreement between the two sets 
of results is excellent, indicating the validity of the method. Also, the magnetic flux is confined 
to the space between the top of the top conductor (i.e. the conductor 2) and the bottom of 
the lower conductor (i.e. the conductor 1). The resultant field is shown in Figure 21.4. For the 
calculations, the dimensions are as indicated in Figure 21.2, and the conductivity o of 
the conductors = 5.8 x 10° mhos/metre. 
For the top conductor, it is found that 


Rac 3.322 
Rac = 
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Figure 21.3 Current density distribution inside a conductor in a slot. 


Table 21.2 Current density distribution inside a conductor in a slot 


Conductor current = 10000.0 amps 
Conductivity = 5.8E+07, Frequency = 50.0 Hz 
Average current density = 0.10416E+07 amps/m? 


Analytical solution FEM solution 

Sr. No. Dist. J (mag.) Phase J (mag.) Phase 
1 0.8 0.47682E+07 43.43 0.47353E+07 42.90 
2 4.2 0.42617E+07 36.99 0.42386E+07 36.50 
3 5.8 0.40423E+07 33.96 0.40104E+07 33.20 
4 9.2 0.36129E+07 27.53 0.3591 1E+07 26.80 
5 11.7 0.33264E+07 22.82 0.33058E+07 22.20 
6 18.3 0.26734E+07 10.41 0.265 12E+07 9.40 
d 21.7 0.23877E+07 4.04 0.23736E+07 3.00 
8 28.3 0.19143E+07 —8.29 0.18997E+07 —9.60 
9 34.2 0.15668E+07 —19.30 0.15594E+07 —20.90 
10 39.2 0.13184E+06 —28.69 0.13129E+07 —30.40 
11 44.2 0.11060E+07 —38.22 0.11021E+06 —40.00 
12 49.2 0.92493E+06 —48.02 0.92238E+06 —49.80 
13 54.2 0.772 15E+06 —58.28 0.77079E+06 —60.20 
14 59.2 0.64565E+06 —69.20 0.64543E+06 —71.10 
15 68.3 0.4796 1E+06 -91.17 0.48033E+06 —93.10 
16 78.3 0.38575E+06 —116.60 0.38820E+06 —118.20 
17 84.2 0.36407E+06 —129.46 0.3668 LE+06 —130.80 
18 89.2 0.35720E+06 —137.65 0.35942E+06 —138.60 
19 94.2 0.35541E+06 —142.86 0.35673E+06 —143.40 
20 99.2 0.35526E+06 —144.93 0.35540E+06 —145.00 


DC resistance of the bar = 1.7959E-05 Q AC resistance of the bar = 5.9776E-05 Q 
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Figure 21.4 Conductor in a slot with eddy currents—FEM solution—analysis in x-y 


21.3.3. Number of Parallel Busbars Enclosed in a Rectangular 


coordinates at ft = 0. 


Conducting Box 


The F.E.M. described has been used to analyze the field distribution of eight, parallel, rectangular, 
copper busbars enclosed in a rectangular box (whose sides are also parallel to the length 
dimension of the busbars), made up of a conducting material of finite resistivity and permeability. 
Only half the section of the box has been considered for analysis, because of the symmetry 
considerations. Figure 21.5 shows the half-section of the box (or the tank), containing the busbars 
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Figure 21.5 Busbars enclosed in a conducting box. 
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with all the dimensions and the currents indicated on the figure. It will be seen that 
the conductor 3 is a dummy one carrying zero current. However this busbar as well as the 
tank walls will have eddy currents induced in them, causing losses therein. These losses 
will be reflected as additional resistances in the other conductors, which would be a 
function of the other conductors and also of the tank walls to each conductor. For these 
calculations, 


Opusbars = 5-0 X 10*? mhos/metre 
Otank walls = 1-666 x 10*? mhos/metre 


H,, tank wall = 50 


The resultant field distribution obtained is shown in Figure 21.6 at the instant of time ¢ = 0, 
when the currents are at their peak values. The flux distribution at the instant of time ¢ = 7/2, 
when the currents are passing through their zeroes is shown in Figure 21.7. This picture 
shows the flux due to the induced currents. When the ac resistances of the different 
conductors are calculated, it is found that the ratio (R,./Rg.) 1s different for the different 
conductors. 


— 


ca 


©) 


Figure 21.6 Busbars enclosed in a conducting box of mild steel—half geometry with dummy 
bar—analysis in x-y coordinates at t = 0. 
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Figure 21.7 Busbars enclosed in a conducting box of mild steel—half geometry with dummy 
bar—analysis in x-y coordinates at t = 3° 


21.4 APPLICATION OF THE F.E.M. TO TRANSFORMERS AND 
DC MACHINES 


The method of calculating the magnetic field and the eddy current distributions has been 
successfully applied to all types of rotating machines and other allied electrical devices. 
Figures 21.8 and 21.9 show the flux distributions in the two orthogonal sections of a generator 
transformer, and Figures 21.10 to 21.13 show the flux density distributions in the core section (of 
the armature, field pole and the yoke of the stator of the machine over one pole-pitch) of a DC 
motor, under different load conditions, i.e. 50%, 100%, 200%, and 300%. Figures 21.14 and 21.15 
show the flux distributions in the rotor region of a squirrel cage induction motor. It should be 
noted that for the DC motor, the field has no eddy currents and its analysis has been treated as a 
magnetostatic field problem. 
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Figure 21.14 Magnetic flux distribution in the rotor region for circular ventilating hole, 
without shaft. 
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Figure 21.15 Magnetic flux distribution in the rotor region for modified shape ventilating 
hole, without shaft. 
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21.5 SOME PARTIAL DIFFERENTIAL EQUATIONS AND 
THEIR FUNCTIONALS 


We now list some of the other very commonly met PDEs and their functionals in electromagnetic 
problems. 


(a) Poisson’s equation (scalar) 


vWA=-J, and 
V 2 
r=(5 ]fival dQ “aaa 


(b) Diffusion equation (and/or Eddy current equation) 


vWA=j@oA-J, and 


_{Vv 2 Joo Dany 
r=(5 ]fival a+( O°) dQ Ja A) dQ 


Q 


(c) Vector Poisson’s equation 


VxvVxA=J, and 
Vv 
r=(F]fiv al aa fur-avaa 


(d) Nonlinear Poisson’s equation 
v(A)V7A=-J, and 


F=| [aaa dQ 
Q] 0 


21.6 GENERAL COMMENTS 


We have shown only a very limited set of applications of the F.E.M. to eddy current problems. 
This method has also been widely used for solving electromagnetic wave problems. We have not 
discussed such problems here as there is quite a lot of similarity between the magnetic diffusion 
equation and the wave equation, and the solutions would have significant points of similarity. 
The main difference is due to the fact that the wave equation contains a term with double 
derivative of time (as distinct from the diffusion equation where the equivalent term is a single 
derivative of time). The consequence of this difference is that for time-harmonic excitations, the 
eddy current equation becomes complex (due to the imaginary j) whereas the wave equation 
remains one in real variables. 

We have not included in the present text any solutions of three-dimensional problems. 
Though F.E.M. has been successfully used to solve three-dimensional static problems, its 
application to three-dimensional eddy current problems still remains a controversial point, and is 
an important topic of research. 
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21.7 FINITE ELEMENT METHOD (PROCEDURE DETAILS) 


The finite element analysis has been so widely accepted as a successful numerical method for 
solving a wide range of engineering problems, that it has now become an integral part of 
‘Computer Aided Engineering’ (CAE). It is now extensively used in the analysis and design of 
many complex real-life engineering systems. Though originally it started as a tool for structural 
analysis, its application to electromagnetic field problems (amongst many other branches as well) 
is very well-established. So far in our discussions (i.e. in Chapter 4 Section 5.4—5.6.5, and in this 
Chapter 21) we have given a strong emphasis on the ‘variational’ basis of this method; and we 
will end our present discussion of this method by describing the actual steps used in applying the 
F.E.M to solve a typical two-dimensional problem in electromagnetism (including electrostatics, 
magnetostatics, electromagnetics, or in fact any two-dimensional problem). 
The main steps of the F.E. method are: 


1. Choose a suitable formulation of the problem, i.e. whether to use vector or scalar 
potential, a combination of both, interpretation of the boundaries, etc. 

2. Discretization of the region under consideration (i.e. problem domain or solution 

region) into a finite number of sub-regions which are called ‘elements’. 

Deriving the governing equations, for a typical ‘element’ in the solution region. 

Assembling all element equations in the solution region (in the global form). 

5. Solving the global linear system of equations so obtained. 


i 


21.7.1 Formulation of the Problem 


This is in fact a mental process. For a two-dimensional problem, based on the physical aspects, it 
has to be decided whether a scalar potential or a vector potential is a better choice. If it is an 
electrostatic field problem, then of course it can be solved by a scalar potential. On the other hand 
for a magnetic field problem, if the solution region does not contain any current sources, the 
scalar potential can be used. But if there are current-carrying regions in the solution domain then 
the vector potential is an obvious choice. When the source current (volume or line) is normal to 
the plane surface under consideration the vector potential will have only one component (e.g. in 
a two-dim Cartesian geometry problem in x-y plane). When the vector potential has only one 
component (i.e. z-component), only then the single component of A is similar to the scalar 
potential {Q}. This is not to say that A, is identical with Q, it is only similar to Q because the 


0Q 0Q 
field vectors H,, H, (or B,, B,) are in fact B, =— arr B,=- pL se from the scalar potential and 
) d we y 
‘4 dA, 
B= f and By = — from the vector potential. Furthermore, if the source current is a line 


current, then it can be accounted for in the domain only if it is normal to the plane of the domain 
(i.e. if it is in the z-direction for a x-y plane problem). A line current in x-y plane cannot be 
correctly represented in a two-dimensional x-y domain because if it is so drawn then it (the line 
section) represents a section of a current sheet where width is in either x-z plane or y-z plane and 
does not represent a line current. In fact, a line current lying in the x-y plane of the solution 
region would produce a field pattern which would be three-dimensional in nature and hence 
cannot be treated as a two-dimensional problem. 
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The boundaries of any two-dimensional problem would be basically straightforward, i.e. 
Dirichlet-type or Neumann type or Mixed type. For multi-region problems, the interface continuity 
conditions need some care, in case there are surface currents on the interfaces. 


21.7.2 Finite Element Discretization 


The solution region is sub-divided into a number of ‘finite elements’ as shown in Figure 21.16. 


Actual boundary 


(a) (b) 


Approximate boundary 
Figure 21.16 Typical irregular domain, sub-divided into (a) triangular elements only and 
(b) a combination of triangular and quadrilateral elements. 


Region (a) has 7 triangular elements and 8 nodes. 
Region (b) has 3 triangular and two quadrilateral elements and 8 nodes. 
For simplicity, we consider an electrostatic field problem. 


Note: If it is a multi-region problem with different material characteristics (i.e. permittivity in E.S. 
fields, permeability and conductivity in electromagnetic fields, etc.), then the material 
interface (or interfaces) should coincide with the element sides. This process ensures the 
continuity of normal boundary conditions across the interface. 


We start by taking an approximate value for the potential in a typical element of the domain. 
Let the potential be V, (say) within the element e, and then inter-relate the potential distribution 
in various elements, such that the potential is continuous across the inter-element boundaries. The 
approximate solution for the potential in the region is then, 


N 
V(x, y= YE V(x, y) (21.30) 


e=l 
where 

N = number of elements into which the whole domain has been subdivided 

V. = approximate potential within the element e. 

It should be clearly understood that the point (x, y) in the element is ‘any point’ in the 
element e and is not restricted to a specific point. This is one of the important differences between 
the F.E.M and the F.D.M. (i.e. finite difference method). In the F.D.M, once the region has been 
discretized (say, for example, the rectangular mesh), we deal with the potential values at the ‘nodes 
only’ and the inter-nodal spaces are ignored. This is very obvious when the P.D.E under 
consideration is reduced to the corresponding algebraic equation by using the “Taylor series 
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expansion method’. But when the ‘line integral method’ is used to derive the discretized equation, 
the implicit assumption is that the potential values vary linearly along the mesh arms. 

The simplest and the most common form of approximation for V, in a triangular element is 
the first-order polynomial approximation, i.e. 


V(x, y) =at bx +cy (21.31) 


And for a quadrilateral element, the corresponding approximation is 


V.(x, y)=atbx+cy+dxy (21.32) 


The potential V, is non-zero within the element e and is zero outside e. It is difficult to 
approximate the boundary of the problem domain by quadrilateral elements; and for the present 
problem we have used triangular elements only. 

The assumption of linear variation of the potential within the triangular element (as given 
by Eq. (21.31) is equivalent to assuming uniform electric field within the element, i.e. 


oV, m) 


+ 
deo oy 
=-i,b—i,e (21.33) 


On the other hand, for the quadrilateral element, it amounts to saying that the components 
of E, vary linearly within the element, i.e. 


E, =-VV, 


=i,(b + dy) -i,(c + dx) (21.34) 


21.7.3 Element Governing Equation 


For a typical triangular element, as shown in Figure 21.17, the potentials V,), V.2, and V,3 at the 
nodes 1, 2, and 3 respectively are given by [using the first-order polynomial relation of 
Eq. (21.31)] 


Ya 


Vo3(X35 Va) 


(X,, A) Vien 
(Xo Yo) 


Figure 21.17 A typical triangular element. 


(The local node numbering sequence 1—2—3 must be in the counterclockwise sense.) 


CHAPTER 21 NUMERICAL METHODS FOR AND COMPUTER SOLUTIONS ... [JERER 


Vai lu y a 
Veo |=|1 x2 yy] | 8 (21.35) 
V3 1 x3 3 


written in compact matrix form. 
The coefficients a, b, c of the polynomial representation can be determined by inverting the 
3 x 3 matrix above, i.e. 
=I 


a Lx yy Va 
b\=}|1 Xo Wo Vo0 (21.36) 
c 1 x3 3 Vo3 
1 X23 —X3V2  X3Y, — X13 NX V2 — X2Y] Vor 
=— - - - V 
5A Yo — 3 ¥3 7 J Y — Y2 e2 
X3— X x — X3 XQ — xy Vo3 
1 aq a A Va 
=— |b b, b V, 21.37 
SA| Le 2 ( ) 


where 
GQ, = X2¥3 —X3Y2 Ag = X3Y, — X13 43 = X12 — X02) 
b, = y2 — ys by =y3-y by =y, — Jo 
C, = X3 — XQ Cy =X, — X3 C3 = Xq — Xy 


and A is the area of the triangular element e, i.e. 


Lx yy 
A=-—|l x 

3 2 J2 

1 x3 ys 


1 
= 3 lay — X3Y2) + (X31 — X13) + ¥2 — XY] 


1 1 

=5|e2 — x) 03 —)) — 3 — 4) Oy - y)] =e — b3cy) 
1 1 

= ler — V2) (%3 — X)— 2 — ) . — HI = yet — bcs) 


1 1 
= 5 [GO — ¥3) (4 — %3) - 03 — y) 3 - xy)| - ie — b,c) (21.38) 


Substituting the values of a, b, c from Eq. (21.36) or (21.37) into Eq. (21.31), and writing it in 
matrix form: 
X23 — X32 XBM — M130 M12 — 42M Al 
V,=[1 x Mew V2 — ¥3 ¥3- y- Ye Vio 
%3 — XQ x — %3 x. — X1 Vo3 
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This can be written in further compact form as 


3 
V(x, y) = SYNC. ye (21.39) 
isl 
where WN; are the interpolation (or shape) functions used to interpolate the values of the field 


variable at an interior point in the element, from its value at certain key points (i.e. nodes) in the 
element, and are given by: 


1 
N(x, y) = aA [(xay3 — X32) + (Yo — ¥3)x + (43 - xy)y| 
1 
= a4 + bx +c y) (21.40a) 
1 
Ny(x, y) = 5A + byx + Cyy) (21.40b) 
1 
N3(x, y) = a (a3 + b3x + c3y) (21.40c) 


Expanding Eq. (21.39), 


1 
V(x, y) = 3A [Cay + yx + Cry)Vey + (dy + by x + CrYVog + (az + 3x + 3y)Vi3 | 
Also, it can be checked, 
l, i=jf; 


Nilay 9)=8)=1) a (21.41) 


T 


Kronecker Delta 


[ Check: 
i=j=l 
1 
Ni (1, )) = FA [(x293 — X3Y2) + (Yo — y3)x + (43 - x2) | 
2A 
=—=] 
2A 
and (i=1) #(j =2) 
1 


N1(x2,2) = A [(x2¥3 — X32) + (Yo — Y3)%2 + (43 — X2)¥2 | 


= 0] 


Since the shape functions N; satisfy the Kronecker Delta function, it follows that the sum of the 
shape functions for the triangular element would equal unity, i.e. 


3 
Yay) =1 (21.4la) 
i=l 
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Figure 21.18 Shape functions (or linear interpolation functions) 
for the triangular element 1-2-3. 


Note: Length O1, O2, O3 are unit lengths normal to the plane of the triangular element 1-2-3. 
Geometrically, the element triangle (1-2-3) is the projection of the shape function triangles 
on the x-y plane. 


Next, we consider the electrostatic energy (per unit length) associated with the element under 
consideration (i.e. the element e) is given by Eq. (3.4) as: 


w, =; [fete? as =; ffawv.ras (21.42) 


where a two-dimensional, charge-free (P) = 0) solution region has been assumed. 
Using Eq. (21.38), we get: 


3 
VV.(4,9) = ¥ Ve VN) (21.43) 
i=l 


(Since V,; are fixed potentials at the nodes of the element.) 


Substituting Eq. (21.43) in Eq. (21.42), 


l 3. 3 
W=5 yy Me | ffcw-cwn,) as | V, (21.44) 


i=1j=l 


Defining the surface integral term in the above Eq. (21.44) as 


ci? = [[cwn,)-cwn as (21.45) 
then W, [in Eq. (21.44)] can be written down in the matrix form as 


1 


a; elV,l [C@1lV,] (21.46) 
where 
Ve 
[V.1=] Veo (21.47a) 
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(e) (e) (e) 
Cy Ci Cr 
[Cre CG Ce Ce (21.47b) 
(e) (e) (e) 
C3] C32 C33 
T 


The element coefficient matrix 


Each term (i.e. matrix element) G represents the coupling beween the nodes i and j. Its value 


can be obtained from Eq. (21.45), e.g. 


ci? = [evn as 


=< [ies — y3) +, (x3 - »)] sqLieos —w) +r -45)] JJas 


[from Eqs. (21.40) and (21.38)] 


[Grr — 3) (93 — Wy) + x3 — 2) — 3) A 


~ 4A 
1 
=F — 3) (3 — 1) + (%3 — Xp) (1 - %3)| (21.48a) 
Similarly, 
ee | 
ci =a [ 02 — 93)? +05 - 9)? | (21.48b) 
2 1 
C. = qa lor — y3) (Y, — Y2) + (3 — Xp) (x) — %)] (21.48c) 
2 1 
Ce = qa LO” -y) +) - x3)° | (21.48d) 
2 1 
C33) = F103 — 1) Or ~ y2) + 1 = 33) (4 — 2] (21.48e) 
ae | 
Cy = rr 92)? + - x) | (21.48f) 
and 


(e) (e) (e) (e) (e) (e) 
Cy = Oy, Cy, = Cg, Cay = CQ, (21.483) 


These calculations would be easier, if the following notations are used, i.e. 
P=(.— 93) BR =03-y) PO - 2): 
and (21.49a) 
QO, =(%3-— 2X), OQ) =(%, — %3), O3 =(X) — x) 
By using P; and Q; (i = 1, 2, 3 the local node numbers), each term of the element coefficient 
matrix is obtained as 


o_ 1 
Cy = 7 (AP; +0,0)) (21.49b) 


y 
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1 
where A= 5 (P2@s — P,Q) (21.49c) 
From Eqs. (21.49a), it should be noted that 


3 3 
(e) nj _ (e) 
cp =0= (21.50b) 
j=l 


i=1 


This serves as a check for these calculations. 


21.7.4 Assembling All Element Equations 


Having considered a typical element so far, we next move on to take into account all such 
elements in the solution region. 

Hence the energy associated with the collection of all the elements in the solution region 
comes out to be 


N N 1 
w= Sw, => —e[vI’ [cl[Vv] 21.51 
2 on12 
where 
V, 
Vy 
[V]=| . (21.52) 
V, 


n being the number of nodes, N the number of elements, and [C] = the global (or the overall) 
coefficient matrix, being the collection of the individual coefficient matrices. 

The main problem here is the derivation of [C] from [C“]. This process is best explained by 
considering an actual example. So we consider a finite element mesh (a very simple one) as shown 
in Figure 21.19, consisting of three elements which are interconnected. 


Figure 21.19 A collection of three elements. 


There are three elements and five nodes. The numbering of the nodes 1—-2—3-4-5 (as shown on 
the outside of the elements) is called the ‘global’ numbering. The numbering i-j-k, called the 
‘local’ numbering (shown inside each element) corresponds to the sequence 1—2-3 for each of the 
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elements. Note that in Figure 21.19, the global numbering 3—5—4 of the element (3) corresponds 
to the local numbering 1—2-3 respectively of that element. It to be noted that the local numbering 
for each element must be the counterclockwise sense whilst there is no such restriction on the 
global numbering, and instead of 3-5-4 it is possible to choose 5-4-3 or 3-5-4 to correspond 
with the local numbering of 1-2-3. It would be seen that whatever the sense of the global 
numbering sequence, the global coefficient matrix [C] finally obtained, would be the same in all 
cases. Since there are 5 nodes in our present problem, the (C) matrix will be a 5 x 5 matrix of the 
form given as below: 


[C]=| C3) Cyn Ca3 Cag G5 (21.53) 


As in the case of the element coefficient matrix, C;; represents the coupling between the nodes 
i and j. 

Cj; is evaluated by using the fact that ‘the potential disribution across the inter-element 
boundaries must be continuous’. 

The contribution to the position i—j in the [C] matrix comes from all the elements which 
contain the nodes i and j. As an example, to evaluate C,,, from Figure 21.19, the global node 1 
belongs to the elements (1) and (2) and it also happens to be the local node | in both the elements. 
Hence 


CoC 4c (21.54a) 


For C2 it belongs only to the element (1) and is same as the local node 3, and hence 


CSC (21.54b) 
Similarly for C55, it belongs to the element (3) only, and is same as the local node 2, and so 

Czec, (21.54c) 
Considering the global node 3, it belongs to elements (2) and (3) and is the local node 2 of 
element (2) and the local node 1 of the element (3). Thus, 


Cast, +c, (21.544) 


The global node 4 belongs to all the three elements (1), (2) and (3); and is the local node 2 of the 
element (1), the local node 3 of the element (2) as well as the local node 3 of the element (3); and 
hence 


qd) (2) (3) 
C44 = Cy + C33) + C;, (21.54e) 


There is no direct link (or coupling) between 


(a) the global nodes 2 and 3, and hence C33 = 0 = C3) 
(b) the global nodes 1 and 5, and hence C); = 0 = Cs, (21.55a) 
(c) the global nodes 2 and 5, and so Cy5 = 0 = C5. 


CHAPTER 21 NUMERICAL METHODS FOR AND COMPUTER SOLUTIONS ... JEEZY 


For Cj, the global link 12 is same as the local link 13 of the element (1) 

Cc. (21.56a) 
and similarly for C,, the global link 21 is same as the local link 31 of the element (1) 

Gigt, (21.56b) 
For C3, the global link 13 coincides with the local link 12 of the element (2) 

Cac. (21.56c) 
For C3, the same argument holds except that the linking direction is reversed. 

Cuac, (21.56d) 


For Cj4, the global link 14 coincides with the local link 12 of the element (1) and the local link 
13 of the element (2). Hence 


(Or Chem 6 (21.56e) 


For C4,, only the linking direction is reversed in the above Eq. (21.56e) 


Cy =0,, +6. (21.56f) 
Similar arguments for the remaining links will give 
C,=0 5 FC, (21.568) 
CHC oC, (21.56h) 
6,20) sid C.=C) (21.56k) 
(20, ad C.-C” (21.561) 
C=C, md C,=C, (21.56m) 


Having thus obtained all the terms of the global coefficient matrix, it can now be written as: 


ch + Or Ce? co co + Ce 0 
oe ce 0 cf 0 
[Cl=| ci © cpece ~<cyec?. oc? (21.57) 
c) = ce? ce co 4 ce) cy ze cY 72 c® co 
0 0 Ch ory Ci 


In the global coefficient matrix [C], there are 27 terms, i.e. 9 for each of the 3 elements, and the 
element coefficient matrices overlap at those nodes which are shared by the elements. 
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The properties of the global coefficient matrix are: 


1. It is symmetric, i.e. C;; = C;; like the element coefficient matrix. 

2. [C] is sparse and banded. 
The reason for sparseness is that Cj, = 0 for those values of i and j where no coupling 
exists between the two nodes. 

3. It is singular. 


21.7.5 Solving the Resulting Global Equations 


From the discussion of the variational basis of FEM in Chapter 5 and the earlier part of this 
chapter (Chapter 5, Sections 5.6.1-5.6.5, and Chapter 21, Section 21.2), we know that the 
Laplace’s equation (or to be more general the Poisson’s equation as the Laplace’s equation is a 
degenerate case of Poisson), is satisfied when the total energy of the problem domain is 
minimized. This implies that the partial derivatives of W (= the total energy) with respect to each 
nodal value of the potential (V;, i = 1, 2,..., m) are zero, ie. 


OW JON 2 OW AG 
oV, OV, dV, 
or 
ow 
RA1,2, ah (21.58) 


As an example, to evaluate OV, for the three element mesh of Figure 21.19, W is given in 
1 


Eq. (21.51) where N (the number of elements) = 3 and n the number of nodes) is 5, i.e. 


N 
1 
w= >i5elVl' ICllv] (21.51) 


e=l1 


Since the partial differentiation is with respect to V,, only these terms of C which contain the 
node | effect will give non-zero values, the rest of the derivatives will be zeroes. i.e. 


ow 


IV. ViCy + V2Cin + V3Ci3 + VaCig + V5Ci5 
l 


+ ViCy + ViC 1 + V3C3, + ViC4y + VsCs51 = 0 


Since Cj = Cj # i), the above equation simplifies to 


ViCi, + Voi. + V3Ci3 + VuaCy4 + V5C\5 =0 (21.59) 
ow 
“. In general Vv, , 
gives VVC =0 (21.60) 
i=l 


n being the number of nodes in the mesh. 
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This equation [i.e. (21.60)] can be written for all the nodes k = 1, 2,...,.1 (n = 5 in the present 
case) and thus a set of simultaneous equations are obtained from which the solution of 


[VP =[V,, Vase Val 
can be found. This can be done by any of the two methods briefly described below. 
1. Iteration Method 


This method is similar to that used in F.D.M. Let the node 1 (of Figure 21.19) be a free node. The 
potential at the node 1 can be obtained from Eq. (21.59) by writing it as 


5 
1 

Vi =— YY, Ci; (21.61) 

Cu i=2 

In general, if the kth node is made free, then 

1 n 

iS > Vi Ci (21.62) 
Cex i=lLi#k 


This equation is applied iteratively to all the free nodes in the mesh which of course contains n 
nodes. But if the node k is not directly linked with the node i, then C,; = 0. So only these nodes, 
which are directly linked with the node k, would contribute to V; in the above Eq. (21.62). 
Thus the potential of the node k, i.e. V, can be determined by using Eq. (21.62), provided 
the potentials at the nodes, which are connected to the node k, are known. So the iteration process 
is started by setting the potentials at the free nodes to ‘zero’ or to the average potential which is 


1 
Vay = 5 (Minin + Vie) (21.63) 


where V,,,x and V,,;, are the maximum and minimum values of the prescribed (or defined) 
potentials at the fixed nodes. Using these as the initial values, the potentials at the free nodes are 
calculated from Eq. (21.62). When the first iteration is complete, the calculated new value of 
potentials at all the free nodes become the starting values for the second iteration. This process is 
repeated till the change between the subsequent iterations becomes negligible, i.e. for the pth and 
(p + 1)th iteration. 


WPtt-vel<e, fork =1,2,3,... 


where € can be made as small as possible (e.g. € ~ .0001 or 1 x 10°’, depending on the accuracy 
requirements). 
2. Band Matrix Method 


In this method, all the free nodes are numbered first and the fixed nodes last, so that 
Eq. (21.51) can be rewritten as 


1 Ce Ch || Ve 
W=—el[vy “| ; (21.64) 
2 Cor Cop Vv, 


where the subscripts f and p refer to nodes with free (floating) and prescribed (a fixed) potentials. 
As V,, is constant (since it consists of known fixed values), the differentiations will be only with 
respect to V; Thus applying Eqs. (21.58) to (21.64), the result is 
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CyV, + CV, =0 (21.65) 


or, aS we are dealing with matrices, this is 


[Cp lV-]=-IC, I [Vp] (21.66) 
This equation can be expressed in the form 
[A] [V] = [B] (21.67a) 
or 
[V] = [AV [B] (21.67b) 
where [V]}=[VA, [A] =[Cg], and [B] =— [Cp] [Vp] 


[A] is, in general, non-singular, and hence the potential at the free nodes can be evaluated by 
using Eq. (21.66). In Eq. (21.67a), [V] can be solved for by Gaussian elimination. [V] in the 
equation (21.67b) can be solved by matrix inversion, provided the matrix to be inverted is not 
large. 


21.7.6 Areal Coordinate System and 2D Linear Triangular 
Elements 


21.7.6.1 Areal coordinate system 


We will first define this coordinate system. 
Let ABC be a triangle and P be any point (either inside or outside the triangle). Then the 
areal coordinates of the point P with reference to the triangle ABC are defined as the ratios 


APBC  APCA  APAB 


AABC’ ABCA’ ACAB 


Let these three ratios be denoted by X, Y, Z respectively. It is obvious that if P lies within the 
triangle ABC, then 


(21.68) 


X+Y+Ze=1 (21.69) 


(x;, ys) (X., Y2) 


Figure 21.20 Triangle ABC to define the areal coordinate system. 
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But the location of P is not a necessary constraint for Eq. (21.69), and this relationship holds 
wherever the point P may be in the plane of the triangle ABC (either inside or outside of AABC). 
For this the signs of the areas of the triangles have to be accounted for. If P and A are on the same 
side of line BC, then both the areas PBC and ABC have the same sign and the ratio X will be +ve. 
But if P and A are on the opposite side of BC, then the ratio of the areas will be —ve. 

Thus X will be +ve or —ve according as P and A are on the same or opposite sides of BC. 

Similarly Y will be +ve or —ve according as P and B are on the same or opposite sides of 
CA. 

And also Z will be +ve or —ve according as P and C are on the same or opposite sides of 
AB. 

It should be noted that the three denominators for the three coordinates X, Y, Z are the same 
both in magnitude and sign, e.g. 

AABC = ABCA = ACAB, 


the cylic order of the letters being the same in all. (anticlockwise rotation, referring to Figure 21.20). 
Hence, 


APBC + APCA + APAB = AABC 


whatever be the position of the point P. 
X+Y+Z=1 (21.69a) 


Next, without going into rigorous mathematical derivations, we will now state some 
important and interesting results pertaining to this coordinate system. 


1. If @, y1), Ge, yo), (3, y3) be the Cartesian coordinates referred to any axes (rectangular 
or oblique) in its plane of the vertices of the triangle ABC, and (x, y) the Cartesian 
coordinates of the point P in its plane, then 


X= XX + XY + x3Z 
y=yXt WV +VZ tn 
where X, Y, Z are the areal coordinates of the point P referred to the triangle ABC. 
2. The general equation of a straight line in Cartesian coordinates is 


Ax + By + C=0 (21.71a) 

which when transformed to areal coordinates, it becomes of the form 
LX + MY + NZ=0 (21.71b) 

3. The equation of a line at infinity is often written as 
X+Y+Z=0 (21.72a) 
though in rigorous form, it is 
X+Y+Ze=lim €([X + mY + nZ) (21.72b) 
e>0 


4. By using the relation X + Y + Z = 1, the algebraic equation of any curve in areal 
coordinates can be made homogeneous in X, Y, Z. 
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Note: Areal coordinates are only a particular case of a general system of ‘homogeneous 
coordinates’. 


In the general homogeneous coordinates, (X, Y, Z) the coordinates of the point P whose 
Cartesian coordinates are (x, y) would have the relationship 


x=AX+ MY+v,Z 


(21.73) 
where X, Y, Z are related by the equation 
1=aX+PY+yZ (21.74) 
(in areal coordinates, 0 = B= y= 1) 
1 APBC 1 APCA 1 APAB 
Now Se ee Oe (21.75) 
a AABC B ABCA y ACAB 


The detailed discussion and derivation of both the coordinate systems would be found in 
E.H. Askwith’s Analytical Geometry of the Conic Sections. 


21.7.6.2. Shape functions and 2D linear triangular element 


In two-dimensional F.E.M., triangle has been used as the basic element shape and a suitable trial 
function based on this element has to be obtained. Consider the triangle of Figure 21.21, where 


2(0, 1, 0) 3(0, 0, 1) 


> 


Figure 21.21 Triangular element with its shape function dimensions. 


h, 
N,;=—, F=1,2,3 21.76 
H, l ( ) 


and (x, y) corresponds to (Nj, N>, N3). (21.77) 


The natural first order interpolation to be used within the triangle is 


P(x, y) = NiO, + Nob) + N39; (21.78) 
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The relationship which shows the interdependence of the three N’s can be determined by adding 
up the areas of the three triangles formed by joining the vertices of the triangular element to the 
point (x, y) as shown in Figure 21.21, i.e. 


I I I 
=hLy +=hLy +=hgLy = A 21.79 
2 11 9 2 2 2 aes) ( ) 


where A is the total area of the triangle. 
Replacing h,, hy and h; the trial functions given in Eq. (21.76), we obtain 


1 1 1 
ae var ale te =A (21.80) 
But for every i = 1, 2, 3 
1 1 1 
A=—H,L, =—H,L, +—H,L 21.81 
ee a ee ee ( ) 


Combining Eqs. (21.80) and (21.81), we get 
N, + No +N3= 1 (21.82) 


Two more relations between the triangular coordinates can be obtained in terms of the Cartesian 
coordinates. Since (x, y) is of order one, these coordinates may be fitted exactly, with no inherent 
approximation, by the interpolation of (21.82), so that 


xN, + XN> + 233 =x (21.83a) 


yi, + y2No + y3N3 = y (21.83b) 


1. Compare the similarity between the above relations and the equations of the areal 
coordinates discussed in Section 21.7.6.1. 

2. Areal coordinate system is a three-axis, non-orthogonal, coordinate system for 
representation of two-dimensional regions so that all the relationships can be expressed 
in homogeneous form. 


21.88 A SHORT NOTE ON FINITE-DIFFERENCE TIME- 
DOMAIN METHOD (F-D T-D) 


21.8.1 Introduction 


The interaction of electromagnetic waves with arbitrarily shaped objects cannot be modelled so 
easily nor accurately. Antenna apertures, cavity resonators, material inhomogeneities, etc. are some 
of the examples of engineering interest. The modal transmission in such structures cannot be 
modelled numerically so easily as to obtain correct information regarding magnitude and phase. 
The methods for modelling such structures have been based on frequency domain integral 
equation approach. The method of moments (MOM) and the finite element method (FEM) are of 
this category. But these methods may require large matrices to be inverted. Hence for such 
structures the F-D T-D method has certain advantages. 
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The F-D T-D method gives a direct solution of Maxwell’s time-dependent curl equations 
(i.e. Faraday’s law and modified Ampere’s law equations). It employs simple second-order central 
difference approximation for space and time derivatives of the electric and the magnetic fields 
(Though for time-derivatives, sometimes forward-difference approximation is preferred.) The 
F-D-T-D is a time marching process which simulates the continuous actual waves by sampled-data 
numerical analogues stored in the computer. 

To illustrate the technique of the FD-TD method, a simple problem has been considered here. 
As an example, a simple first order partial differential equation is solved. The equation has one 
space variable and a time variable, i.e. 

The potential function @ is assumed to be a function of z-coordinate (space) and time f. 


. O= 0,1) (21.84) 
The equation under consideration is 
0g 10¢ 
dz ¢ Of 
with the initial condition 
o(z,t =0) = F(z) (say) (21.86) 


(This equation is sometimes called the advection equation.) 
It should be noted that the analytical solution of this equation is 


O(z, t) = F(z -ct) (21.87) 
which is a wave travelling in the +z-direction. 
A point of further interest is that Eq. (21.87) is also a solution of the one-dimensional wave 
equation where equation is of the form 
ao 1a¢ 
oo ea 21.88 
dz* cc? Or? ay 
Both the wave equation (i.e. Eq. (21.88) and the advection equation (i.e. Eq. (21.85), belong 
to the family of differential equations known as ‘hyperbolic equations’. The scalar diffusion 
equation (or heat conduction equation) is a ‘parabolic equation’ and Laplace’s and Poisson’s 
equations are called ‘elliptic equations’. The vector eddy current equation, with harmonic time 
variation (i.e. e/°') can be reduced to ‘elliptic equation with complex variables’. 
A three-dimensional view of @ variation can be obtained pictorially with z and f as two 
coordinate axes and @ along the third axis orthogonal to z and ¢ as shown in Figure 21.22. 


Figure 21.22 Grid system used for evaluation of @ of Eq. (21.85). 


CHAPTER 21 NUMERICAL METHODS FOR AND COMPUTER SOLUTIONS ... 849 


Since the problem is to be solved numerically, the space dimension (say L) in which the wave 
is propagating, has been sub-divided into N sections, so that 


h=— 
= (21.89) 


It the velocity of propagation is c, then let t be the time-period required to transverse the 
length h of the grid, so that 
h=ct (21.90) 


At this stage, the numerical stability is not be discussed; and assuming “periodic boundary 
condition’, i.e. when the wave reaches the boundary z = L/2, it reappears at the same time at 
z = -L/2, and thus continues to propagate in the region —L/2 < z < +L/2. 

Next, Eq. (21.85) is converted to F.D. form. This can be done by Taylor series expansion or 
by line integration, as shown in Chapter 5, Section 5.5.2). Hence without going through the 
intermediate steps again, the final result is written down directly here. 

The time derivative term is approximated by using forward difference, 


06 — fist +O — FE, tn) 


21.91 
ot T ( 
. ot L 
where i -(i-3)0-F, t, =(n—-It (21.91a) 
referring to Figure 21.22. 
The space derivative is approximated by using central differences, 
0d O(z;, +h, t,)-—O(z; —h, t,) 
=— " . . 21.92 
dz 2h ( ) 
Substituting from Eq. (21.91) and (21.92), Eq. (21.85) reduces to: 
,th,t,)-o(z, -—h,t,) 1 jot, +T) — O(Z, ty 
9 )= 9 ) 196 )= Girt) _ 9 (21,93) 


2h c T 


Of the four terms in the above equation, three terms are at the time instant ¢, and one term is at 
the instant 4, + ft. Hence rewriting the equation, 


O (Zs ty +7) = O(Z ty) - 5, (Os +h,t,) — 6(z; —h, t,)] (21.94) 


The finite difference method based on this equation is the F-D T-D method. The evaluation 
of these terms in the time-steps is the “Time-marching process’. The initial values are all known 
at fo = 0, and the boundary conditions would give the values at the boundaries. 

This is the underlying principle of the F-D T-D method, and serves as an introduction to this 
method. 


Modern Topics 
and Applications 


22.1 INTRODUCTION 


In our study of electromagnetism, we have so far discussed both the magnetic diffusion (i.e. eddy 
currents) and most of the aspects of electromagnetic waves (i.e. propagation, guidance and 
radiation). Apart from the applications discussed till now, there are other areas of applications of 
electromagnetism. Some of these applications are microwaves used in divese areas ranging from 
satellite communication, EM interference and compatibility, remote seusing, heating, radar, radio 
astronomy and so on, lasers, fibre optics, etc on the high frequency side, and electrical machines 
and allied power generating equipment on the low frequency side. We shall now briefly describe 
and discuss some of the new applications since the old applications have been comprehensively 
discussed in specialized textbooks elsewhere. 

We shall start with some of the important high frequency applications first and then go on 
to describe briefly the new power frequency applications as well. 


22.2 MICROWAVES 


Microwaves are electromagnetic waves within the frequency range of approximately 300 MHz to 
1000 GHz. 

In the field of communication, the main means for carrying thousands of channels over long 
distances are: 

(1) Microwave links (2) Co-axial cables, and (3) Optical fibres (this being a new device, it 
will be discussed briefly later. 

Microwaves are highly attractive for communications because of the following properties: 


(a) Wide available bandwidth 
(b) Directive properties of short wavelengths. 


Because of these properties, microwave communication has now become more common than 
the radio and TV. A microwave system usually consists of a transmitter which includes mocrowave 
oscillator, waveguides and a transmitting antenna and receiver sub-system made up of receiving 
antenna, transmission line or waveguide, microwave amplifier and a receiver. The use of microwaves 
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has very significantly increased. Some of the examples are telecommunications, radio astronomy, 
land surveying (by remote sensing). Radar, terrestrial microwave links, heating, medicines and so 
on. We shall briefly describe qualitatively the salient aspects of some of these applications. We 
shall also describe some of the important low-frequency applications. 


22.2.1 Microwave Heating 


Microwaves are preferred over the low frequency electromagnetic waves because the microwave 
energy can be more easily directed, controlled and concentrated. Also various atomic and 
molecular resonances occur at the microwave frequencies. So this energy can be used for heating 
purposes (another being remote sensing). The heating property of microwave power is used in a 
wide variety of domestic, commercial and industrial applications. The microwave oven is one 
such typical example (Figure 22.1). 


Stirrer fan Waveguide Magnetron 


tube 
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Figure 22.1 Microwave oven (a typical one). 


The oven gets the microwave energy for cooking from a magnetron which is a thermionic 
valve capable of producing high power oscillations in the microwave region. The magnetron 
consists of a heater, central cathode and a concentric, radially segmented anode, all enclosed in 
an evacuated container, located in the gap of an external magnet. The movement of electrons is 
controlled by a combination of crossed electric and magnetic fields. It is also used extensively in 
radars. The energy from the magnetron is carried through a waveguide into the oven which is 
basically a resonant cavity in which the food for cooking is located. The reflections from the 
stationary walls and the motion of the stirring fan ensure the microwave energy to be well 
distributed in the cavity. The shape of the oven cavity is usually a rectangular parallelepiped, 
though there are some ovens with cylindrical cavity having a hemispherical top for more uniform 
cooking. Thus the microwave makes the cooking to be fast and evenly distributed. In modern 
microwave ovens, facilities are provided for grilling, convective cooking as well, in addition to 
the microwave cooking. These two additional facillities are done at normal frequency and so these 
sources (i.e. heater and fan) get their electricity at power frequency, thus bypassing the magnetron. 
The microwave oven operates at 2.4 GHz. Apart from this type of domestic cooking, the microwave 
heating capability is used in physical diathermy (in medical treatment) and in drying potato crisps, 
paper, cloth, etc. 
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22.2.2 Radar Systems 


The word radar is an acronym for RAdio Detection And Ranging. It includes any system that 
employs microwaves for the purpose of locating, identifying, navigating or guiding such moving 
objects as ships, aircraft, missiles, or artificial satellites. It is now also used for burgler alarms, 
garage-door openers, and police speed detectors. 

The system essentially consists of a generator of electromagnetic radiation of centimetre 
wavelengths, the output of which is pulse-modulated at a radio frequency and fed to a movable 
antenna from where it is radiated as a beam. Distant objects crossing the path of the beam reflect 
the pulses back to the transmitter which also acts as a receiver. A cathode-ray tube (CRT) indicator 
displays the received signal in the correct time sequence so that the time required for a pulse to 
travel to the object and back can be measured. Thus the distance of the object from the transmitter 
can be calculated and its direction can be found from a knowledge of the direction of the antenna. 
This fundamental technique has now been extrapolated so that automatic guidance and navigation 
can also be made by computers without requiring a display system. 

The radio transmitter should be of high power and the receiver has to be extremely sensitive. 
The receiving antenna is also highly directional. The amplitude and delay of the receiving signal 
are the two important parameters required for estimating the size and the distance of the observed 
object from the radar. The size of the object is characterized by a parameter called the “radar cross- 
section”. This is a complex function of the reflectivity of the object and its physical shape and 
size. For example, metallic objects have higher radar cross-section compared with dielectric 
objects. 

Power reflected by an object 

= Power density of the incident wave x Radar cross-section (= 0) 
Let 
P, = Transmitting power of the antenna 
G = Directive gain of the antenna 
2 


A, = Effective aperture of the antenna in the receiving mode = ae (since the same antenna 
a 


is used for transmission and reception) 
.. Power density of the transmitted signal (at the object), 


2 (22.1) 


where r is the distance of the object from the radar. 
.. Power reflected by the object, 


PGo 
L-= P= 22.2 
: ° Ar? 24) 
.. Power density of the reflected power at the radar, 
Pe _ PG 
= ee (22.3) 


Aar? 7 (ar?) 


(This assumes that the reflected power is uniformly distributed in all directions.) 
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.. Power received by the radar antenna, 


a = W,A, a 


PGo G/’ fe GA i} 
= (22.4) 


(4ar)y 4a 4x \4zr? 


Thus P,.. must be greater than the minimum detectable power of the receiver, for detection of objects. 

Since r >> A, G must be quite large so as to maintain P, within acceptable limits. 

Hence radars use highly directional antennae like parabolic dishes. 

The energy transporting medium from the transmitter to the antenna is usually a metal wave- 
guide (rectangular or circular) since the radar needs high power to be transmitted. 

The radars, though originally developed for military purposes, now have many civilian 
applications, like weather monitoring, geological survey, air-traffic control, remote sensing and 
planetary explorations. In defence applications, when they talk of invisible bombers, it is meant 
that these planes are not visible on the radar. 

In a sense, the defence requirements on radars are contradictory, because on one side the radar 
research aims at detecting targets with highest resolution and sensitivity whilst on the other side 
aircraft and ships are being developed with extremely low radar cross-section so as to make them 
as invisible to radar detection as possible. (Invisible planes are used for spying purposes). 


22.2.8. Remote Sensing 


In radio remote sensing, the microwave frequencies are used for geological survey (i.e. to probe 
the terrain). A radar is mounted on a moving platform which can be an aircraft or a satellite above 
the surface of the earth. Proper frequencies have to be selected for effective imaging of a region 
since the reflectivity of earth’s surface is a function of both location as well as frequency. 

Two types of radars are used for getting high quality radio images of the earth’s surface, i.e. 


1. Side looking radar (SLR) 
2. Synthetic aperture radar (SAR). 


In a SLR, the reflection from a region illuminated by the beam of the radar gives the average 
reflectivity of that region. As the radar carrier moves, the beam spot on the region also moves and 
thereby the reflectivity profile of the region along a strip is produced. Multiple scanning of 
adjacent strips is done to build an image of the complete region. To obtain high resolution, large 
antennae have to be used, and the radar vehicle should be at low attitude for better linear resolution 
in the images. 

In the SAR, the reflected signals for the entire flight of the radar are stored and then 
coherently processed to form a synthesized antenna beam which is much narrower compared to the 
beam of the radar antenna. The linear resolution of the SAR is proportional to the size of the 
antenna, i.e. the resolution of the image improves as the size of the antenna is made smaller. Also 
the resolution is independent of the height of the vehicle. 

Numerical electromagnetic techniques are used to obtain accurate models of the earth’s 
surface. 


22.2.4 Radio Astronomy 


This is the study of heavenly bodies by the reception and analysis of the ‘radio frequency 
electromagnetic radiaton’ which they emit or reflect. In general the electromagnetic radiations from 
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the extra-terrestrial sources are either absorbed by the earth’s atmosphere or reflected away from the 
earth by the ionosphere. The two exceptions are: (i) the optical wavelengths which are able to 
penetrate the atmosphere, and (ii) the radio wavelengths in the band 1 cm to 10 metres which are 
too long to be absorbed by the atmosphere and too short to be absorbed by the ionosphere. These 
radiations which pass through the ‘radio window’ come from a variety of sources ranging from 
objects within the solar system to galaxies which are too far to be observed by optical telescopes. 
The origin of these radio frequency emissions can be thermal or non-thermal. Information is 
extracted from the apparently incoherent radio noise from the universe, by constructing maps of the 
sky in terms of radio emission at several different frequencies which are then compared with optical 
observations. Thus the radio sources and radio galaxies have been identified. 

Radio telescopes are the instruments used in radio astronomy to pick up and analyse the radio 
frequency electromagnetic. radiations of extraterrestrial sources. The two main types of radio 
telescopes are: 


(i) Parabolic reflectors (paraboloid reflector—a concave reflector, the section of which is 
a parabola—also called a dish antenna). These are usually steerable so that they can be 
pointed to any part of the sky and they reflect the incoming radiation to a small 
antenna at the focus of the paraboloid. 

(ii) Fixed radio interferometers. These consist of two or more separate antennae (an array), 
each receiving electromagnetic radiation of radio frequencies from the same source and 
each joined to the same receiver. 


This type of telescope has greater position finding accuracy and can distinguish a small 
source against an intense background better than the parabolic type. On the other hand the 
parabolic type is more verslatile because of its mobility. 

To achieve the same or similar resolution of optical telescopes, the radio telescope, operating 
at radio frequencies would need to have a size a few hundred metres to few kilometres. Since 
building a continuous aperture type of telescope of such sizes is not a viable proposition, the radio 
astronomers have developed a technique known as the ‘aperture synthesis technique’ by using 
which a large aperture can be synthesized without actually building one of that magnitude. The 
method is based on the measurment of the spatial Fourier spectrum of the brightness distribution 
(and not measuring this distribution directly). This spectrum is the auto-correlation function (also 
called visibility function) of the incoming radiation from the sky. The Fourier inversion of the 
visibility function then provides the brightness distribution of the sky. 


22.2.5 Satellite Communication 


This has been one of the important modes of long distance communication. There are many 
advantages of this technique, e.g. large bandwidth, mobility, dynamic assigment of resources and 
so on. Communication satellites are artificial earth satellites used for relaying radio, television and 
telephone signals around the curved surface of the earth. ‘Passive’ satellites merely reflect the 
transmissions from their surfaces whereas the ‘active’ satellites are equipped to receive and 
retransmit signals. 

The orbit of an artificial earth satellite which has a period of 24 hours is called synchronous 
orbit (or stationary orbit). The altitude corresponding to such an orbit is about 35,700 km, and a 
satellite in a circular orbit parallel to the equator at this altitude would appear to be stationary in 
the sky (it is called a geostationary satellite). Communication satellites in synchronous orbits are 
used for relaying radio signals between widely separated points on the earth. 
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In satellite communication, radio signals are transmitted from a transmitter on the earth (this 
is called the ‘earth station’) towards the satellite. The satellite on receiving the signal, changes its 
frequency and retransmits it towards the earth. The satellite generally offers point to multipoint 
transmission (i.e. broadcasting). Generally microwave frequencies are used for satellite 
communication, since microwaves propagate along straight lines like a light ray and are not bent 
by ionosphere as are lower frequency signals. The design of a satellite communication link takes 
into consideration all the facts of the electromagnetic waves which have been discussed so far. The 
satellite link design gives an estimate of both, i.e. (a) the power which the satellite would receive 
from an earth station, and (b) the power which a receiving station on the ground would get from 
the satellite. This design would have to take into account aspects such as (i) energy absorption 
by the space between the satellite and the earth, (ii) changes in wave characteristics during 
propagation, and (iii) design of antenna system. Since the power at the satellite is limited, the 
antenna must be designed for high directivity as well as high efficiency. The antenna is a crucial 
component of this link system. 

The energy loss in the path (i.e. the path-loss) is independent of the transmitting and the 
receiving systems. The path-loss is inversely proportional to the square of the wavelength and 
hence the shorter wavelengths (i.e. higher frequencies) suffer greater path-loss. A geostationary 
satellite operating (say) at 6 GHz would have a path-loss of about 200 dB. 


22.2.6 Electromagnetic Interference and Compatibility 
(EMI and EMC) 


Electromagnetic Interference (EMI): It is the degradation of performance and consequent 
malfunctioning of electronic devices and systems due to environmental electromagnetic fields. 

There are various sources of electromagnetic emission, like spark plugs, relays, electric 
motors and generators. The disturbing fields due to such devices are comparatively localized, 
though there are electronic devices whose disturbing fields are more distributed. (Note: By 
disturbing fields it is meant that these fields are more of accidental by-products of the design of 
the device or the system. These are called ‘radiated emissions’). So it can be said that the 
electromagnetic environment consists of apparatuses like radio and TV broadcast stations, radar 
systems (both air-port as well as traffic ones), flourescent lights, car ignition systems, mobile radios, 
navigational aids and so on, which radiate electromagnetic energy as they operate. The results of 
such interference are obvious in every day life, such as ‘ghosting’ in television reception, high 
voltage power lines causing interference with personal computer operation, taxicab radio 
interference with police radio system. Hence electromagnetic compatiblity can be defined as 
follows: 


Electromagnetic Compatibility (EMC): An electronic system is said to “electromagnetically 
compatible’ with its environment when the system is able to perform compatibly with other 
electronic systems and neither produces nor be susceptible to the environmental electromagnetic 
disturbances. 

To achieve EMC, all electronic devices should be able to co-exist and operate in harmony, 
i.e. the device should be able to function as per the designed purpose in presence of and in spite 
of the others. In fact EMI is the problems caused by the unwanted voltages, currents and fields on 
the devices and EMC is the solution to the problem. The goal of EMC is to achieve the system 
compatibility which is achieved by freeing the system of EMI problems. 
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22.2.7 Sources and Characteristics of EMI 


EMI can be classified in terms of its causes and sources, so that it will be easier to control this 
type of disturbance. As stated earlier, any electronic device can be the source of EMI even though 
the designer may not have intended so. The cause of EMI can be within the system (i.e. an 
intrasystem problem) or can be from outside (i.e. an intersystem problem). Some examples of both 
the types are listed below. Here the sources have been termed emitters and the victims susceptors. 


A. Intrasystem Causes B. Intersystem Causes 
Emitters Susceptors Emitters Susceptors 
Power supplies Relay Lightening stroke —_ Radio receivers 
Radar transmitters Radar relays Computers TV sets 
Mobile radio Mobile radio Power lines Heart pacers 
transmitters receivers 
Flourescent lights Ordnance Radar transmitters Aircraft navigation systems 


Car ignition systems Car radio receivers 


The sources of EMI can be natural or man-made (artifical). 


22.2.8 Control of EMI 


There are three ways of preventing EMI and making systems compatible. 


(i) Supressing the emission at the source 
(ii) Making the transmission path inefficient 
(iii) Making the receiver less susceptible to emission. 


The first line of defence would be to avoid fast switching of the signals. This should be done 
even in digital systems by switching smoothly so as to reduce the high frequency content of EMI, 
thus reducing the coupling of the interference. Grounding establishes an electrically conducting 
path between two points to connect electrical and electronic elements of a system to one another 
or to some reference point (designated as the ground). An ideal ground plane is a zero-potential, 
zero-impedance body used as reference for all signals in associated circuitry. All undesired currents 
can be transferred to it for elimination of their effects. ‘Floating point ground’ is for electrical 
isolation from a common ground plane. But this can cause a hazard. The single-point grounding 
is used for minimizing the effects of gound currents and eliminating the effects of loop currents 
in multiple-earthing. 

Shielding is done to prevent radiated energy from entering a specific region or to confine 
the radiated energy in a specified region (Figure 22.2). The term ‘shield’ usually refers to a metallic 
enclosure that completely encloses a particular electronic device or sub-system through non-solid 
and braid, as is used on cables. The shielding effectiveness is defined by: 


incident power density 


SE =10logio (22.5) 


transmitted power density 


where the incident power density is the power density measured at a point before the shield has 
been installed, and the transmitted power density is the power density at the same point after 
the shield has been installed. SE can also be defined in terms of electric or magnetic field 
strengths, i.e. 
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E. 
SE = 20 log) z for electric fields 


and SE = 20 log, — for magnetic fields 
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(a) (b) 
Figure 22.2 Electromagnetic shielding. 


Filtering: An electrical filter is a network (either lumped or distributed) of resistors, inductors 
and capacitors that allows certain frequencies to pass through while blocking the other 
frequencies. Filters usually reduce the levels of conducted interference substantially. The most 
important characteristic of a filter is its insertion loss which is a function of frequency. 


IL = 20 log)y (Vj /V2) 
where 
V, = output voltage of a signal source, with the filter in the circuit 
V> = output voltage of the signal source, without the filter in the circuit. 


22.3 TELEPHONE NETWORKS 


In telephone networks, all transmission is through a pair of wires. All subscriber loops in the 
telephone networks are made with a single pair of wires, using bidirectional transmission (i.e. the 
users at both ends of the line talk simultaneaously, thereby superimposing their signals on the 
wire pair). 

For long distance transmission (i.e. between two switching offices) it is better to use 
two unidirectional transmissions on different pairs of wires. The reason for this requirement is that 
the long distance transmission requires amplifiers and these are unidirectional. Hence the long 
distance transmission becomes a four-wire system (Figure 22.3). So for long distance connection, 
at some point there has to be a conversion from two-wire to four-wire system and vice-versa. This 
conversion device is called a ‘hybrid’. 


ZE =e 
— Ls Zz Four-wire Z 3 | Two-wire 
i a 

N= = a 


Hybrid Hybrid 
Figure 22.3 Two-wire to four-wire conncetions in telephone lines using hybrids. 


Two-wire 
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In earlier days, the hybrid circuits were connected through interconnected transformers. But 
nowadays, the electronic hybrids need only the impedance matching for perfect isolation between 
oppositely travelling signals. When there is an impedance mismatch on the lines (due to the 
variable impedance of the two-wire line in switching environment), there would be reflections on 
the line causing an echo. The echoes are minimized by adaptive signal processing techniques. 


22.4 LASERS 


Laser is an abbreviation of the words Light Amplification by Stimulated Emission of Radiation. It 
is essentially an optical maser (see below for maser). The laser produces a powerful, highly 
directional, monochromatic, and coherent beam of light. Its working principle is essentially same 
as that of a maser, except that the ‘active medium’, in the case, consists of or is contained in an 
optically transparent cylinder with a reflecting surface at one end and a partially refltecting 
surface at the other. The stimulated waves pass up and down the cylinder repeatedly, some of 
them emerging as light through the partially reflecting end. 

In a ‘ruby laser’, the chromium atoms of a cylindrical shaped ruby crystal are optically 
pumped to an excited state by a flash lamp and then it emits pulses of highly coherent light 
(population inversion). There are lasers which have been constructed by using a mixture of inert 
gases (e.g. helium and neon) to produce a continuous beam. These is also another type of laser 
consisting of a cube of specially treated gallium arseuide which can emit infra-red radiation when 
a current is passed through it. Lasers have been used in eye surgery, holography and metal 
cutting, etc. 

Maser: This word is an acronym of Microwave Amplification by Stimulated Emission of 
Radiation. This is a class of amplifiers and oscillators which make use of the internal energy of 
atoms and molecules in order to obtain low-noise level amplification and microwave oscillations 
of precisely determined frequencies. The basic principle of operation of these devices is the 
stimulated emission which is the emission by an atom in an excited quantam state of a photon, 
as the result of the impact of a photon from outside of exactly equal energy. Then the stimulated 
photon or wave is augmented by the one emitted by the excited atom. 

A maser consists of an active medium which can be either in the gaseous or solid state, in 
which most of the atoms can be optically pumped to an excited state which is done by subjecting 
the system to electromagnetic radiation of different frequencies to that of the stimulating 
frequency. 

The active medium is enclosed in a resonant cavity so that a wave is built up modally 
(i.e. with only one mode of oscillation) thereby giving a single output frequency. Masers when 
made to operate at optical frequencies, are referred to as lasers. (Note: ‘Population inversion’: In 
a laser, when a large proportion of the emitting ions have been raised to an excited energy level 
by the process of optical pumping which means that the energy has been introduced in the system 
by an external light source, then the state of population inversion exists in it (the laser). This is 
an essential step in the process of stimulated emission. 

It should be noted that the laser is essentially an amplifier and not a light generating device. 
But, since any amplifier can be converted into an oscillator by feedback with a properly selected 
frequency, a laser can also be converted into a source of coherent light. The crucial component 
of the laser is a frequency feedback device. This feedback is done by creating a resonant cavity 
around the active (i.e. the amplifying) medium. Figure 22.4 shows the basic elements of a laser. 
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Mirror M, 
Mirror M, (partially reflecting) 


Active medium 
(amplifying) —_—_¥ Coherent light 
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Figure 22.4 Basic elements of a laser. 


Only certain frequencies of the light would get sustained amplification as a result of repeated 
reflection between the two mirrors M, and M). For a sustained oscillation of that frequency (= @), 
the gain (= G) due to the round trip between the two mirrors should be unity and the phase 
difference due to this trip would be a multiple of 27. Hence if the reflection coefficients of the two 
mirrors are denoted by R, and R, respectively, then 


R,R> exp(2GL) = 1 (22.6) 


and 2BL = 2mn, m being an integer (22.6a) 
where 


B = phase constant of the light wave of frequency @ 


= —, where n = refractive index of the active medium. 
c 


ae a8 
aes (22.7) 


The light coming out of a laser has random polarization to achieve normal polarization, the 
light from the laser has to be reflected from a dielectric slab at the ‘Brewster angle’ as mentioned 
in Chapter 17. Section 17.15. 


22.5 OPTICAL FIBRE 


Through the last century (20th), the basic media for transmitting radio frequency (RF) energy have 
been wire-pairs (i.e. conductors), co-axial cable, waveguides and atmosphere. Radio frequency 
range has been 10 kHz to 300 GHz. With increasing demands for more communication channels, 
a new technology has been developing and the upper limit of the radio frequency is being pushed 
to and beyond the infra-red and visible portion of the spectrum. This is the development and use 
of optical fibres which are small diameter cylindrical glass filaments which transmit EM waves at 
frequencies near the visible part of the spectrum. Light differs from radio in that it has both the 
properties of particles called photons and the properties of EM waves. ‘Photonics’ is the term 
commonly applied to optical fibres. Both particle physics and EM wave theory are necessary to 
understand completely the working of optical fibre systems. Particles are characterized by their 
energy, momentum, and they can be individually physically identified. EM waves, on the other 
hand are characterized by frequency, wavelength, polarization, and velocity. Basically optical 
fibre is a cylindrical dielectric waveguide operating at optical frequency. 
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Optical fibres are specially constructed glass, plastic or ceramic cylindrical waveguides to 
contain the propagating electromagnetic fields. The fibres operate at very high range of the 
frequency scale, so that it has been customary to express optical energy in terms of wavelengths 
(= A). The visible spectrum ranges from 0.4 x 10~° metres (blue) to 0.6 x 10~° metres (red). In terms 
of frequency, it will be in tera hertz [= THz (10!”)]. The most commonly used optical fibres are 
constructed from silica (SiOz) which has been purified and doped in order to reduce the energy 
loss. The optimum performace wavelength range for SiO, is from 0.8 x 10° metres to 
1.6 x 10°° metres. An obvious advantage of operating at high frequencies is the increase in 
bandwidth available for transmitting information. Modulated laser bandwiths for optical fibre 
transmission are about 100 GHz wide, i.e. about 0.1% of the carrier frequency. 

Communication systems have a wide range of power values. A laser transmitter array might 
be radiating 100 mW into a fibre whilst the detector at the end of the fibre might be receiving 
one-ten thousandth of a mW—a difference of 10°. So the relative powers are expressed in terms 
of decibels. 

The velocity of light (i.e. EM waves) in free space or vaccum is v = c = 3 x 108 m/s The 
velocity of light in water, glass or any media other than free space is lower and is given by 
v =c/n, where n = index of refraction in the particular medium. 

In every medium other than a vacuum, the velocity exhibits some degree of frequency 
dependence. Most RF signals have multiple frequency components usually because of modulation 
sidebands on a carrier. This dependence of velocity on frequency (or wavelength A) can present 
significant problems. This phenomenon is called dispersion. 

The indices of refraction of most materials used for different components of any optical fibre 
system are greater than unity (this being the refractive index of free space). In circular section 
optical fibres, the central section (or core) has a higher refractive index than the outer annulus 
(called the cladding). Usually the core index is about 1.5 and that of the cladding is slightly lower. 

The velocity of the EM optical waves is less in a medium with refractive index >1 (this being 
the refractive index of free space). Hence, when two media of differing refractive indices meet, the 
optical wave is refracted or bent on the interface. Thus the wave in the second medium either speeds 
up or slows down depending whether its (second medium) refractive index is less than or greater 
than that of the first medium. The bending (or the refraction) is either towards the normal to the 
interface (n; <n) or away from the normal to the interface (7, > n>). In an optical fibre, since the 
central core has higher refractive index than the outer cladding, the light which impinges on the 
core-cladding interface is bent back to the centre and guided along the fibre, due to total internal 
reflection. 

The EM wave theory is used to analyse the propagation of light in the optical fibre medium. 
The particle theory is used for calculating the energy of the system by considering the energy of 
the photons. The behaviour of photons is needed for describing the laser and light-detector 


performances. The energy of a single photon of frequency / is 
W (joules) =hxf=hx clr 
where h = Planck’s constant = 6.626 x 104 J-s 


(22.8) 


22.5.1 An Optical System 


For most of the applications the system has three components (Figure 22.5): 
1. An optical source: There are two types of sources: (a) lasers, and (b) LEDs (Light 
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Emitting Diodes). Both these are electrical to optical energy converter (E/O). Lasers, at 
high electrical drive levels, increase their outputs through an internal oscillation. 
This permits high output powers and narrow source bandwidth. LEDs are semi- 
conductors, small in size and consume little power, easier to couple to fibres and 
integrate, and are of low cost. Both LEDs and lasers at low drive levels emit light 
through spontaneous emission, which is a random process and broadband. 

2. Optical detectors: These convert optical signals to electrical signals (O/E), so that the 
original signals can be recovered. These are made of semiconductor materials like Si, Ge 
or InGeAs. Their choice is a function of the required wavelength A. In some detectors 
like avlanche photo-detector, internal gain can be achieved by using high voltages. 

3. Optical fibres (or the media) to carry the optical signals from the source to the detector. 
An optical fibre is basically a cylindrical dielectric rod called core, surrounded by a 
dielectric annulus called cladding. The cladding has an outer jacket (i.e. buffer or 
coating). The electrical signals which modulate the carrier can be either analogue or 
digital, and are referred to as baseband input signals. The digital signals, using pulses of 
same level and shape (to represent the original signal) require more complicated coding, 
modulation/demodulation but have better noise and cost advantages. This is because of 
the tremendous progress in the integrated electronics uses for digital signal processing 
(DSP) and transmission. The electrical signals will also be part of a time-division 
multiplexed (TDM) bit stream, and the source might be internally or externally 
modulated. The source has to be carefully coupled to the fibre and might be combined 
with other optical signals using wavelength division multiplexing (WDM). The fibre 
would be probably part of a cable that contains other fibres. The fibres can be either 
large core multimode or small core single-mode. A long fibre would need splices at 
intermediate points. At the receiver end, the components are required in the reverse 
order to restore the electrical signal. 


Optical source Optical detector 


Base-band ———»} (E/O) t———»| Optical fibre  }+——> (OIE) > Signal 


signal 


Figure 22.5 Optical fibre system. 


22.5.2 Optical Fibre Characteristics 


An optical fibre is made up of three concentric cylindrical sections, the core, the cladding and the 
buffer. The core consists of one or more thin strands of glass or plastic. The cladding is plastic or 
glass coating surrounding the core which may be step-index or gradient index. In the step-index 
core, the refreactive index is uniform but undergoes an abrupt change at the interface of the core 
and the cladding. The graded-index core is of the type in which the refractive index of the core 
varies as a function of the radial distance from the central axis of the core. The jacket or the buffer 
usually surrounds one or more of the cladded fibres and acts as a protection against environmental 
moisture or sunshine and so on (Figures 22.6 to 22.8). 


ELECTROMAGNETISM: THEORY AND APPLICATIONS 


Cladding Core 
Buffer 


Figure 22.6 Optical fibre structure. 
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Figure 22.7 Behaviour of light ray in a fibre. 
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Figure 22.8 Contd. 
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(c) Graded-index Multimode 


Figure 22.8 Optical fibres transmission modes. 
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Figure 22.9 Total internal reflection, n; > Ns: (a) ¢; < 6 (b) o = O65 (C) 1 > 


22.5.2.1 Total internal reflection 


As the light ray propagates from medium (1) to medium (2) (i.e. in the optical fibre from the core 
to the cladding), at the interface, the light ray (or the wavefront) will obey the Snell’s law, 
(Figure 22.9), ie. 

n, sing, = nzsing, (22.9) 


(Note: In Chapter 17, these angles have been denoted as Os and so the @ mentioned here is comple- 
ment of the 6 in Chapter 17). 

Also, since the refractive index of the core (i.e. m;) is greater than the refractive index of the 
cladding (i.e. nz) a ray incident in the core will be refracted away from the normal to the core— 
cladding interface [Figure 22.9(a)]. As @ increases, there will be a critical value of @), i.e. @ = @, 
for which @, = 90°. For values of @, > @,, there will be no refracted ray and all the energy will 
be reflected back in the core with no leakeage in the cladding [Figures 22.9(b) and (c)]. 


1c. ¢, = incident angle = ¢, = sin! [=] [Ref. Eq. (17.155)] (22.10) 
ny 
A ray striking the interface at ¢, < @, will have a large part of its energy lost in the cladding. 
Since n, and ny are very close, a useful mathematical relationship can be written down as 
_ nm = n; Lites 


a (22.11) 


or ny =n (1— A) (22.1 1a) 
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It follows from the above that a very small A means that the critical angle @, is close to 90°. This 
is typical of silica fibres. In all plastic fibre with a large core diameter, A is much greater and @, 
is much smaller. Both these types have important applications. 

For the present discussion, the ‘plane of incidence’ of the incident ray is as defined in Chapter 
17, Section 17.13. Any linearly polarized wave of arbitrary polarization can be resolved into 
parallel and perpendicular (normal) components with reference to the plane of incidence. Hence 
the coefficients of energy reflection can be easily written down from the Fresnel’s laws of reflection 


[Ref. Eqs. (17.153a—d)]. 
2 
—n; cos, + n,\\(nx — n> sin* ¢y) 
ns cos, + ny (ny - ni: sin? d,) 


2 
n, cos, — (n>; — nj sin? d,) 
n, cosg, +4/(n; — nj sin? d,) 


It should be noted that the glass-to-air interface has a critical angle of 41.8° and the air-to- 
glass interface has no critical angle. 

With parallel polarization for both of them, there is Brewster angle for which there is ZERO 
reflection, a condition obtained by making the numerator of Rp equal to zero, so that 


Rp (Parallel polarization) = Rp = 


(22.12a) 


Ry (Normal polarization) = Ry = 


,, = Brewster angle = tan”! “a (22.13) 


22.5.2.2. Numerical aperture 


This is one of the most important parameters of an optical fibre (or any optical device which 
accepts and uses light energy). The numerical aperture is “the proportion of the impinging light 
that can be accepted and used.” Figure 22.10 shows a fibre accepting light from a source. It should 
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Figure 22.10 Numerical aperture and acceptance angle (longitudinal section of the fibre). 


be noted that some rays from the source will not be guided because they enter the fibre at too 
great an incident angle. (The incident angle is the angle made by the entering ray with the axis of 
the core.) Their incident angle is refracted in the core and hit the core/cladding interface at an 
angle less than the fibre’s critical angle. The interface between the outside air and the fibre glass 
core and cladding does not have critical angle (Section AA) because in this case n, < ny. There 
are two types of rays which will propagate in the fibre i.e. meridian and skew. Meridional rays are 
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confined to meridian planes which are longitudinal sections of the fibre, each containing the 
central axis (the section shown in Figure 22.10 being one such plane). Skew rays are not restricted 
to one such plane and follow a helical path along the guide. Skew rays probabley make up the 
larger proportion of the total number of rays, but meridian rays are responsible for longer distance 
transmission in the fibre. 

In Figure 22.10, the ray (1) whose angle of incidence on the air/core interface is 04 is a 
meridian ray lying in the meridian plane coinciding with the plane of the paper. The ray (2) is 
refracted out of the core into the cladding. The ray (3) is a skew ray whose point of incidence is 
not on the line AA’ (as seems to be in the figure) but lies in the plane through AA normal to the 
plane of the paper and its projection on the line AA is as shown in the figure. Its plane is NOT 
a meridian plane and the ray is skew relative to the central axis of the core. 

For the critical angle @, of the core 


: n 
sing, = (22.14) 
ny 
and 
2 ny nn; 
cos’ @. = -= ! 3 2 (22.15) 
ny ny 
By Snell’s law Ng Sin Oy, =n, sin B, 
where @, = acceptance angle and 6, = 7/2 - 6, (22.16) 
Since np = 1 for air outside the core, 
and sin8, = cos¢, = cos@, 


22 
: n—-n 
sin 0, =n, cosé. =n, ! ; _ 


ny (22.17) 
= yin? — 03) = {lm — m) (mq +m))} 
= Numerical Aperture (NA) 
Also NA =7,V2A (22.17a) 


The larger the value of NA, the greater is the fibre’s ability to capture the optical power from 
a source and transmit it. Multimode fibres will have significantly larger NA than the single-mode 
fibres because of their larger cores. But they will also have modal dispersion which is absent in 
single-mode fibres. For the step-index fibres, NA is constant across the face of the core whereas 
for the graded-index core the acceptance angle varies with the distance from the core axis. 


Note: The acceptance angle @, is the maximum angle over which the light rays entering the fibre 
core will be trapped in the core. It has been seen that the maximum angle occurs when @, is the 
critical angle satisfying the condition for total internal reflection. 


22.5.2.38 Modes 


Since the fibre is basically a circular waveguide, the propagation of light, which is an 
electromagnetic wave will be in the form of modes, as seen in Chapter 18. Also from the previous 
discussion in that chapter, three types of modes can exist in the fibre, i.e. the transverse electric 
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modes (with E, = 0, H, 4 0, z being the direction of propagation — TE), the transverse magnetic 
modes (with H, = 0 and E, 4 0 — TM), and the hybrid modes (with FE, 4 0, H, # O—HE). It should 
also be remembered that the fields have circular symmetry when E, = 0 or H, = 0. When both E, 
and H, are non-zero, there is no circular symmetry. Another point to be noted is that all the modes 
excluding HE,, have finite cut-off frequencies. The HE,,; mode does not have a cut-off frequency 
and hence the light of any wavelength can propagate inside an optical fibre in this mode. 

This phenomenon gives a basis for defining the type of fibre, i.e. if only the HE,,; mode 
propogates inside the fibre, then the fibre is called the single-mode fibre (SM). If other modes also 
propagate the fibre is called mutlimode fibre (MM). Givien below in Figure 22.11 is the E-field 
pattern in some of the lower modes of a step-index cylindrical guide. Some modes are linearly 
polarized and they are labelled as LP modes. 


Fundamental (lowest order) mode 


HE, 


First set of higher order modes—LP,,, 


TE TMo, HE>, 
Figure 22.11 E field vectors in step-index waveguide lowest order modes. 


The modal performance in the core of a cylindrical, step-index, optical fibre depends on a 
number of parameters, i.e. 


(a) Radius of the core = a 

(b) Free space wavelength = A 

(c) Refractive index of the core = n; 

(d) Refractive index of the cladding = np. 


A parameter called the ‘normalized frequency (=V)’ is a function of all these variables and 
is used for a simplified analysis of fibre design. V is defined as: 


Vy = ee nf 19)!” = a J2A 


= normalized frequency (22.18) 


Qa , 2 2\1/2 
gee 
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A mode chart (or a b—V diagram) plots the relationship between these modes as a function 
of V and the refractive index n (or B the modal phase constant where 6 = an/c) between the limits 
n, and ny (the indices of core and cladding respectively, i.e. B,; = @nj,/c to By = @nz)/c). 
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Figure 22.12 Mode chart or b-V diagram of an optical fibre (step-index). 


The modal phase constant (i.e. the wave number) always lies between {> and B;. As B > fo 
the mode approaches the cut-off and the fields spread in the cladding. As the normalized frequency 
V increases, B also increases monotonically approacing asymptotically to Bj, i.e. as V increases the 
fields get more confined to the core. The LP;, mode group (i.e. TEp; mode) will not propagate if 
V < 2.40, which is the cut-off wavelength, and decides the region of single-mode propagation. A 
large difference in modal speeds would yield significant modal dispersion at the detector. The step- 
index modal performance can be improved by shaping the core’s refractive index in the form of 
a parabola. This type of multimode fibre is referred to as graded index (or GRIN) fibre. 

A mathematical model for a parabolic core profile of the graded index multimode fibre is 


given by 
,Y 
nr) =n 1-2(=] A for r< a and 
a 


=N forr2a 


(22.19) 


where 
a = radius of the core 
r = radial distance from the core-axis. 
An equation for the variation of NA for this fibre, as function of the radius is 


a 


2 
NA = n,V2A {1-(£) (22.20) 


When r=0, NA=7,v2A (22.20a) 
which is same as for the step-index type core. 
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The normalized frequency parameter V for a GRIN fibre is obtained using the same equation 
as the step-index fibre. The number of modes in a multimode GRIN fibre is reduced and 
approximated by 


y 
N= a for V > 10 (22.21) 


which is half the number obtained in a step-index fibre with same V. 


22.5.3 Optical Fibre Performance 


Though it is commonly thought that optical fibres do not have any degradation of transmission, 
there are three basic phenomena governing the performance of the fibres. They are: 


1. Attennation losses: diminished levels of light at the optical detector due to loss of 
signal energy. 

2. Dispersion: time of arrival differences between different wavelength components of the 
signal (i.e. delay distortion or dispersion) 

3. Inability of conventional silica fibres to maintain polarization 


22.5.3.1 Attenuation 
There are three sources of losses causing the attenuation of signals. They are: 


(a) Material absorption: Small amounts of light get absorbed in an optical fibre due to the 
chemical composition of glass. The energy gets converted to heat. The basic mechanism which 
causes this is the excitation of molecular modes of vibration called resonance. Some of the other 
sources are the metal impurities, which have now been controlled much better, and the water 
vapour in the form of OH ions. Modern manufacturing techniques have been able to control this 
component as well. 


(b) Scattering losses: Light propagating in a fibre can be converted into unbound and back- 
scattered light due to molecular level irregularities within or on the surface of the glass. This type 
of attenuation is called Rayleigh scattering. The energy of this scattered light is proportional 
to 1/a4. 


(c) Bending losses: Bending in a fibre can lead to increased losses. 


Large scale bends having radii greater than the fibre diameter are called macrobends and are 
caused by pulling, sequeezing, bending of the cable during installation. Microbends are a 
continuous succession of very small bends due to non-uniformity at the cladding/coating interface, 
non-uniform lateral pressure from cabling process, microscopic variations in the location of the 
core-axis. 

These losses can be minimized during fibre/cable manufacturing. 


22.5.3.2. Dispersion (Arrival time distortion) 


Dispersion is defined as “a spreading in time of arrival of a received signal beyond its original 
time spread.” 
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Each of the components in a fibre system contributes to dispersing or spreading out the signal 
energy over time as it (the signal) travels. A system which has been designed according to time 
of arrival distortion caused by dispersion is called bandwidth or rise-time limited. The fibre itself 
is generally the greatest contributor to the total system dispersion. 

In the present generation of optical systems where only intensity (power) is modulated and 
detected, phase distortions cause non-constant group velocity (= v,,) resulting in arrival time 
distortions. Pulse spreading with time and distance causes interference with each other and wave- 
lengths also get modulated. 

In multimode fibres there are many modes (hundreds of modes) present during the signal 
propagation in the steady state. The dominant cause of arrival time distortion in those fibres is the 
modal dispersion (also called inter-modal dispersion) which is the spread in arrival times of these 
modes. Single-mode fibres, propagating only the fundamental mode, do not have modal dispersion, 
i.e. material and waveguide dispersion. When combined they are called chromatic dispersion or 
intramodal dispersion. These effects are also present in multimode fibres but are minor relative to 
the modal dispesion. The effects of chromatic dispersion on the signals are proportional to the 
source line-width. Modal dispersion effects are not dependent on the source line-width. The 
intermodal dispersion is defined as the pulse broadening per unit length of the fibre and is 
expressed as 


n(n — Ny) 


Dinter = (22.22a) 


Dinter has unit ps/km. 
The intramodal dispersion is defined as the pulse broadening per unit length of the fibre per 
unit spectral width of the signal and is expressed as 


2 
intra = we @ B (22.22b) 
2c QV2 
where Dintra has unit ps/km/nm. 
The pulse broadening, 
T = Dintra OrL (22.23) 


where 
0, = the spectral width of the signal 
L = length of the fibre. 


: : ; . 1 
The maximum data rate which the fibre can support is = - 


For higher data rates, tT and the dispersion must be as small as possible. 
The SM fibre has much larger bandwidth ("Dinter >> Dintra) 
But to make a fibre single-mode, the normalized frequency of the fibre, i.e. V must be < 2.4. 
This numerical value is a consequence of the root of the Jo. Bessel function which comes in the 
mathematical expressions of the cylindrical waveguide (Ref Chapter 18, Section 18.3.6.2). 


0B 


(Note: Refering to Figure 22.12 the slope of the b-V curve is proportional to Jo (since Ve @). 
(a) 


-l 
a) a) 1 
Since as -(33| ~ Ver’ Refer to Section 18.3.4, Eq. (18.100), the slope of the b-V curve is a 


measure of the group-delay time.) 
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22.6 LOW FREQUENCY (POWER FREQUENCY) 
APPLICATIONS 


22.6.1 Introduction 


The applications of the electromagnetic phenomena to the development of low frequency (i.e. 
mostly power frequency) devices started with the discovery of Faraday’s law of electromagnetic 
induction, even before Maxwell had completed the unification of the laws of electromagnetism. 
The rotating energy converting devices (i.e. rotary electric motors and generators) and the 
subsequent allied generating equipment like trnasformers, switchgears, etc. are some of the earlier 
examples of applications of the electromagnetic phenomena in the power frequency range. These 
devices have been in use for quite some time now in different areas of applications and are quite 
familiar to most of us. But there are new and not so new areas of applications which are coming 
up with the developments in other fields such that what was not viable earlier, are becoming now 
possible and useful. We shall briefly outline some of these new areas here. The basic elements of 
the underlying theory have already been discussed in various chapters earlier (i.e. Chapters 6-15) 
and hence will be referred to at relevant places. 

We will now list some of the important areas of application. Though major areas have been 
covered, it is not a fully comprehensive list and there may be areas which may not appear important 
at present, but can be important in the future due to discoveries in other allied areas: 


1. Linear transportation—both high speed long distance as well as low speed short 
distance. 

Linear pumping—linear flat as well as circular linear pumping. 

Induction heating 

Induction melting 

Induction stirring 

Controlling the flow of molten metal (i.e. steel in continuous casting of iron). 
Transportation of metal sheets by levitation. 

Sliding door openers. 

Curtain openers 

Magnetic gears 

Electromagnetic launchers 


BIO NO Oe SD Or ot 
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MHD power generation 

Superconducting motors and generators. 
Superconductivity in linear transportation. 
Electromagnetic flowmeters. 
Electromagnetic separator 

Magnetic cranes. 


22.6.2 Linear Transportation 


Though human mode of travel has been linear, most of the mechanical devices to aid and 
accelerate motion have been rotary, i.e. due to faster rotation of wheels. All mechanical devices 
like motor cars, trains, etc. and electrical devices like electric motors have achieved higher speeds 
by rotating wheels faster. The rotary motion is converted into linear motion by bringing into 
contact the edge of the wheel with the linear path. This process involves the use of friction 
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between the two surfaces because if there was no adhesion between the two surfaces (i.e. the track 
and wheel-edge) there would be no smooth rotation and instead the wheel would slip on the track. 
In the case of electrically driven wheels of the electric train, the drive motor (mostly either dc or 
ac induction-type), the axle is rotated by the rotating shaft of the motor. The shaft rotation is 
produced by the motor electromagnetically. 

The electric motor (or the generator) is basically a double cylindrical structure (Figure 22.13) 
consisting of an inner shaft-mounted cylinder and an outer cylindrical annulus mounted co-axially 
with the inner cylinder such that there is an air-gap between the two which is also of cylindrical 


RZ plane through the axis of the machine, 
through which the machine is cut and 
then torn open to make it flat 


z-direction 


Figure 22.13 Schematic of the basic structure of a rotating machine (not to scale). Slots 
and windings are not shown. Also the end-structure has been omitted. 
The magnetic field in the air-gap is radial, the current flow in the conductors 
located in the slots is axial. The effective current sheet has axially flowing 
currents. The magnetic field in the air gap is rotating circumferentially. The air 
gap magnetic field and the rotor currents interact to produce a force on the rotor 
such that it also rotates in the same direction as the magnetic field. 


annular shape. Both are magnetic in nature (i.e. made of Si-Fe sheets stacked together) and they carry 
windings for carrying currents, the windings being located near the annular air-gap between the two 
members. The inner cylinder called the rotor is the rotating member and the outer member which 
is stationary is called the stator. When the device is used for converting mechanical energy to 
electrical energy, it is called a generator and when it converts electrical energy to mechanical energy 
it is called the electric motor. The energy conversion takes place by the interaction of the travelling 
(or rotating) magnetic fields, produced by the currents (or effective current-sheets) in the two sets 
of windings, across the air-gap between the two members. “When the device is acting as an electrical 
generater, a 3-phase current is induced in the stator winding by the rotating magnetic field in the 
air-gap produced by the currents in the rotor winding.” The direction of the magnetic field is radial 
and its direction of travel is circumferential. The winding on the rotor cylinder is mechanically made 
to rotate so that there is a relative motion between the magnetic field in the air-gap and the stator 
winding, whereby an emf is induced in the winding which feeds a current into any electrical load 
connected to the winding (ref: Section 10.7.6 of Chapter 10, Sections 11.6 to 11.16.1, Chapter 11). 
When the device is operating as a motor, the rotor winding is fed with a current (direct or alternating, 
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depending on the type of motor) and this current in the winding interacts with the air-gap magnetic 
field produced by the stator currents whereby a force is generated on the rotor winding, which then 
makes the rotor to rotate in the same direction as the travelling magnetic field. This in brief is a 
qualitative description of the basic principle of operation of an electric generator or motor. The 
motor is connected with the shaft of the wheels which then rotate and the train thus runs on its iron 
tracks. Thus the rotational motion of the motor is converted into the linear motion of the train on 
its iron tracks. 

However it is possible to convert the rotary motion of the electric motor to linear motion 
directly without using the intermediate device of wheels. This can be better explained by looking 
at Figures 22.14 and 22.15. Such devices which produce a linear force directly, are called linear 
motors, and as in the case of rotary motors, there are different types of linear motors, i.e. linear direct 
current motor, linear induction motor, linear synchronous motor and so on. The most commonly 
used types for linear transportation are the linear induction motor and the linear synchronous 
motor. Since, in these types of motors, both the stator and the rotor are flat and parallel (and not 
co-axially rotating), to get the advantage of direct generation of linear force and its utilization, it 
is essential that the moving object (which would be the ‘train’ in this case) is made to levitate* 
to eliminate the loss due to friction. It should be noted that absolutely no friction is required in 
such a device, since wheels are now not required for the linear motion. So now the vehicles have 
to be both propelled as well as levitated. 


OO 
TT (C) 
Plane of cutting Soe ( —_— —— >> face 
(to open up the 


cylindrical structure) 


Directions of 
current flow Directions 
of travel 


Figure 22.14 Topological manipulations to convert a cylindrical machine (A) to a flat linear 
machine (B), and then to a tubular linear machine (C). The direction of 
magnetic flux is radial in (A), normal to the plane of paper in (B), and again 
radial in (C). 


*Note: Levitate means that the object is lifted and floats in stable condition. 
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Rotor 


Radial 
direction << Ajr-gap 


Stator 


z-direction 
Peripheral or 
circumferential direction 
Figure 22.15 Topologically opened form of the rotating machine, converting it into flat linear 
machine (the dimensions are not to scale). The windings and slots have 
not been shown. (Basis for a single-sided flat linear machine). 


The propulsion is done by the linear motor which has at least two sets of windings, ie. a 
primary winding on the stator and a secondary winding on the rotor. However this arrangement 
is interchangable and the words stator and rotor do not have any meaning in the sense of the rotary 
machines, so we shall use the words related to such schemes, i.e. one set of winding on the ‘track’ 
and another set of winding on the lower side of the vehicle arranged in the slots of laminated iron 
sheets. Usually the three-phase primary winding is in the vehicle and the secondary winding on 
the track. The vehicle is fed with single-phase ac which is converted into three-phase currents and 
then fed to the primary windings of the linear motor. If the driving motor is a linear synhronous 
motor, then the track winding also has to be fed with direct current. This is done by sectionalizing 
the winding which makes the section of the track winding live only when the vehicle is above 
it. When the driving motor is a linear induction motor, the track winding is a short-circuited 
winding whose portions become live by the induced currents only when the moving vehicle is 
above a particular portion of the track. 

The lifting and stabilization of the vehicle above the track can be done electromagnetically 
or by mechanical means, i.e. electromagnetic lifting with mechanical stabilization. The 
electromagnetic lifting can be of two types, i.e. (i) attractive lifting or (2) repulsive lifting. 
Furthermore if the train is suspended beneath the monorail type of track which is on an elevated 
level, then the primary windings can be laid above the vehicle and it can preferably be double- 
sided motor winding type. It would be clear from this brief discussion that if it is a complete 
electromagnetic scheme, there would be three sets of windings on the (or under the) vehicle for 
propulsion, supension and stabilization. In passing, it is worth mentioning that Prof. Laithwaite has 
suggested a type of winding which he called the ‘magnetic river’ where a single set of winding 
does all the three jobs, i.e. propulsion, lifting and stabilization. This was one of the late discoveries 
of Late Prof. Laithwaite, and still significant work remains to be done on this scheme before it 
becomes commercially viable. 

At present these are linear motor driven levitated trains operating in various countries all over 
the world, the oldest being in the UK and then in Germany, Japan, USA, Canada, Australia and 
China. These are of both the types, i.e. high speed long distance as well as low speed short distance 
(with frequent stops). Japan has made significant progress with a high speed levitated train using 
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superconducting coils. The latest among the levitated trains is the one in China operating between 
Shanghai airport to city centre. This runs on the ‘maglev principle’ developed in Germany using 
linear synchronous motor. 


22.6.3 Linear Pumps 


Linear pumps are the earliest application of linear motors and were used very successfully even 
before the linear motors were used for transportation purposes. Though the linear pumps can be 
either de or ac, the first successful pumping was done by using the principle of linear induction 
motor. This was done in a fast breeder reactor to transport the liquid sodium-pottassium alloy at 
the rate of 400 gallons per minute. The pumps were flat linear induction type (FLIP) which had 
two stator windings on two sides of a rectangular pipe [see Figures 22.16 and 22.17(a)] which 
replaced the rotor (or the secondary). Each stator had three-phase windings which produced 
travelling magnetic fields in the direction across the width of the pipe and travelled along the 
axis of the pipe (for analysis, see Problem: 11.14 of Electromagnetism: Problems with Solutions, 
2nd Edition, 2008, in which a simplified problem neglecting the end effects and the transverse 
edge effects has been considered). These pumps were designed and used more because of safety 
considerations than their efficiency. In fact the efficiency of these pumps was only 4% but with 
this type of design it was possible to isolate either the hydraulic or the electrical circuit separately 
without breaking the other circuit. 

It should be noted that as with the linear motors, the linear pump has lower efficiency 
compared with cylindrical devices, and the end effects are most significant compared with 
cylindrical devices. The reason for this is that in the cylindrical devices, there are only two ends 
in the axial direction. But in the flat linear devices, there are not only two axial ends, but also 
there are two transverse edges. Also the armature reaction is higher in flat linear devices compared 
to that in the cylindrical machine. 


Radial direction 
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Figure 22.16 Schematic of a double-sided flat linear machine. 
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There was also a proposal for a tubular linear pump for larger capacity pumping of the alloy. 
The conceptual design of such a device can be better understood from Figure 22.14(C). A possible 
design of the ‘rotor’ of the pump is shown in Figure 22.17(b), which shows how and where the 
secondary coils would be located. In such a structure, both the primary and the secondary windings 
would be made up of circular coils which would then be arranged in a manner to produce a three- 
phase coil arrangement located around the outer periphery of the pump and a short-circuited 
secondary to be positioned in the inner annular space of the pump as shown in Figure 22.17(b). 
However such a pump was not constructed ultimately. 


(a) Section of rectangular tube of flat linear induction pump 


Space for 


[~~ rotor coils 


Circular stator 
coils around 
the outer tube 


(b) A possible shape of a tubular linear induction pump 


Figure 22.17 Rotor tubes for linear induction pumps (not to scale). 


22.6.4 Induction Heating and Melting 


The theory of induction heating has been adequately discussed in Chapter 15, Sections 15.2, 
15.2.1, 15.3, 15.5 and 15.17 and so it will not be repeated here. Suffice it to say that induction 
heating of metal plates is a well-accepted practice in industry and ‘surface hardening’ is done by 
exploiting the concept of ‘skin effect’. 

Induction melting is merely a further extrapolation of induction heating. An arrangement for 
a suspended metal ball melting is shown in Figure 22.18. If this is done in vaccuo or an atmosphere 
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of inert gas, then highly purified liquid metal (without any oxidized surface coating, 
uncontaminated by any impurities in a crucible) can be obtained. The melted metal would also 
be suspended within the melthing-cum-levitating coil arrangement, though the shape of the molten 
metal changes to some extent as shown in Figure 22.18(b). For stable suspension, a short-circuited 


flat coil is needed to be placed at a suitable height above the crucible arrangement. 


e @ Levitating coil 
(short-circuited) 


Melting coil 


o ——" 


Figure 22.18(a) Induction melting of a spherical metal ball with levitation. 


/¢— Final shape of 
the molten metal 


/4— Initial shape of the metal 
blob before starting heating 


Figure 22.18(b) Change of shape of the metal blob. (The crucible coil is not shown here.) 


22.6.5 Induction Stirring and Valves 


Induction stirring has been widely used in steel industry and induction stirrers are commercially 
available. There are two types of stirrers possible, i.e. single-phase and three-phase. The 
three-phase stirrers which produce a travelling magnetic field are preferable as the stirring is then 


more uniform and evenly distributed as shown in the Figure 22.19. 


CO) 


Jl QO 


(a) Single-phase stirring (b) Three-phase stirring 


Figure 22.19 Induction stirring action in molten metal. 
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The use of an induction valve was suggested in the process of continuous casting of steel. 
When the molten alloy comes out of the bottom outlet of the tundish from where the process of 
continuous casting starts, it is necessary to control and stop the outflow of liquid metal at regular 
intervals. This is because at the tundish outlet there is ceramic pipe ot short axial length, which 
needs to be replaced at regular time intervals since the pipe has finite life. It was felt that during 
the closure periods if the metal flow could be controlled or stopped electromagnetically rather than 
by a mechanical device, it would be safer and cleaner. Since this pipe has circular cross-section, 
a tubular linear pump operating in reverse could do such a job in principle. It may have been 
necessary to put the secondary coils in a cylindrical enclosure, so that the molten metal would then 
come out of a cylindrical annulus rather than a simple cylindrical tube. 


22.6.6 Transportation of Metal Sheets by Levitation 


This is another direct application of linear induction motor with levitation electromagnetically. 
When galvanized iron sheets come out of the galvanizing bath, these sheets are transported on the 
rolling roller beds to the storage area. Since the sheets rub with the roller surface, there would be 
some scratches on these sheets. The rejection rate of these sheets is a function of the number of 
scratches on them. However if these sheets are levitated and propelled by linear induction motor 
(the sheets being the short-circuited secondary windings of the linear induction motor), the 
number on scratches on these sheets would be significantly reduced. 


22.6.7 Magnetic Bearings and Gears 


Magnetic bearings have been in use for quite some time now. Magnetic bearings come in a very 
wide size range, i.e. from very large ones to small ones like the suspended disc of energy meters. 
The bearings can be classified into two types, i.e. (a) active bearings in which balancing and 
positioning of the shaft is achieved by negative feedback of amplified error signals of positions of 
various points of the shaft and (b) passive bearings in which there is no negative feedback signal, 
an example being the energy meter disc. 

A point to note in this matter is “Earnshaw’s theorem’ according to which static equilibrium 
is not achievable by protential energy alone. For further information on this subject, the interested 
reader is recommended P.J. Geary’s “Magnetic Suspension”. 

Magnetic gears are a relatively recent development and work is in progress on this subject 
in different countries. One of the attractions of magnetic gears is that the wear out of the toothed 
wheels in conventional gears is eliminated by these gears. 


22.6.8 Electromagnetic Launchers 


One of the great attractions of electromagnetic launching is that environmentally it is completely 
clean and there is no chemical pollution. One of the early applications of electromagnetic 
launchers was for short take-off of planes from the deck of aircraft carriers, though it was not a 
commercial success. The plane was mounted on a flat trolley with primary winding of the linear 
induction motor underslung from the trolley-bed and the secondary winding laid out on the take- 
off surface. Subsequently a lot of work has been going on for the development of electromagnetic 
launchers. One of the successful devices has been the rail gun which uses direct current. 
Electromagnetic launching of rockets, missiles, etc. requires special generators with high energy 
output for short durations. 
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22.6.9 Electromagnetic Flowmeters 


A typical electromagnetic flowmeter for measuring the velocity of fluid has been discussed in 
Problem 6.36 of Electromagnetism: Problems with Solutions, 2nd Edition, 2008. 


22.6.10 Electromagnetic Separator 


A magnetic separator for concentrating the ore of rare earth elements was developed and 
successfully tested. There are different types of separators under development and in operation in 
a number of organizations. 


22.6.11 General Comments 


Other applications, mentioned in the list of Section 22.6.1, e.g. sliding door openers, curtain 
openers, etc. are one-off devices using small linear motors, which would use even linear dc motor 
or reluctance type linear motor. Another application where linear motors of small sizes have been 
successfully used is the ‘pen drive’ in X-Y plotters where the pen has to move in the X-direction 
as well as in the Y-direction. Magnetic cranes have been in use for quite some time now. Super- 
conducting motors and generators, in spite of their early promise, have not been accepted for 
general use as yet. Japan has successfully experimented with high speed levitated train with 
superconducting windings for the linear motor and levitation. It may be commercially viable in 
the near future. 

Rotating motors and generators have been with us for quite sometime (this application uses 
Faraday’s law of induction) and have to be analysed for eddy current effects. There are excellent 
textbooks for the study and analysis of rotating machines and hence this application has not been 
discussed in detail here. The induction devices discussed here are mostly the devices in which 
‘the eddy currents’ are ‘usefully’ used and not like rotating machines where the eddy currents are 
unwanted side-effects. 

We have given mostly introductory comments on all these applications. Most of these 
devices are now being analysed in great depth by using the numerical methods like, FEM, FDM, 
FDTD, moment method, Green’s function and so on, since the availability of modern high-speed 
computers. Discussion of these methods as applied to these problems would be a subject of more 
advanced and specalized texts beyond the scope of this book. What we have mostly discussed here, 
are the basics of electromagnetism from the point of view of applications. 


22.7 MICROSTRIP TRANSMISSION LINES AND ANTENNAE 


22.7.1 Microstrip Transmission Lines 


These transmission lines belong to a group known as parallel plate transmission line and are very 
widely used in present-day electronics, i.e. for microwave integrated circuits, and in components 
like filters, couplers resonators, antennae and so on. These lines are much more flexible in 
comparison to co-axial cables and aslo more compact. 

It consists of an infinitely large conducting plane with a metal strip placed at a distance from 
it (Figure 22.20) separated by a dielectric substrate. It is constructed by the photographic processes 
used for integrated circuits. A rigorous analytical derivation of the characteristic properties of the 
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line is rather tedious and cumbersome. Because of its open structure, the EM field leaks out of the 
dielectric substrate [Figure 22.20(b)]. An approximate formula for its characteristic impedance is 


h 
Zo = 2 ree rele for aes 
Ectt WieoAh h 

and 

1 = 120z 3 for >] 

Fett +1.393 + 0.667 In ( # 144) 

h h 

where 


taking account of the leakage field in air. 
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Figure 22.20(a) Microstrip transmission line. 
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Figure 22.20(b) Pattern of electromagnetic field of a microstrip line (at any 
section normal to the direction of transmission). 
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22.7.2 Microstrip Antenna 


The derivation of microstrip antenna from the transmission line came up with the aerospace 

applications, such as spacecraft and missiles. The basic rectangular microstrip antenna was first 

designed in 1972. Such a device is shown in Figure 22.21. The conducting patch shown in the 

figure is rectangular though it can be circular as well, or more generally it can be of any shape. 
The advantages of microstrip antennae are: 


(i) Low cost fabrication 
Gi) Can conform to curved surface of a vehicle or product 
(iii) Resistant to shock and vibration 
(iv) The range of gain is considerable 
(v) Antenna profile is small. 


Driving point 


Figure 22.21 Rectangular microstrip antenna. Patch geometry is shown to be rectangular 
here, though it can be of any shape. The feed point is located at a point 
which is chosen to match the antenna with a desired impedance. 


Some of the disadvantages of microstrip antennae are 
(i) Narrow bandwidth 


(ii) Low efficiency due to large dielectric and conductor losses 
(iii) Sensitive to environmental factors like temperature and humidity. 


22.7.3 Printed Antenna 


Due to bandwidth requirements, in some case the antenna is designed as a ‘planar antenna’. Such 
antennae are referred to as ‘printed’ antennae. Figure 22.22 shows such a ‘seven-/section omni- 
directional antenna’, which is a printed antenna. 
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Figure 22.22 A printed antenna: seven-section omnidirectional microstrip antenna. 


Appendix 1 


The Principle of Duality 


A.1.1 INTRODUCTION 


This principle can be best explained by considering a practical example, i.e. the relation between 
the theory of the electric field of a linear charge and the magnetic field of a line current. 


A.1.1.1 Line Charge 


Figure A.1.1(a) represents the electric field of an infinitely long straight thin wire charged with 
(+Q) coulombs per unit length. 


Q coulombs/unit length Lines of force 


a 


Equipotentials 


Figure A.1.1(a) Electric field of a straight, infinitely long line charge. 


The electric field E is given by 


E= =- (A.1.1) 
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The potential V, by integration, is 


Sosa, 
V= [seem (A.1.2) 


Let U be the flux function defining the lines of force. By using the conjugate relationship 


between U and V, 
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It is worth noting that whilst the potential V is single-valued, the flux function is multi-valued 
conaining an arbitrary constant (n7). This is because even though the flux between any two lines 
is a definite quantity, the absolute value of the flux is indefinite since the datum from which the 
lines of force are reckoned, has been chosen arbitrarily. From Eq. (A.1.2), the equipotentials are 
given by, r = constant, i.e. concentric circles, with radii in geometric progression for equal 


potential drop (AV), ive. 
av=[ see | (A.1.4) 
2HE N-1 


From Eq. (A.1.3), the lines of force are 


6 = constant, which are equally spaced radial lines. 


A.1.1.2 Line Current 


Figure A.1.1(b) represents the magnetic field of an infinitely long, thin, straight wire carrying a 
current J amps into the plane of the paper, so that the magnetic field intensity (strength) H is 


I 1 \( dQ 
W-ze-(B) ais 


where Q is the scalar magnetic potential due to the current, and the value of H is given at a 
distance r from the axis of the wire, perpendicular to the radius and is related in its direction to 
that of the current by the right-hand screw rule. 
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Magnetic equipotentials 


Tamperes w 


Pe 


Lines of force 


Figure A.1.1(b) Magnetic field of a straight line current. 


I 
Q=- bag Gy (A.1.6) 


The potential is thus multi-valued, and increases by an amount J which is due to the work done in 
moving the unit pole round the current-carrying wire. If C is chosen as (nz), then 


(0+ C)=0+4+nn= tan! (:] (A.1.7) 


Ge (=F | tan”! a (A.1.8) 
20 x 
OY 0Q (1 y 
dy ox | 2m ]I x24 y? 


I \(1 
Y= (= 2 | ln Ge 4 C, 


7 [ar eae (A.19) 


The conjugate flux function ‘¥ is 


or 


20 


where C; is arbitrary, and is fixed by the choice of the datum line of force. 
The magnetic equipotentials are given by 


6 = constant, which are equi-spaced radial lines. 


Also, the lines of force are given by, r = constant, which are concentric circles with radii in 
geometrical progression. 
Thus, comparing these two problems, it is seen that the potential function for the 
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electrostatic field of a charged wire is of the same form as the flux function of the magnetic field 
due to a current in the wire, and vice-versa. 

The equipotentials in one problem thereupon become the lines of force in the other and 
vice-versa. This conjugate property of the two fields is an example of the ‘Principle of Duality’, 
according to which the electrostatic lines of force correspond with the magnetic potentials, and 
the electrostatic equipotentials with the magnetic lines of force for a comparable arrangement of 
the linear charges and currents. 

By virtue of this principle, a known solution of one problem may be reciprocated into that 
of another problem, and conversely, simply by inverting the roles of two sets of lines and their 
representative functions. 


Appendix 2 


The Inverse Points of a 
Circle 


A.2.1 INVERSE POINTS 


We are given a circle with centre O, and one of its diameters COD (Figure A.2.1). If A and B are 
two points on this diameter, such that one point (say, A) is inside the circle, and the other point B 
is outside the circle, and they satisfy the relationship 


OA - OB = OC’ = OP? (A.2.1) 


where OC = OP = radius of the circle, then A and B are said to be the ‘inverse points’ with 
respect to the circle. 


T’ 


Figure A.2.1_ Inverse points of a circle and the relevant angles. 


The inverse points are such that, if two tangents to the circle are drawn from the external 
point B, i.e. BT and BT’, then the chord TT’ intersects the diameter DC (DCB) at A, the inverse 
point of B. 


GEOMETRICAL PROOF oF (A.2.1) 


Let P be a point whose locus is such that, (AP/BP) = constant. 
887 
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Then, by the theorem on proportional triangles (AAPC, ABPC; and AADP, ABDP), 


AP AC _ AD 
BP BC BD 


(A.2.2) 


For the AAPB, CP and DP are respectively the internal and the external bisectors of the 
ZP, i.e. ZS APB and APP’ respectively. 

The ZCPD is a right angle. 

The locus of P is a circle with diameter CD. 
Note: If the Zs of the AAPB are denoted as ZPAB = @, and ZPBA = y, then ZAPP’ = 6 + y, 


and ZDPP’ = ZDPA = (2 | + W). 


For the AAPD, 


ZPDA + ZDPA + ZPAD = ZPDA + (> |< +yw)+(t7-o)=2 


and 


For the AOPA, 


And for the AOPB, 


ZPDA = Z|e-» and 6. ~ZPOA = (¢-W) 
ZOPA =K-(9 —~W)-(X- O)=VW 
ZOPP’=(¢-w)+w=o 


OA _sinOPA _ sinw __ siny 
OP sinOAP sin(z-@) sing 


OB _sinOPB _ sin[y+{z-(g+wW)}]_ sing 
OP sin OBP sin y sin y 
OA OP 
OP OB 
OA - OB = OP? = OC’ 


(A.2.3a) 


(A.2.3b) 


(A.2.4a) 


(A.2.4b) 


Appendix 3 


Green’s Reciprocation 
Theorem in Electrostatics 


A.3.1 STATEMENT OF THE THEOREM 


If the charges Q), Qo,..., Q, on the conductors of a system give rise to the potentials 
Vi, Vo,..., V, respectively, and if the charges Qj, Q3,..., Q; give rise to the potentials 


Vi, V3, ..., V, respectively, then: 
Yay => av, (A.3.1) 
i=l i=l 


Proof: We first consider a system of point charges. We then multiply one point charge by the 
potential of a second charge. We now write all such quantities for the m point charges in the form 
of a matrix of n? terms, as shown below. Using Eq. (1.34) of Section 1.7.1, we write down the 
sum of the columns in the bottom row, and the sum of the horizontal rows in the extreme right- 
hand column. So we have 


0 a an 4 BN ye rr fs Wn = n Vv, 
4NEN, 4TE I) 47€ 1, 

N92 ai 0 4 9392 4 ~~ 4 _4n42 = gv, 
47€ 1,7 ATE Ip AEF, 

Nd CCE CALE , 
—_——_—- + —- + 0 + oo + ——- = V. 
47€ 1,3 ANE In; 47€1,; 43 ° 

+ oes + 

Nn 94 13In , 
tt + + ee + 0 = "4 
471, ATE I, 47E rr, Ini n 

qv + Vy + Vg FH GV 


(obtained by adding the left-hand side columns) 


As the order of the summation does not affect the final result, we can get the sum either by 
adding the terms of the last row or the last column. Equating these, we get 


3 q.V, = 3 q.Ve (A.3.2) 
s=l s=l 
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For these point charges, V, is the potential at g, due to all unprimed charges except gq, itself. All 
charges located on the same conductor are multiplied by the same potential and hence can be 
collected together. Therefore, 
Xq\V =V(zq.) =O'V (A.3.3) 
thus giving Eq. (A.3.1). 
An important application of this theorem can be seen by putting 


Qi, Q3, +» Qn = 0 


Q>, Q3, see O; = 0 
and Q; = Q3, and make the substitution in Eq. (A.3.1). 
Q\Vz = Q3V2 (A.3.4) 
ae (A3.5) 


The potential to which an uncharged conductor A is raised by putting a charge Q on B 
is same as that to which B, when uncharged, is raised by putting a charge Q on A. 
This theorem is valid, also in presence of dielectric boundaries. 


A.3.2 GREEN’S RECIPROCATION THEOREM FOR 
DIELECTRICS 


We start with Gauss’ theorem for the vector A, Le. 


Y fpa-njas, = ff (V- A)dy nae 


j=l S; v 


where the vector A is a continuous function of position in space. We take the integral over a 
closed surface S, and the other (m — 1) closed surfaces inside it, such that the integral of div A is 
defined throughout the volume v between these surfaces. Let: 


A = w(eV¢) (A.3.7) 


where y and @ are scalar quantities which are finite and continuous in the region of integration 
and can be differentiated twice, and € is a scalar which can be differentiated once and may be 
discontinuous at certain boundaries in the region. These surfaces can be excluded by drawing 
closely fitting surfaces on both the sides of these discontinuities. Then, if there are g such 
surfaces enclosing g discontinuities, adding all such contributions due to such terms Eq. (A.3.6), 


we have 
- ord) yo? 0g, whoo Og, 
4p ev| 22 Jas, +y fp ey (3 + EW | By |p 


j= = P 
j=l s; p=1 §, 


= J J J {e(V ) -(Vy)}dv + [[Jwe “(EV @)} Idv (A.3.8) 


where the single and the double dashes indicate the quantities on the two sides of the 
discontinuity interfaces. We can write a similar expression by interchanging @ and y, and 
subtracting it from (A.3.8), and thus obtain 


APPENDIX 3 GREEN’S RECIPROCATION THEOREM IN ELECTROSTATICS [EER 
Z F i ¥ ag, , oy, ff ar ag, ar OW, 
d fp E I () ~% (Sf + I (5) ¢, ee 4, 
p=l s, P P Dp Dp 
— a¢ aw 
EH le lss) (FFs 


j=l s, 


2 {ff [WV - (eV 0) - dV -(eVW)ldv (A.3.9) 


where n’s denote the unit normals at the specific places. 

In Eq. (A.3.9), let w= V be the potential of one distribution of the charges, and @ = V’ be 
that of another, and € be the permittivity. 

If the interface discontinuities have no charges (i.e. uncharged), then: 


,(0¢ )_ (00) »({ 09” 
Ep Gs fe ts Js ta (A.3.10) 


and w, = y,’ and @, = @,’, and a similar set of relations for y’s. 
The integrals over the surfaces of discontinuity are all zero. 
If there are no charges throughout the volume, 


V-(eVw=0 and V-(eV¢) =0 (A.3.11) 


The volume integral of Eq. (A.3.9) on its right-hand side = 0. 
From this equation, we have 


¥ $f [re 3) vie 2), - 


j=ls, 


or 


Thus the Green’s Reciprocation theorem holds when the dielectrics are present. 
The Reciprocation theorem can also be extended to its magnetic analogue, i.e.: 


If, when a series of electrodes are kept at the potentials V,, V>, ..., the currents leaving them are 
ij, iy, ..., and if the potentials are changed to V{, V3, ..., the currents being ij, i3, ..., then 


Live=Li'V 


Appendix 4 


Vectors in Different 
Coordinate Systems 


A.4.1 UNIT VECTORS 


A vector, whose magnitude is unity, is called a ‘unit vector’. Such vectors are dimensionless 
quantities, used to specify directions only. The symbol i with various subscripts is used to denote 
unit vectors. The unit vector can be oriented in two different ways: (1) by specifying any two 
points in space and designating the vector in the direction specified by a straight line connecting 
one point to the other; or, (2) with reference to a coordinate system. 


A.4.2 COORDINATE SYSTEMS 


Many coordinate systems are possible for the definition of the location of a point in space. If at 
every point P in space, a coordinate system is chosen so that the coordinate curves at that point 
are mutually perpendicular, then the coordinates are called orthogonal. 

In fact, there are, in use, 40 orthogonal coordinate systems, out of which only in 11 
systems, simple separation of Helmholtz and Laplace’s equations is possible, another 10 systems 
which permit R-separation of only Laplace’s equation, and the remaining 18 systems permit the 
separation of the Laplace’s equation in two dimensions only. (Note: The term separation is being 
used here to mean that the ‘method of separation of variables’ can be used in these coordinate 
systems to solve the Laplacian field problems). For further information on this topic, the 
interested reader is recommended to refer to Field Theory for Engineers and Field Theory 
Handbook by Moon & Spencer, and Methods of Theoretical Physics by Morse & Feshbach. 

Consider the coordinate curves as shown in Figure A.4.1, where wu), uz, u3 are the 
orthogonal coordinates. Let i,, i;, i; be the unit vector tangents to the respective coordinate curves 
at the point P. The unit vectors chosen are positive in the directions in which the corresponding 
coordinates increase. 

Such a coordinate system is called orthogonal curvilinear coordinate system, since the 
coordinate lengths are not necessarily straight lines (in general “curves’). Let ds,, ds, ds3, be the 
differential components which are lengths measured as positive along the coordinate curves in the 
positive directions of the coordinates. The derivatives of these arcs with respect to the 
coordinates shall be expressed as 
dsy ds; 


dente Gethe  Glahs (A.4.1) 
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uz coordinate 


u, coordinate 
Up coordinate 
hy 
Figure A.4.1 Orthogonal curvilinear coordinates. 

We remember that, in rectangular two-dimensional coordinates, in the limit 

ds? = dx’ + dy’ 
and in two-dimensional polar coordinates (r, @), the corresponding length element is 

ds’ = dr + r'dy 
So if our curvilinear coordinate system is two-dimensional, then the length element is 

ds? = hi du? + h§ dus 
And in a three-dimensional system, the length element will be 
ds? = ht dui + h3 dus + hi duz (A.4.2) 


The quantities ),, hy, hz are called the ‘scale factors’, for a change du, in the coordinate variable 
u, (say) produces a corresponding displacement (h,du,) along the coordinate line. In general, h 
can vary from point to point in space. At times these scale factors are also expressed as 


hy = ore hy = 4 aon hy = Jess (A.4.3) 


where 1), 222, and g33 are called the ‘metric coefficients’. It is important to remember that duj, 
dun, duz are not in general distances. The distances are (h,du,), (hyduz), (h3du3) or 


(Veen } [(vee en}. [ (Jena } 


A.4.3. DEVELOPMENT OF METRIC COEFFICIENTS 


We shall now develop a formula by means of which we can calculate the metric coefficients for 
any coordinate system. Let us consider the system most familiar to us, i.e. a rectangular Cartesian 
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coordinate system (x, y, z), and a general curvilinear coordinate system (uw, U2, u3). Then the 
functional relationship between the two systems, in general terms can be written as 


X= X(Uy, U2, U3), y= y(uy, U2, U3), l= Z(uy, U2, U3) (A.4.4) 


Differentiating Eqs. (A.4.4), we get 


gee Go Je 4 tan + can (A.4.5a) 


dy = Gag + Cag 4: can (A.4.5b) 
ra + Can 4: si (A.4.5c) 


But in the rectangular coordinates, 
ds* = dx’ + dy’ + d? (A.4.5d) 
Hence, substituting, we have 


ax ) (ay ) (a ) 
2 x y < 2 
ds Caucauca du} 
ax ) (ay ).( a ) 
Ou du, du, 
ax ) .( ay ) (az ) 
Ou, Ou, Ou, 
ox \{ dx oy oy dz dz 
2 
‘i [z \ ze (am (ze }+(a \ee Jena 
|| 2 Oe |e |) Oe | Oe I se du du; 
du, || du; du, || du; du, || du; 
ox || ox oy oy dz Oz 
2 A.4. 
- (2 Ge Jar lz }+(a (é Jet ee) 
It is obvious geometrically from (Figure A.4.2), the theorem of Pythagoras, that the cross- 
products in the above equation must be zero, if uw ,, u, and u3 are mutually orthogonal. 
In fact, the vanishing of the last three cross-product terms in Eq. (A.4.6) constitutes the 


necessary and sufficient conditions for the orthogonality. 
Comparison of Eq. (A.4.6) with Eqs. (A.4.2) and (A.4.3) shows that for the orthogonal 


coordinate systems, 
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Figure A.4.2 Length elements in a general curvilinear coordinate system. 


2 2 2 
Se: oy az 
8ii = (sr + & ) + (Sr (A.4.7) 


A.4.4 TENSOR NOTATION 


where i = 1, 2, 3. 


The expressions of the previous section can be expressed in a very simple manner if they are 
expressed as ‘tensors’ (though the knowledge of tensors is not really necessary to understand the 
present material). 


When there are two coordinate systems (say) (u;, Uo, U3) and (uj, u3, U3), the relations 
corresponding to Eqs. (A.4.5) are 


aoe Ou’, 3 Ou; i ou; y 
uy = Ou, uy; + Ou, uy + Ou; Uz 

ae Ou; Ou’; F ou’; , 
uz = Ou, uy; + Ou uy + Quy Uz 


3 , 
; Ou; 
du’ = > xe Jew (A.4.8a) 


or 
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where i = 1, 2, 3, and i’ = 1, 2, 3. The ‘Einstein summation convention’ omits the summation (2) 
when the same index is used above and below. Thus the three equations can be written very 
simply as 


i 


du’ = E Jew (A.4.8b) 


So corresponding to Eq. (A.4.5d), 
(A.4.9) 


225 Om Oe, (A.4.10) 
Y £4\ du; ji du; 


The matrix of the metric coefficients is 


where the metric coefficients are 


Sj =| 81 812 $13 (A.4.11) 
§21 822 = $23 
§31 832 833 
and its determinant is called g 
§= {81 812 813 (A.4.12) 
821 822 823 
§31 832 = 833 


The inverse metric coefficient g’ (which is sometimes useful) is defined by the equation 
ge = Of (A.4.13) 
where 6j is the Kronecker delta 
=1, fiek 
= 0, ifitzk (A.4.14) 


For the ‘orthogonal coordinate systems’, 9; = 0, if i # j, and hence 


Si = | S11 0 0 


0 §22 0 
0 0 §33 
gi = a 0 0 (A.4.15) 
S11 
0 a2 0 
$22 

) 0 Jt 

§33 


and 
§ = 811822833 
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and 


3 a »~ 
where gj = >a : 


k=1 


ds’ = g,(du;)" (A.4.16) 


A.4.5 LENGTH, AREA, VOLUME 


Infinitesimal distances expressed in the generalized coordinates are 
ds, = h, du, _ (Jen )du,, ds = hy duy = (./s22 ) du, ds; = h3duz = € | 233 ) dus 
so that 
ds* = gy, dut + 8o7.du3 + 833 du (A.4.17) 


The directions of ds,, ds,, ds3; are given by the directions of the unit vectors i,, i,, and i, 
respectively. 
Similarly, the differential areas are 


dA = hyhy du duy = (4/g11892 )duy duy (A.4.18a) 
V 822833 uy dus (A.4.18b) 


V 833811 duz du, (A.4.18c) 


dv = hyhyhz du, duy duz = | 4/811 890833 ) du, duy du; (A.4.19) 


dA, = hyh, duy duz = 


dA, = h3h, duz du, = 
The differential volume 


( 
( 
( 
( 


A.4.6 SPECIFIC ORTHOGONAL COORDINATE SYSTEMS AND 
ASSOCIATED UNIT VECTORS 


The most common orthogonal coordinate systems are Rectangular Cartesian, Cylindrical Polar, 
Spherical Polar. In the present text, only the right-handed systems are used, i.e. if the unit vector 
i, is rotated into iy, the resulting direction of advance of a right-handed screw thread establishes 
the direction of the third unit vector i, as 


i, =i, Xi 


A.4.6.1 Rectangular Cartesian Coordinate System 


In Cartesian system of coordinates, the unit vectors may be denoted as 


i,—unit vector in the +x direction 
i,—unit vector in the +y direction 


i,—unit vector in the +z direction 


The unit vectors are shown in Figure A.4.3. 
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. 


x 


Figure A.4.3 Rectangular Cartesian coordinate system. 


In the above system, the differential components of the general arc ds are identical with the 
differentials of the coordinates. 


uy = S, = X, Uy = So =), Uz= 8S, =Z (A.4.20) 
and as a consequence: 
hy = hy = hg = 1 and = 811 = 822 = 833 = 1 (A.4.21) 
ds, = dx, ds = dy, ds; = dz (A.4.22) 
dA, = dydz, dA, = dzdx, dA; = dxdy (A.4.23) 
dv = dxdydz (A.4.24) 


A.4.6.2 Cylindrical Polar Coordinate System 


A radial distance (in x-y or parallel plane), an angular displacement (in the same plane as the 
radius above), and an axial displacement may be used to describe a cylindrical polar coordinate 
system which is orthogonal. Figure A.4.4 illustrates the cylindrical coordinates (r, @, z), and the 
corresponding unit vectors in the positive directions are i,, ig, i,. Note that i, is still a unit vector 
in the z-direction, and is same as the i, in the Cartesian coordinate system. 

From Figure A.4.4, 


ds, = dr, ds = d@, ds3 = dz (A.4.25) 
uy =r, Uy = @, uz = Z (A.4.26) 
du, = dr, duy = dd, du = dz (A.4.27) 
and 
dr rd@ dz 
hy = ae ; hy “doe =T, h; = re = 1 (A.4.28a) 


09 
| 
i 
OQ 
N 
NR 
| 
y 
a9 
Ww 
wo 
| 
Le 
a 
ll 
W 


(A.4.28b) 
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Py 


x dr 


Figure A.4.4 Cylindrical polar coordinate system. 


ds? = dr’ + r’d@’ + dz’ (A.4.29) 
dA, = rd dz, dA, = dzdr, dA; = rdrd@ (A.4.30) 
dv = rdrdodz (A.4.31) 


A.4.6.3 Spherical Polar Coordinate System 


A radial displacement (about the origin), and two angular displacements may be used to establish 
a spherical coordinate system which is also orthogonal. 

Figure A.4.5 illustrates the spherical polar coordinate system (p, @, @), and the unit vectors 
in the directions of the coordinate axes are ip, ig, ig. Note that ig is same in both the cylindrical 
and the spherical coordinate systems. 

From Figure A.4.5, 


ds, = dp, ds» = pd, ds; = p sin 0 do (A.4.32) 
uy = p, un = 0, u3= @ (A.4.33) 
du, = dp, du, = dé, duz = do (A.4.34) 
and 
d d ; d : 
hy = oi = ee Ga =p, Iy=psin@ (<3 =psin@ (A.4.35a) 


si=l, gn=p, gy3=p'sin@, fg =p sin @ (A.4.35b) 


ds? = dp” + p’d@” + p’ sin’@d¢” (A.4.36) 
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OP =p 
PQ = dp 
ZPOR = do 
arc PR = pdoé 


Figure A.4.5 Spherical polar coordinate system (showing the details of the volume elements). 


dA, = p’ sin @d@d@,  dA,=psin @dpdd, dA; = pdpdé (A.4.37) 
dv = p* sin @dpd@do (A.4.38) 


A.4.7 RADIUS VECTORS AND ELEMENTS OF LENGTHS 


In Cartesian coordinates, 


r=ixtby+iz (A.4.39) 
dr or dl = i, dx + i,dy + i,dz (A.4.40) 

In cylindrical coordinates, 
r=ir+ i,z (A.4.41) 
dr or dl = i,dr + igrdg + i,dz (A.4.42) 

In spherical coordinates, 

r=i,9 (A.4.43) 
dr or dl = i,dp + igo dO + isp sin Odo (A.4.44) 


A.4.8 VECTOR OPERATOR V 


As we have seen earlier, the vectors, in general, may be functions of both space and time. The 
operator ‘del’ (= V) is a vector function space operator which, when expressed in ‘differential 
terms’ can be defined through the partial derivatives with respect to space. Physically what the 
partial differentiation implies is that during this space operation, we are holding the instant of 
time fixed, while investigating their spatial behaviour. 
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In any orthogonal coordinate system, the vector operator V is 


.( 0 {2 .( 0 
V =1, (sz }* 1, Gal lh (| (A.4.45) 


or, in terms of the coordinates (u,, uz, v3), since, in general, the spatial differential ds = hdu, 


.{ i ) .{ 1 e) .{ 1 ) 
s(t) 


or, in terms of the metric coefficients, 


m(arkoGieki(els) 


In Cartesian coordinates, 


(A.4.48) 


In cylindrical coordinates, 


d +i ce 
a z| Bz (A.4.49) 


‘ 1 ) 
+g [pana and los ) (A.4.50) 
Note: For Cartesian coordinates, 


hy = hy = hy = 1 = fay, =Jfen =JS233 (A.4.51a) 


In spherical coordinates, 


and 
uy = Xx, uy = J, uz =Z (A.4.5 1b) 
For cylindrical coordinates, 


hy =l= V 811° hy =L= .[8; hz = = 833 (A.4.52a) 


and 
uy = 1, Ur = @, uz =Z (A.4.52b) 
For spherical coordinates, 
mele dei. MmaP=alens Ba psinO= Je, (A.4.53a) 
and 
uy = /, uy = 9, u,= (A.4.53b) 


A.4.9 GRADIENT OF A SCALAR FUNCTION (= Vo) 


In the curvilinear coordinate system, 


Sil ee ogee aa | ee 
reat; (x Jolie I 2 igc i ] (44.54) 


| 902 | ELECTROMAGNETISM: THEORY AND APPLICATIONS 


In terms of the metric coefficients, 


: 1 0p). 1 09 ; 1 0p 
V = + + = A.4.55 
p=i, lz ] | os lz ] | as \z ] ( ) 


In the three orthogonal coordinate systems, this will be 


Cartesian: Vest | 2 a 2 (A.4.56) 
ox *| dy “| dz 
er _.(09),.(1\0@),. (og 
Cylindrical: Vo= i, Gai iy - (#} i. (2 (A.4.57) 
a _, (99),, (lL \o@),. i el) 
Spherical: Vo= 1 58 J+ i 5 | 50 |* [pana | ae (A.4.58) 


(Note: @ is a scalar space function.) 


A.4.10 DIVERGENCE OF A VECTOR (= V - A) 


In the curvilinear coordinate system, 


1 ) P) a 
V-A= for \ am Jos h3A + (sr | h,A,) + Cana (A.4.59) 


or, in terms of the metric coefficients, 


rate ac) (MoT «fT oe 


where 


A= iA, + LA, + 1,A3 (A.4.61) 


The above expressions simplify to: 


C ian: V-A= on el ae A.4.62 
artesian: ed ea a a (A.4.62) 
i ined i a} (a }om] 
Cylindrical: = |(rA,) + (A 9) + (rA,) 
) dz 
[53] 0A, 
[5 ce (A.4.63) 
Spherical: V+ A= : ce (p” sin BA.) + : (p sin 8Ag) + a (pA) 
p sin@ op 00 ag : 


2A 0A 1 \( 0A,g cot 6 1 oA 
=, £27 p Vig 
aay + ap ae PY) ial 7 Jo +( asi al a0 ] (A.4.64) 
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A.4.11 CURL OF A VECTOR (= V x A) 


In the curvilinear coordinate system, the curl of a vector can be expressed in differential form, as 
the following determinant, 


et ih; ighy — ishy (A.4.65) 
C E d 


or expressing in terms of the metric coefficients, 


VxXA= fa i a i, ei i; Ve) (A.4.66) 


du; du dus 
(Vai )4: (Vn )42 (Ven )As 


This simplifies to the following in the three orthogonal coordinate systems: 


Cartesian: VxA=]i, i, i, (A.4.67) 
oa. Sf 
ox oy az 
A,. Ay 4 
1 ° ° . 
Cylindrical: Vx A= (| : : ; (A.4.68) 
or 0G az 
Ay TAg E 
. 1 i ig? i,psin@ 
Spherical: Vx A= |—=—— (A.4.69) 
p sin @ ) e) 


a re 
dp 00 dd 
A, PAg psin OA, 


A.4.12 (SCALAR) LAPLACIAN V? = DIVERGENCE OF THE 
GRADIENT OF A SCALAR FUNCTION o 


From Eq. (A.4.54), in the curvilinear coordinates, 
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div grad p= V-Vo=V’oe 


a (i 
aCe boa ce | 


Or in terms of metric coefficients, 


re-(e) 
MEEVEE oe 


Either of these two expressions will reduce to the following in the three orthogonal coordinate 
systems: 


Guise. You (Fe }{52 } (Fe) nas 
ve woo (2) (SNES EEE 
(JERE) 
omen we-[ptll oo) 
(sa) po(ze)}+(a5 seo) 
OSHS sin) 


A.4.13 RELATIONS BETWEEN THE THREE ORTHOGONAL 
COORDINATE SYSTEMS 


A.4.13.1 Cartesian (x, y, z) and Cylindrical (7, ¢, z) 
x =r cos @, y=rsin @, Z=2Z (A.4.75a) 


Party, = tan! (= z=2 (A.4.75b) 
XxX 


APPENDIX 4 VECTORS IN DIFFERENT COORDINATE SYSTEMS [EY 


A.4.13.2 Cartesian (x, y, z) and Spherical (p, 0, ¢) 
x =p sin 0 cos @, y=p sin @sin @, z= pcos 0 (A.4.76a) 
2, fe 2 
paxrty+?2, o=tan [} 6 = tan”! _ (A.4.76b) 


A.4.13.3 Cylindrical (r, ¢, z) and Spherical (p, 0, ¢) 


r sin 0= p, d= @, rcos @=zZz (A.4.77a) 


r- + 2 = ir: @ = d, (a = tan7! (= (A.4.77b) 


A.4.14 PARTIAL DERIVATIVES OF THE UNIT VECTORS OF 
THE THREE ORTHOGONAL COORDINATE SYSTEMS 


The unit vectors of a Cartesian coordinate system (i,, i,, i,) are oriented in a fixed direction, 
irrespective of the variations of any of the coordinates x, y, or z. Hence all the partial derivatives 
are zero, i.e. 


a a a a a (A.4.78) 


ox oy oz ox oy daz ox ody 


Let us now consider the variation of another unit vector, (say) i, in two-dimensional cylindrical 
coordinate system (for simplicity of understanding), with respect to @ (see Figure A.4.6) . 


Figure A.4.6 Vector diagram for evaluating di,/dd. 


From the above figure, it should be noted that the change in i, as @ changes is (F3 oe 


and this change is in the direction of ig. 


di, 


og 


The magnitude of the partial derivative e divided by the magnitude of the unit 


vector i, is dd, 1.e. 
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zal 
; =d@ (A.4.79) 
di 
rl =| A.4.80 
| a6 ( ) 
and its direction is that of ig. 
di ; 
a6 = iy (A.4.81) 
Hence the 9 derivatives of the cylindrical coordinate system can be shown to be: 
di, dig di, = 
ar = 0, ae = 0, ie =0 (A.4.82a) 
oi, dig oi, 
raj, —=-i,, —=0 A.4.82b 
oo * wo” a nan 
di, dig di. 
ag =0, De. = 0, De =0 (A.4.82c) 
Similarly in the spherical coordinate system, 
oi di Oi 
p 0 g 
=. =U, — = 0, ——= = @) 
dp op op (A.4.83a) 
oi di oi 
Pp 0 : 9 
aa coe —2=-j,, —1=0 A.4.83b 
00°” 06 '” 90 ; 
di di di : 
ry =i, sin 0. ae =i, cos 0. ae = i, sin @ — ig cos @ (A.4.83c) 


A.4.15 CURL OF THE CURL OF A VECTOR 


In general, in the curvilinear orthogonal coordinate system, the curl curl A is 


vorasa(sele leek por (bl 
(eet po ep 
fell >>-)l 
co eee 
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ofse|lz ek orp} 
tele eelh 


Or in metric coefficient form, 


where 


I Bala cuon 53 vena.) (A485) 


In the three orthogonal coordinate systems: 


aA, 0A, 07, oA, 
oxoy dy” az? 0zox 


_ | 074, oc. 2 o°A 
bie dydz az? ams — 


a4 A, dA, O°A 
ree ax? iy? 7 


aaa _ |(LY Ae |, (1 240 aA, 
Cylindrical: V x V x A = i, (Beane J PY He 2 (3 PY 
: 1 0° A, 0° A, | 2% 
ry E ] dgdz 7 az? iG 


Cartesian: VxVxA= i, : 


(A.4.86) 


{5} 52] 
Ie} 


= a 
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georges) 
Bei )} OE) 
: (+? 1 J+] ae | aasn 
enevessf 3) rh rs mala 
(S15 He [se Heel 
“ll sae) ¥es1 \z “Ie 
laa) Fs} SHES) 
2%) 2-083] 
Lavo) (85) BREHE Hes 
seated cance td 
(S52) “ws 


A.4.16 VECTOR LAPLACIAN (= V?A) 


The vector Laplacian, when applied to a vector is 
VA = grad div A — curl curl A 


and using the scalar operator V7 on the vector, we get in the curvilinear coordinate system: 


24 1 0 hyh, a 
~ Ges ll& Il hy }\ ou ei eee a) 
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0d). ; : 
+ F ee = Jaa +1,A, + 10 
h Me 0). . : 
+| 5 Ou, (i, A, + i, A, i i,A;) (A.4.89) 


Or in terms of metric coefficients, 


where 


Bede) (oa vs ae] 


and I}, [, 13 are as in Eq. (A.4.85). 
In the Cartesian coordinates: 


2 2 2 
V7A = i, pe 
rs oy az 


(A.4.91) 


In the cylindrical coordinae system: 
a oa cana Ca 
gana ae cage, 
+4, {3 oe eaue [ss (33 | (4.492 


+ 
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In the spherical coordinate system: 


me 
} a i a 


8 
0 
(215 . 
A 


6 


(als) er 8) (ea }E%) 
(Ses) 3) FF] 
+l (Fe) BG} a] 
ouesenenica 
(3 sa} (38 } a = ala a6 | (44.93) 


A.4.17 GRADIENT OF THE DIVERGENCE OF A VECTOR 


Ag 


| (ates) 
| 


In the curvilinear coordinate system: 


grad div A= V(V- A) =i, c \ er Wes Jota 
“(as Jonny [spe - faa 
, {1 4) 1 4) 
th C | or | ast Wea Jaan 
“(aes Jiomar+ (ar -}oumsao} 
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.{ 1 rs) 1 ) 
. off [ar te ts ae 
07 
In terms of the metric coefficients, 
i oT i oT i 
grad div A = V(V - A) = : Se | |: 3 
 (z) | 822 | duty §33 
where 
1 e) g r) ce. ) 
T= A — —— A.4.95b 
Rae { 7 fiz { a a (ie 7 i wo 


In the three orthogonal coordinate systems: 


2 0° A, 2 
Cartesian: V(V - A) = i, E He re | 


oT 
5 ] (A.4.95a) 


ax ree Di07 


oe 2 Aes a’ A, oA: 
2 dxdy gy? ~— dydz 


‘(aa dA, 07 A, Adie 
adn Gide at oo 
a . |{ d7A, 1 \( 0A, A, 
Cylindrical: V(V - A) = i, ( 52 at { ay (4 


| 
“SESH Le} 


(A.4.97) 
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aA 2 \( 0A 2 
Spherical: V(V - A) = i Zhe f= A 
~~ wf 9013) 
{cot | 04g ) 0° Ag 1 \( 0A, 
p 0p dpde | p | 0@ 
_{ cot@ |, 1 \ 5a |- 1 (3 
p - [Sina | dgdp c a [TS 
a7A 
+l (5 [ae85 (2138 (acca) 
gi 0°Ag |, cot 0 he 
p | aw im 
‘ 1 0° Ay _[ coté 3 
p’sin 0 0006 p'sin 0 
1 a°A, 2 
tig : > 
(Sana | apee | p sind a 
cot@ |( dA, 1 a Ay 1 dA, 
+ + + 
p sing |\ 9¢ p'sin@ || 0009 psin’ @ || og" 


(A.4.98) 


A.4.18 DIVERGENCE OF THE CURL OF A VECTOR 


This is a vector identity, which in curvilinear coordinates is: 


V-(VxA)= : a” (,A,) -| 2 — |) + a” (h,A,) 
h, hy h, dujdu; |? * om,0m |" = di dig, |" 
a a a 
a saa Ja 7 Go Ou; Jean 7 sare Jinan] 
=0 (A.4.99) 


(Note that the order of differentiation is immaterial.) 


A.4.19 CURL OF THE GRADIENT OF A SCALAR 


This is another vector identity, i.e. 


1 ; vo oo 
COD fon Jus sa Ou, dU, 


_, (a9 a9 \,.,( % a9 
toh, Ce OM, OU; ae Ou, Ou, du, OU 
=(0 (A.4.100) 


Appendix 5 


Some Important 
Physical Constants 


Permittivity of free space 
By 8854 x 10 |= 10” farads/metre 
—_ 36 


Permeability of free space (absolute permeability) 


Lo = 42 x 107’ henry/metre 
1 
Velocity of light in vacuum, cy = ——== 
V M00 
= 2.998 x 10° (= 3 x 10°) metres/sec 
eee Ho 
Intrinsic impedance of vacuum, Zo = - 
0 
= 376.7 (= 120m) Q 
Charge of an electron, e = 1.60202 x 107’? coulomb 
Electron rest mass, m, = 9.1083 x 107°! kg = 0.511 MeV 
(Charge/mass) of electron (e/m,) = 1.7589 x 10" coulombs/kg 


Proton rest mass, m, = 1.6724 x 10°’ kg = 938 MeV 


2 


Classical electron radius, jo in 2.8178 x 107! metres 
47 eym,c 


47€,h* 
47°m,e° 


Planck’s constant, h = 6.6252 x 10-** joules-sec 


Bohr radius, = 5.2917 x 10°7!! metres 


Boltzmann’s constant, k = 1.3804 x 10° joules/K 


Avogadro’s number, Ny = 6.0249 x 10° /kg 
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Appendix 6 


A Circuit for Experimental 
Verification of One of the 
Maxwell’s Equations 
(Faraday’s Law of Induction) 


A.6.1 INTRODUCTION 


The subject-matter discussed here is based on the material contained in Chapters 6, 12, 13, 15, 
and 17. 

The basic elements in circuit theory are two-terminal generators, resistors, capacitors, and 
inductors (coils). Any number of these elements, connected by conducting wires, makes an 
electrical network. From the approach of field theory, the analysis of such a network would be 
extremely complicated because the spatial distribution of the elements and the orientation of the 
connecting conducting wires can be geometrically highly irregular. The boundaries would have no 
simple regular shapes and the medium would be in-homogeneous. In most of the cases no closed- 
form analytical solution would be possible. 

Yet very large number of such networks have been and are being solved by the methods of 
circuit theory; and the solutions thus obtained have been the basis of the designs of many 
practical devices which we encounter everyday. The agreement between the practice and the 
predictions based on this simple theory has been excellent. That the circuit theory is an 
approximate theory is very obvious, and yet the accuracy of its results in a very large number of 
cases has been so high, that no better solution is required. As with any approximate theory, the 
circuit theory is valid, only under certain circumstances. A knowledge of the range of its validity 
is important for the engineers dealing with it. 


A.6.2 THE CIRCUIT THEORY AND ITS LIMITATIONS 


The circuit theory is essentially a one-dimensional simplification of the field theory which deals 
with two- and three-dimensional spatial distributions. It (circuit theory) cannot consider the 
effects of space boundary conditions as is done in field theory problems. 

The circuit theory is based on the two following assumptions: 
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1. No charges are accumulated in the regions of the nodes of a circuit and on the 
interconnecting conductors. This condition then permits the validity of the Kirchhoff’s 
first law to be extended to time-varying currents. This law is effectively a special case 
of the equation of continuity in integral form, 1.e. 


fps a (A.6.1) 
S 
For circuits, it is expressed as 
» i=0 (A.6.2) 
any node 


which is an extension of Eq. (6.26), now taking account of the time-varying currents as 
well. 

2. Kirchhoff’s second law is for the potential differences in a circuit. It can be stated as 
“the line-integral of the ‘total’ electric field intensity and can now be associated 
uniquely with any pairs of nodes of two-terminal network elements from which the 
network is built”. Under this condition, the mathematical statement of the law can be 
written in a slightly different form from Eq. (6.38), as 


SY a) -— SIV - VQ] =0 (for any closed loop) (A.6.3) 


where the difference [V,(t) — V;(t)] is the potential difference between the terminals 
i and j of two-terminal elements along a given closed contour. 


Both, this equation and Eq. (6.38) are effectively special cases of the integral form of the 
Maxwell’s equation for Faraday’s induction law, i.e. 


pe ee (A.6.4) 
Cc 
When only resistors, capacitors, and inductors are present in the circuit, Eq. (A.6.3) takes the 
form 
: . ditt) 1 ff. 
(t) — R L — | i(t)dt |=0 A.6. 
x70) >| i) +L + — Jie (A.6.5) 


When the source emf produces sinusoidal time-varying currents, by using the complex notation, 
the above equation becomes 


1 
yYv- >| # + jolt, += 1 =0 (A.6.6) 


where V’s and /’s represent complex amplitudes. 

There are two limitations implicitely assumed in these two laws. Since it was assumed that 
no charges are present on interconnecting conductors, it implies that the electric field is localized 
inside the elements themselves. This means that the displacement current density 
(= dD/dt) is negligible, and hence the retardation effects are ignored. Hence for sinusoidally time- 
varying currents of frequency f(= @/27), the largest dimension of the circuit (= d, say) must be 


<< Value. 


So it could be seen that the Kirchhoff’s two laws would enable us to analyze such circuits 
or networks to evaluate the branch currents and the potential differences (P.D’s.) between any 
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two nodes uniquely. This means that in such a network, the P.D. between any two points (or 
nodes) depends only on the potential values of the nodes and is independent of the path traversed 
by the contour, i.e. for the two nodes A and B on a contour of the network, 


B 
Van =~ [E-dl=Vy - Vp (A.6.7) 
A 


A.6.3 CIRCULATING CURRENT CIRCUIT 


This (the above) is in general true for circuits in which the energy source is a battery or ac 
generator (or oscillator). But there are circuits in which the time-varying currents can be produced 
by, say, a time-varying magnetic field distributed in a region which is enclosed by a contour 
along which a circuit containing passive elements can be constructed. In such a circuit, it will be 
found that the P.D. between the two nodes (of an element) would not be a unique function of the 
potentials of the concerned nodes, but would also depend on the orientation and location of the 
contour along which the distance between the nodes is being traversed. What is being implied is 
that up to Chapter 6 and in the present discussion (in this Appendix so far), from Eq. (A.6.4), the 
relationship of the electric intensity vector E with the potential V is given by the equation 


E = — grad V=—- VV (A.6.8) 


which holds true for both steady currents (time-invariant) as well as for time-varying currents 
(which includes sinusoidally time-varying currents as well). However we will now consider a 
circuit whose behaviour cannot be fully explained by the equations considered so far, and can 
only be explained rigorously by the integral form of Maxwell’s equation for Faraday’s law of 
induction. This circuit was first discussed by Haus and Melcher!!! and then by Woodson and 
Melcher”), 

The circuit under consideration consists of two resistors R, and R, (where R, # R,) looped 
round one limb of a rectangular laminated core, around the other limb of which is wound an 
exciting coil supplied from an alternating current source which in this case is a single-phase 
transformer (Figure A.6.1). The current in the exciting coil produces an alternating magnetic flax 
in the iron core, which links the loop of the circuit PR,QR,P, as shown in the Figure A.6.2. Since 
the core is made up of highly permeable iron laminations (CRGO steel), the alternating magnetic 
flux in it (the core), generated by the alternating current [= i exp(j@s)] in the exciting coil, would 
be inside the iron laminations and there would be no leakage flux in the surrounding air-space. 
As the loop circuit is enclosing an alternating magnetic flux [of density B exp(j@t)] in the iron 
core, there would be a ‘circulating current’ in it, even though there is no emf or alternating 
current source connected to it. The current and the induced emf in the circuit is given by the 
integral form of Maxwell’s equation for Faraday’s law of induction, i.e. 


fr-a=-< {pas (A.6.9) 
Cc 


where C is the contour enclosing the surface S. 

In the present situation, C is the loop PR,QR,P and S is the area enclosed by the contour of 
this loop. Since all the magnetic flux is in the iron core and there is no leakage flux in the 
surrounding air-space, the effective value of S would be the cross-sectional area of the rectangular 
core (= A, say) where the average flux density is B exp(j@f) produced by an JN-turn coil 
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Figure A.6.1_ Pictorial view of a magnetic circuit for generating circulating current. 


P 


Area A 
&) Belo Tele | 


Q 
Figure A.6.2 Cross-section of the magnetic flux area within the circulating current circuit. 


enclosing the other limb of the core, and carrying a current i exp(j@t). 
The total flux linked by the loop C (PR,QR,P) = ® = AB exp(jat) 
The emf in the contour C due to the alternating flux linked by it 


=V=(E-dl= (R, + R,) L exp(jat) =-£ [4B exp (jar)| 
Cc 


(A.6.10) 


where J exp(jaf) is the current flowing in the loop due to the induced emf (Figure A.6.2). 

To find the P.D. between the points P and Q—the joints of the resistors R, and R,, we 
connect two voltmeters to these two points and position them as indicated in Figure A.6.3, ie. 
V, and V;,. To obtain the values V, and V;, (i.e. the voltmeter readings), we need to consider the 
line integrals of E along the contours C, and C; as shown in Figure A.6.3. Since these two 
contours enclose no magnetic flux at all, we get 


GE -dl=V, exp(jat) + RI exp(jat) =0 
Cc 


a 


GE - dl = V, exp( jot) — R,I exp(jat) = 0 
G 


(A.6.1 1a) 


(A.6.11b) 
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Figure A.6.3 Circulating current circuit with measuring voltmeters, and showing 
the contours for integration. 


From Eq. (A.6.10), 


fo (A.6.12) 
R,+R, 
. OR, AB _ _ , @R, AB 
‘= IRR, and V,= IR +R, (A6.13) 


Since R, #R,, |V,|#|V,|- 

Thus it is seen that Vpg measured by two voltmeters (of identical nature), both connected to 
the points P and Q but following different contours (and hence following different contours for 
the line-integrals as well) C, and C, (Figure A.6.3), does not produce a unique value. We obtain 
two values V, and V, which are unequal. An experimental verification of this double-valued 
nature of the P.D. is shown in Plates 4 and 5 which show the actual experimental set-up using a 
rectangular laminated core, and the two resistors are R, = 5 Q and R, = 10 Q. The two voltmeters 
V, and V, have been replaced by the two beams of a double-beam CRO in which both beams are 
supplied from the points P and Q but the connecting leads follow the different contours C, and 
C,. From Plate 5, it is seen that the magnitudes of the two ‘P.D’s’ are such that V, = '/,V,. So it 
is obvious that in a circuit as this, the ‘P.D.’ between any two points is very much a function of 
the contour along which it is measured, and does not satisfy Eqs. (A.6.7) and (A.6.8). 

Since the current in the circuit is produced by a time-varying magnetic field (distributed in 
space), the relationship between the electric field intensity E and the potential V is given by 

oA 
E=-VV 7 (13.49) 
where A is the magnetic vector potential of the magnetic field, as we have seen earlier in 
Chapter 13. This equation defines the ‘total electric field intensity E’, and the time-integral of the 
total electric field intensity is referred to as the “voltage between the two points P and Q” (for 
want of a better nomenclature). We designate it as 


Q Q A 
Vi = JE-dl=- [| vv += dl (A.6.14) 
P 


P 
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The first term on the right-hand side is precisely the ‘potential difference’ between the two points, 
Le. 


3 
Viz =(Vp — Vo) -< [aed (A.6.15) 


Hence the concepts of ‘voltage between two points’ and ‘potential difference between two points’ 
are different and not equal. Only in the static case, they become identical. The P.D. 
(Vp — Vo) is a function of the two points P and Q only. But the second term on the right-hand 
side is a function of the particular path between the points P and Q. Thus in the circuit of the 
Figures A.6.2 and A.6.3, 


Q P 
fa-a+ [a-a= |[B-as=o 
P Q 


along R, along R, 
so that 
Q Q 
fa-a=[a-a+o (A.6.16) 
P P 
along R, along R, 
om 
Vi2 along R, = Vio along R, Ot (A.6.17) 


where ® is the magnetic flux through the contour PR,QR,P. This means that for such circuits, the 
voltmeter readings for measuring the voltage between two points on the circuit, would be 
different for different shapes of the connecting leads. This is an important conclusion for the 
time-varying electromagnetic fields. This conclusion violates the basic assumption of the circuit 
theory that the voltage between the two points in a circuit is unique because the magnetic field 
due to the circuit elements is concentrated inside the elements and can be ignored elsewhere. This 
assumption is thus seen to be incorrect when the current in the circuit is produced by a space 
distributed time-varying electromagnetic field. 

This type of current, commonly known as circulating current (Pramanik'*!), is seen in many 
practical situations, such as the rotor bar currents in the short-circuited cage of squirrel cage 
induction motors, currents in the secondary windings of transformers under short-circuited 
conditions, alternating currents in the shafts of either induction or synchronous (turbo-generators 
and hydrogenerators) machines, arising out of magnetic dissymmetry in their cores. Other 
examples are the more commonly known eddy current loops in solid structures of metals (or 
conducting media) in the immediate vicinity of any generated alternating magnetic fields in 
different devices. Even the currents for cooking generated in the microwave cookers are examples 
of circulating currents. 

Measurement of such currents poses some problems. When there are distributed multiple 
loops of currents in solid structures, measuring the total current in the structure is a near 
impossibility and it is only the surface current density which can be measured by eithor J-probes 
or current-density probes. Where the total current is measurable (i.e. in the shaft of synchronous 
machines or rotor bars of induction machines), it is preferable to use a non-contact, non-invasive 
device like Rogowski coil which is essentially a toroidal search coil, fixed around the current- 
carrying conductor (Figure A.6.4). 
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Uniformly wound over 


the whole periphery 
\ No. of turns = N 
\ 
(PR 


__ Ge 
Induced emf = at 
Ly >| ihe 
NG [Bas 
= d Hol an jot 
Nae 2s i =F 
Nop! Po jot 
j 1-In e/ = V (say) 
2a R; 
I 2mV 


Figure A.6.4 Toroidal search coil (or Rogowski coil) for non-contact measurement of current. 


A.6.4 NON-CONSERVATIVE FIELDS: SOME FURTHER 
THOUGHTS (Later Addition) 


It is obvious that in the problem we have been discussing in the previous section (i.e. Section A.6.3), 
the circuit enclosing the region where the time-varying magnetic field (Be’™) is distributed 
spatially (Figures A.6.2 and A.6.3) is a region of non-conservative field, because in this region 


. d 
fe -dz0 [ie ae fs : as) (A.6.9a) 
Cc 


It has been shown that the ‘voltage drop’ between any two points on a circuit along the 
contour enclosing the region of time-varying magnetic field is not uniquely defined. This has been 
shown both by mathematical analysis (based on the physics of the problem) and by experimental 
measurements. However there has been one idealization assumption implicit in that analysis 
[i.ec. Eqs. (A.6.11a) and (A.6.11b), and Figure A.6.3]. It is that the two voltmeters V, and V, are 
assumed to have infinite internal resistance (i.e. R; — c°) so that there is no current flow through 
them. But in real-life the internal resistance of the voltmeters would be quite large compared with 
the circuit resistances (i.e. in this case R, and R,), still R; would have a finite value and there would 
be a current-flow through these two voltmeters. Hence to be rigorous, we should consider current- 
flow in all the three loops under consideration in Figure A.6.3. But this does not mean that the 
conclusions based on that analysis are incorrect. In fact we shall show that the conclusions based 
on this rigorous analysis also support the earlier conclusions. Furthermore the present analysis 
would give us a deeper insight into the behaviour of such non-conservative field regions. 

Hence we will re-analysis the circuit of Figure A.6.3 and we shall consider the loop currents 
in the contours of complete circuit. Since we are now considering the loop currents in the 
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three loops, it is necessary that all the three loop currents have the same sense (i.e. in this case all 
the three currents be shown clockwise) and the same diagram is redrawn as Figure A.6.5. This was 
not an essential requirement as the currents through the voltmeters were assumed to be zero. 


Figure A.6.5 Circulating current circuit showing the loop currents. 


Since the magnetic field is time-varying, we are considering an instant of time t¢, when the 
sense of the current in each loop is the same. The central loop has two resistors R, and R,, whereas 
the voltmeters in the two side loops have the same internal resistance R;. The loop currents are as 
shown in the figure. Of the three closed loops in the figure, in the two extreme loops (i.e. the one 
on the left and one on the right), the Kirchhoff’s second law can be applied as 


pe ae (A.6.4) 
C 


whereas for the central loop which physically encloses the region where the time-varying magnetic 
field exists, the Faraday’s law of electromagnetic induction has to be used, i.e. 


d - 
GE-at=— [B-as=¢ (A.6.9a) 
Cc 
The results would be: 
Left loop: J[,R;+ d,-DR, =0 (A.6.18) 
Right loop: J,R; + Ud, — DR, = 0 (A.6.19) 
Central loop: U — J,)R, + U-1,) Rp = © (A.6.20) 


Now R; >> R, and R; >> R,, and hence J, << J and I, << J;. Thus Eqs. (A.6.18)—A.6.20) 
simplify to 


1,R; — IR, = 0 (A.6.21) 
1,R; — IR, = 0 (A.6.22) 
1(R, + Ry) = (A.6.23) 


Since each of the two voltmeters (i.e. V, and V,) would show reading proportional to the 
current passing through it, then 
V, = 1,R; = IR, (A.6.24) 
and 
V, = 1,R; = IR, (A.6.25) 
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If the positive side of both the voltmeters is connected to the Q-side of the circuit and the 
negative side with the P-side, then the recorded values of V, and V, will be opposite in sign (as 
is confirmed in Plate 5 showing the V, and V, traces from the experiment). It should be noted that 


R 
Vv. = rs (and independent of the current through the control circuit) (A.6.26) 
b b 


and is # | (. Ry # Rp) 


Thus the ‘voltage’ between the two points P and Q is different and depends on the contour 
along which it is measured. 

This is an important property of the non-conservative fields. Thus if we traverse on the central 
loop from Q to P (Q having a higher potential than P) through the resistor R,, then the P.D. between 
Q and P = (Vg — Vp) = IR, as registered by the voltmeter on the left (= V,). Then we complete 
our journey by traversing through the resistor R;, and now the P.D. between P and Q =/ R,. So we 
have traversed through the whole loop in the centre, starting from and ending at, and we find that 


Vo = Vo #0 (Ce Ra x R,) (A.6.27) 


This curious feature of non-conservative fields can be further exemplified by studying the 
following two circuits which are simple extrapolations of the circuit which we have been analysing 
so far. 

In Figure A.6.6, two identical voltmeters with the same internal resistance R;, have been 
apparently (?) short-circuited with the short-circuiting wire passing through the point Q as in the 
figure. The voltmeter V. would show ‘zero deflection’, but what would be the reading of the 
voltmeter V,;? 

In Figure A.6.7, what would be the reading of the voltmeter V, compared to V, with the 
connections to the points P and Q as shown? 


eu 


Q 
| iy, 7 (V.\—W 


\? 


i 


Figure A.6.6 Circulating current circuit with two additional voltmeters apparently 
shorted at the point Q. 
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De 


Figure A.6.7 Circulating current circuit with the voltmeter V, connected with an additional 
loop around the non-conservative field region. 


A.6.5 SELF-INDUCTANCE AND NON-CONSERVATIVE FIELDS 


The concept of self-inductance has been discussed in reasonable detail in Sections 10.6 to 10.6.3, 
Sections 11.15 to 11.15.1, as well as Sections 13.4 to 13.4.6 from different approaches, i.e. 
Kirchhoff’s Law, Law of Induction, Energy considerations as well as based on the magnetic 
vector potential. However now we shall have a relook at the concept from the consideration of 
non-conservative fields. 

So we start with time-varying magnetic fields where the closed line-integral of the associated 
(time-varying) electric field is ‘no longer’ zero, i.e. for any open surface, 


fr-a=-< {[B-as (A.6.28) 


Now, it is known that in any circuit which carries time-varying currents will have associated 
time-varying magnetic fields which would produce induced electric fields. So even a simple circuit 
with such currents would have to take account of these effects (i.e. account for the inductance of 
the circuit). 

The main point to be appreciated in such circuit where time-varying magnetic fields have 
been introduced, is that the ‘electric potential difference’ between any two points in the circuit is 
no longer uniquely defined (as we have seen in our earlier discussions of Sections A.6.3 to A.6.4). 
This is because since the line integral of the electric field around a closed contour in such a region 
is no-longer zero, the potential difference between any two (non-coincident) points on such 
contours (say points a and b or P and Q) is no longer independent of the path used to traverse from 
ato b or P to Q; 1.e. the electric field is no longer conservative and the electric potential is no more 
a uniquely defined concept (since E cannot be expressed as “-WV’). So we will now derive the 
equation for the behaviour of the current. 

Hence consider a circuit as shown in Figure A.6.8 consisting of a single-turn loop, a battery 
and a resistor R both connected in series, with a switch S also in series with the other elements, and 
is closed at the instant ¢ = 0. 
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9 
lif + 
] 


Switch S 
closed at t = 0 


Figure A.6.8 Single-turn loop circuit. 


For ¢ > 0, a current would flow in the loop in the direction as shown in the figure (from the 
positive terminal of the battery to the negative). Then the Faraday’s law is applied to this circuit, 
Le. Eq. (A.6.28). The direction of traverse along the circuit is from positive plate of the battery to 
the negative plate (through the single-turn loop). Inside the battery, the direction of traverse 
(through the inside electric field of the battery) is against the field and hence its contribution to the 
line integral of E would be —@. There is also an electric field inside the resistor R and so the 
contribution to E- dl would be +iR. If the loop wire has a small resistence r << R then tis 
contribution to the line integral would be +ir and this can be compounded with iR so that R now 
is redefined to include the external resistance as well as the resistance of the loop wire. Hence the 
L.H.S. of Eq. (A.6.28) is now 


GE-dl=-% +iR (A.6.29) 


Next, the magnetic flux @ through the open surface bounded by the single turn loop is to be 
evaluated [for the R.H.S. of Eq. (A.6.28)] From the direction of the current round the loop, the flux 
@ is entering the plane of the paper normally which is also the assumed direction for dS, and hence 
B- dS is +ve. It should be carefully noted that the magnetic field B in this region is due to the 
current in the loop and is NOT an externally imposed field. At any point in this region under 
consideration, B is proportional to the current i, as B can also be calculated by using Biot—Savart’s 
law, i.e. 


(A. 6.30) 


(The contribution to @ comes mostly from the single-turn loop, as the straight portion 
containing the battery and and the resistor R can be made as small as possible.) Hence it follows 
that for a given geometry of the loop, B is directly proportional to i. So @ can be expressed as 


o=Li (A.6.31) 


where Li is a constant for a given geometry of the wire forming the loop, Li is called the self- 
inductance (or simply, the inductance) of the circuit. Hence Faraday’s law gives 


do di 
E-dl=-@+iR=-—=-L— 6. 
> iR=-F < (A.6.32) 
Thus the behaviour of the current is given by the equation 
di R, € 
ee (A.6.33a) 
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ad R 
=— , = exo( - tr (A.6.33b) 


where R = tT — characteristic time of the inductor = inductive time constant 


This is the effect of non-zero inductance in the circuit. 


A.6.5.1 Modified Form of Kirchhoff’s Second Law (for Inductors) 


Equation (A.6.32) for the current i(f) can be rewritten as 


di 
--iR-L—= 6. 
é -i Ai 0 (A.6.34) 
and this equation looks like that of Kirchhoff’s second law, i.e. the sum of potential drops around 


a complete circuit is zero. 
The rule ‘implicit’ in the derivation of the above equation is: 
When an inductor is traversed in the direction of current-flow through it, the change in 


art di ee : : dcol pi 
potential is — L7 If the direction of travese is opposite to the direction of current flow, then 


the change in potential is + Le. 


While this approach produces the correct circuit equation for the current, the underlying 
physics of the phenomenon can be confusing. To say that there is a ‘potential drop’, across the 


inductor equal to — Le, implies that the line integral of E through the inductor has a magnitude 
equal to Lo which is based on the implicit assumption of an electric field existing in the inductor. 


But we have seen in the derivation of (A.6.32) that the line-integral of E through the one-loop 
inductor is zero (or nearly equal to zero). The question that needs to be looked into is that “even 
when there is a time-varying magnetic field here how does E field become zero”? 

To answer this question, let there be a circular loop of wire, of radius a and total resistance 
R, which is positioned in a region where an externally imposed magnetic field, directed normally 
to the plane of the loop, exists and the field is increasing with time, as shown in Figure A.6.9. 

In the present case, the externally imposed magnetic field (= B,,,) is assumed to be much 
greater than the magnetic field due to current in the wire and hence the internal field can be 
neglected. So only the effects of the external field need be considered. 

The time-varying, externally imposed magnetic field gives rise to an induced electric field in 
the wire-loop. 

The line integral of this induced electric field around the loop 


dB 


ext 


= 27a Einduced = —na’ <— by Faraday’s law 


or 
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Figure A.6.9 A loop of wire positioned in an externally imposed time-varying magnetic field. 


The direction of the induced electric field would be circumferential and it would be uniformly 
distributed along the contour of the circular loop (i.e. when only the contour is being considered 
or when the loop has open ends and has not been closed to allow any current to flow through it). 
But when the current is allowed to flow in the loop, the situation changes and becomes dependent 
on the resistance of the path along the circular wire-loop. If the resistance of the loop is uniformly 
distributed along the whole circumferential length (= 27a), then there is a uniform Ej,qyceq in the 
loop, this value being same at every point in the loop and circulating clockwise for B,,; increasing 
with time. This induced field causes a current to flow through the loop, the current density at every 
point by J = Ejnducea/7, r being the elemental resistance at every point of the loop. The total current 
in the uniform loop would be given by the total potential drop around the circular loop (i.e. P.D. 
= 27aE jnducea) divided by the total resistance of the loop (= R). Hence 


_ 22a E; 


induced 


R 


and would circulate in the clockwire sense, i.e. same as that of Ej,guceq for increasing B,,; 
[Figure A.610(a)]. Thus, when the resistance of the wire-loop is distributed uniformly along its 
circumference, then Ej,quceq Would be same at every point on the loop and would be circulating 
clockwise for B,,,; increasing with time 

The next question that needs looking into is, what happens when the resistance of the wire 
is not uniform along its length. The simplest situation of non-uniform resistance of the loop would 
be when the left-half of the loop has a resistance R, and the right-half has a resistance R, where 
R, > R, such that R = R, + Ry. Under this condition what would be the distribution of the E field 
in these two parts of the loop? Now the emf of the circuit is same as in the previous case as the 
total circuit resistance has not changed. But the electric field on the left-half of the loop (= Ej) 
would be different from the right-half (= E,). 

This must be so because the line-integral of the E-field on the left side, over the left side = 
maE, which would be equal to ik; (by Ohm’s law). Similarly for the right side, zaE, = iR,. Thus 


I 


A _R 
E, R, 
and so FE, < E, as R; < Ro. This should be correct as the loop wire would carry the same current, 


even though the resistances of the two halves are different. To maintain a unique value of the 
current through the whole loop, the E-field on two sides would get adjusted. Then what has 
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happened to the uniform electric field induced around the contour of the loop? It should be 
remembered that Faraday’s law of electromagnetic induction still holds and the induced emf is a 
function of the time-changing magnetic field and does not depend on the resistance of different 
parts of the wire-loop positioned on the contour under consideration. What has been overlooked so 
far is that in the present situation there is another source of E-field apart from the field induced by 
the time-varying magnetic field. This second source of E-field is due to electric charges at the 
junctions separating wire segments of different resistances. Hence the resultant E-field in each of 
the two parts of the loop consists of (a) the induced E-field as a consequence of the Faraday’s law, 
and (b) the charge field (= Egnarge) at the junctions directed from the +ve junction at the top 
[in Figure A.6.10(b)] to the —ve junction at the bottom of the loop. 


EF; ,duced Ei nduced 


E 


‘charge E charge 


E E 


Resistance 
R 


induced induced 


(a) Uniform resistance (b) Non-uniform resistance 
Figure A.6.10 Circular wire-loop in the externally imposed time-varying magnetic field. 


The consequence of this field is to reduce the resultant electric field in the segment of lower 
resistance (= F,) and increase the resultant E-field (= E) in the segment of higher resistance. This 
modification of the resultant E-field enables the same current to be maintained through the whole 
loop, as well as satisfy the requirement of the Faraday’s law (i.e. the line integral of E over the 
2 ABexi .) 

dt 

Thus the non-uniform E-field in an inductor having non-uniform resistance along its length 
does not mean a breakdown of Faraday’s law. According to Faraday’s law, the induced E would 
be uniform over the ‘whole circular contour’ and the non-uniformity of the E-field is a consequence 
of the E-field produced by the junction charges. 

If now a voltmeter is connected to the terminals of an inductor with very small resistance, 
what does the voltmeter indicate? 


whole loop be = —za 


di 
It needs a voltage drop of oe But this is not due to an electric field in the inductor. A 


current flows is the voltmeter because there is a large internal resistance in the voltmeter and the 
di 


potential drop across that resistor [ot Le 
t 


): by Faraday’s law applied to the voltmeter circuit, is 


what is read by the voltmeter. 


| 928 | ELECTROMAGNETISM: THEORY AND APPLICATIONS 


REFERENCES 
[1] Haus, H.A. and Melcher, J.R., ‘Electric and Magnetic Fields’, Proc. IEEE, Vol. 59, 


No. 6, June 1971, pp. 887-894. 


[2] Woodson H.H. and Melcher J.R., Electromechanical Dynamics, Part I, John Wiley and Sons, 
New York, 1968, pp. B9-13. 


[3] Pramanik, A. et al., ‘Circulating Current—Its Theory and Measurement’, BHEL Journal, Vol. 
13, No. 3, 1992, pp. 26-32. 


Additional Reference (Section A.6.4) 
MIT Lecture Notes on Physics 8.02 by Prof. W. Lewin. 


Appendix 7 


Graphical Method of 
Analyzing Waveguide 
Problems (Smith Chart) 


A.7.1 INTRODUCTION 


Before the advent of computers, a number of graphical methods had been developed to solve or 
to assist in solving different types of waveguide problems. One of the most popular (if not the 
most widely used) methods has been the ‘Smith Chart’ which was developed by P.H. Smith in 
1939, originally intended to analyze and design transmission line circuits. The initial intention of 
the inventor was to provide a handy graphical means for doing complex (variable) impedance 
calculations. This has now very wide applications in spite of the use of computers, and is now 
used as a presentation medium in computer-aided design (CAD) software for demonstrating the 
microwave circuit performances. Though there is a general impression that Smith chart is used for 
analyzing both lossy as well as loss-less transmission lines, it should be understood that it 
(Smith chart) can be used for solving all guided wave problems whose system terminal 
characteristics can be represented in terms of effective impedances. A further point to be noted is 
that even though in most of the elementary books on electromagnetism (including the 
present one), the transmission line problems are solved in terms of terminal impedances as 
circuit problems, it is possible to analyze the lines (either twin parallel lines, or eccentrically 
mounted parallel coaxial cables, or in general when the two parallel cylinders are not coaxial) 
in terms of their electromagnetic field distributions, by using a bi-cylindrical coordinate system 
(see Figure A.7.1). But since this coordinate system is not a part of undergraduate curriculum, the 
problem is treated as one of equivalent circuit analysis. 

Since the Smith chart enables us to make a direct determination of the complex (voltage) 
reflection coefficient [ (of the transmission line) by plotting in the complex plane, we shall 
generalize T’ for other waveguides such as rectangular waveguides. So before going into the 
principles of construction and usage of the chart, we shall extend the concept of the reflection 
coefficient to waveguides in general, and thus establish the validity of the chart to a wider range 
of problems. 
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Figure A.7.1_ TEM wave between parallel conductors. Bi-cylindrical coordinates are 
used for all three cases. 


A.7.2) REFLECTION COEFFICIENT (VOLTAGE) 


This has been already defined for lossless transmission lines on p. 598 as 
_ Zi, —_ Z, 
ZL +Z, 
where Z, is the terminating load impedance and Z, is the characteristic impedance of the line. 
For the lossy line, we have denoted the reflection coefficient as Tp on p. 601, which is 


Z,, — Z, 
R = [since the load impedance is Z, = Zp of Eq. (18.31)] (18.3 1a) 
Z,, + Z, 
It is also seen that in these equations, the numerator is proportional to the reflected voltage wave 
and the denominator to the incident wave, i.e. 


(18.19) 


me 
oY, 

Now we shall generalize this coefficient to include the behaviour of guided electric and 
magnetic waves (i.e. waveguides in TE and TM modes). For a TE wave, the coefficient I’, for the 
E-wave for (say) rectangular waveguides (as shown in Figure A.7.2) is 


TR 


E,. . 
C= x,refl. mn 1 
B ia: ( - ) 
and for the corresponding magnetic wave: 
r _ Ay refi, 
m (A.7.2) 
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x 


Figure A.7.2 Section of a rectangular waveguide. 


For the simplicity of analysis, instead of considering a general mn mode of operation, we 
consider the simplest TE;) mode. In this mode, the E wave can be expressed as, starting with the 
incident wave (Ey inc.) as 


Fm =A sin 2 exp ( a9) 
(Note: exp (j@t) is implicit in all these expressions.) 
; dE, OE, ; . 0 . 
— jQUH, = a = oe =— jBA sin 7 exp (—j8z) (by Maxwell’s equations) (A.7.4) 
B 
H.. a 
y, ine. OU x, ine. (A.7.5) 
Likewise for the reflected wave, we get 
E\. rer, = B sin exp (+z) (A.7.6) 
and 
B 
Ay vet = — —— Ex te A.7.7 
y, refl. ou tl ( ) 
H,. E 
—_ y, refl. a x, refl. =-T 
7 Ay. inc. E.. inc. : (A.7.8) 
So we shall use the notation, | ea (A.7.9) 


A.7.2.1 Variation of Reflection Coefficient along the Waveguide 
We have the incident wave as 
Asin a exp (—jz) 
where z is the distance measured from the source (say). To express this in terms of the distance / 
from the load, we have 


Ex in. = A sin a exp (+B) (A.7.10) 
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Let the reflected wave set up at the load be of magnitude 
. my 
TA sin — 
sin 
Then at a point distant / from the load, this becomes 
_ ay i 
Ey. ret), = VA sin > exp (-jBD (A.7.11) 
(i.e. there is a relative phase lag) 
Ex, coal = A sin & (exp (4jBl) + T exp JD) (A.7.12) 
But the reflection coefficient [ may be complex, i.e. 


T= |T| exp (j¢) (A.7.13) 


where @ is the phase change of F on reflection, and a function of load impedance only. 


exp (jg) exp (~ jf) 
exp (+ jl) 


Then I at the point / = Ir| 
- T= |T| exp [j(@ - 28D] (A.7.14) 


A.7.2.2. Standing Wave Pattern 
We have 
Ex, coal = A sin = [exp (4jBl) + T exp (4/80) 


ay 
b 


For graphical representation, since ITl < 1, we can consider a circle as shown in 
Figure A.7.3, in which / = b, IP] = c and Ey tota = @. 


= A sin exp (jB) [1 + |I| exp {7@@-2BD)}] [from Eq. (A.7.13)] (A.7.15) 


Ey total = 2 


Figure A.7.3 Graphical representation of components of E wave. 


From this AAOC, a =(b+ccos @ +c sin’a 
= b? + c? + 2be cos a, where @ = @— 261 
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2 
Ee ol = [4 sin a {1 +|C[ +2 |r] cos @- 20} (A.7.16) 


This has a maximum, when cos {a = | —we 


Le. Al= £ (A.7.17) 
The voltage maximum (for EF field) = A sin = (1+ IT} (A7.18a) 
and 
. _ . my 
the E-field minimum = A sin > - IT }) (A7.18b) 
VSWR Emax eal id a (A.7.19) 
= = = ¢ whe 
Evin 1- Ir | 
s—l 
= A.7.2 
| | stl ( ”) 
A.7.2.3. Impedances 
At any point in the wave, at a distance / from the load, 
Ex, total = A sin a exp (jBD[1 + |I| exp {i(@ - 2BD}] (A.7.21) 
A sin = 
Ay, tora = —z—— exp CIBDU — |T] exp (i — 26D}] (A.7.22) 
0 
(Note: The —ve sign in the above expression is due to magnetic I.) 
and 
OU 
Zo = B 
1+T, exp (-j2A)) 
Z,=Z t - (A.7.23) 
1 *° T_T, exp (-j26) 
and 
1+T Z,-Z 
i= Zy t and hence r,= — (A.7.24) 
1 —_ Ts Z, _ Zo 


(The subscript t above denotes the termination point at the load.) 
From (A.7.23) and (A.7.24), impedance at any point (= Z,) is 
(Z, + Zo) exp (jAl) + (Z, — Zo) exp (-j A) 
(Z, + Zo) exp (JAD —(Z, — Zo) exp (-j AD 


_, 2+ jZy tan fl 
~ “0 7 + jZ, tan Bl (A.7.25) 
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Normalized impedance, Zi. = om (A.7.26a) 
and 
Normalized admittance, Y= wz. ; (A.7.26b) 
The vectorial representations of E and H are shown in Figure A.7.4. 
— E wave 


———————__ H wave 


Figure A.7.4 Vectorial representation of E and H waves. 


A.7.3. SMITH CHART 


As mentioned earlier, the Smith chart helps us to make a direct determination of the complex 
reflection coefficient for a given load impedance Z, and the characteristic impedance Zp. Hence 


we start with 
T, [or P(D] = T; exp (-j2B/) (A.7.27) 


(= reflection coeff. at the point /) 

Any reflection coefficient can be represented by a point on the graph (of the complex plane). 
,_ Z, 1+|Flexp[ i@-26)]_14+7TO 

Z, 1-|Tlexp[j(@-24)] 1-TO 


(Note: Here r is the real part and not to be confused with the r-axis of polar coordinate system.) 


=rt+ jx (A.7.28) 


Let 
TQ =u+jv (A.7.29) 
nets l+utjv_d-w —v’)+ j2v 
1—u-— jv d=)? +¥v? 
tog =a" 2v 
r= ra x= Gaur a? (= reactance component) (A.7.30) 
-—U Vv —-Uu Vv 


Considering the real part, 
[1d -w’ +v)Jr=1l-wv-v 
or 
2 2ur i= 1 2 
r+1 ort+il 


r r e r-l 1 
r+1 r+l r+1 r+1 


The above equation represents a family of coaxial circles with centres at tr 0}, and radii 
r 


pel (Figure A.7.5). 
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Figure A.7.5 Representation of real part of I'(/) in Smith chart. 


Next considering the coefficients of j from Eq. (A.7.30) 


iudpare 
x 


a fa)-G) 
(ea Ty + | yo] =f — (A.7.32) 
X X 


These take the form of circles, for different values of x, of centres (1/x), x being +ve or —ve, and 
radii 1/|x| (Figure A.7.6). 


or 


Figure A.7.6 Representation of coefficient of / in Smith chart. 


These two families of circles, superimposed form the Smith chart. The charts can be of both 
impedances as well as admittances, as shown in Figures A.7.7 and A.7.8. 
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Some examples with solutions are given below for practice: 


1. A normalized impedance Z} = 0.5 + j0.5 
corresponds to a reflection coefficient 0.45 exp (j115). 


2. Calculate the impedance at a distance of 30° from the previous point, closer to the 
generator = 1.4 + j1.1. 


Z(D+ijt b-l 
Check from the formula, Z) = i 4 at >" ae 2 
274 


aA 3 A 
T= A and 30° = 4 
3. VSWR = 0.25, the first voltage minimum is 0.3 cm from the load, ig = 3 cm. Find the 
load. 
Procedure: Enter the Smith chart at the voltage minimum at VSWR = 0.25, 
A 0.3cm r 
@ corresponds to io Sea * A=4n 
A ; 
To — 72° on Smith chart towards the load. 


pL 
This gives Z; = a = 0.37 — j0.66 
0 
Admittance corresponding to this impedance is given by joining the point to the origin, 


and continuing the line an equal distance beyond the origin. 


,_Y,; 
In this case, the impedance = 0.7 + jl.l = Y= = 
0 
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Figure A.7.7 Impedance or admittance coordinates. 
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NORMALIZED IMPEDANCE AND ADMITTANCE COORDINATES 
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Figure A.7.8 Normalized impedance and admittance coordinates. 


Appendix 8 


A Proof of the Fact that 
There are only Two 
Independent Boundary 
Conditions for 
Electromagnetic Field 
Problems 


(A) 


In electrostatics, on an interface of discontinuity between two media of different permittivities, the 
conditions are 
n-(D, — D)= p, 


and 
(A.8.1) 


n x (E, — E,) =0 
where nis the unit vector normal to the interface plane separating the two media, and D,, D, and 
E,, E, are the relevant electrostatic field vectors (i.e. the electric flux density and the electric field 
intensity respectively), and ps is the charge density on the interface plane. 

Similarly, in magnetostatics, on an interface of discontinuity between two media of different 
permeabilities, the conditions are 


ix (H, -H,)=Jsg 
and (A.8.2) 
ni -(B, -B,)=0 


where, as before n is the normal unit vector, and H,, H, and B,, B> are the relevant 
magnetostatic field vectors (i.e. the magnetic intensity vector and the magnetic flux density vector 


respectively), and J, is the surface current density on the interface plane. 
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So we take a surface S$ and consider a small area AA on it (Figure A.8.1), 


Al 


T 


Figure A.8.1 The interface surface S and a small elemental area AA on S. 


where 
Al = the contour enclosing AA 
nh = the outward (normal to S$) unit vector 
Tt = the outward (normal to AJ) unit vector, and tangential to S. 
We define: 
AH = H, — H,, AD =D, -D,; 
and 
AJ,, = Jy, = J, 


(A.8.3) 


where J,, and J,, are the volume current densities on two sides of the interface surface S under 


consideration. 


Now, we have 


[J curt A) nm da= | A-as, 
S Cc 


where S is the surface enclosed by the contour C. 
In the present problem, 


AA 


= J (j@AD + AJ,)- dS by Maxwell’s equations 


AA 
= | (AH,) iar 
Al 


a) 
where AH, is the tangential component of AH and ja@ = ap 


AH, 


AN 
n(n . AH) 


Figure A.8.2 Directions of the unit vectors. 


If{v x AH}-n dS = J {AH ; i} dl al is the unit vector in the direction of Al) 
Al 


(A.8.4) 
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Now, AH, =—nx (nx AH) = AH - n(- AH) 
=-nxJs, Js being the surface current density on the interface surface S. 


From Eq. (A.8.4), 


[[ioap-aas=-[fas, .aas-hiixds)-tal (A.8.5) 
AA AA Al 


We take the last term to change it into an area integral, 
(ax Js): 1=1-@x Js) =x) -Jg=t-Js 


J ( J s) dl is the measure of the divergence or outward flow of charge from the region AA. 
Al 


From the continuity of current and charge, 


- 0 ; : eee oe “ 
J @.Js) al=-5 fasas =- jo [f asas = fa@xJs)-ia ner; 
Al AA Al 
where qg is the charge generated by the surface divergence of the current flow. 
7 AJ, ng 
Jan. as=— [=F as= [fas as (A.8.7) 
AA AA AA 


AJ_- 
where —— 


= qs, the surface charge density due to the volume divergence of the current flow. 


Figure A.8.3 Current density vectors. 


Ps= 45 + 4s (A.8.8) 
[Jap aas= Jf a aad (A.8.9) 
AA 
This is true for any AA; hence 
or n-(D, — D2) = ps 


as a consequence of n x (H, -H,)=J; (A.8.10) 
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Similarly it can be shown that 


n-(B, — B,)=0 is a consequence of n x (E, — E,) = 0 (A.8.11) 
The essential boundary conditions are: 
n x (E, — E,) =0 and n x (H, —H,)=Js (A.8.12) 


and these are generally the best to use. 


For metals only, nx E, =0 and nx H, =Js (A.8.13) 


For dielectrics, n x (E, — E,) =0 and n x (H, - H,) = Js (A.8.14) 


Note: This proof is due to Dr. J.R. Wait, then of N.B.S. and was given to me by Dr. T.S.M. 
McLean, Reader in Electromagnetism, Department of Electronic & Electrical Engineering, 
University of Birmingham, who had got it from Dr. Wait while attending one of the summer 
schools at Washington. 


(B) A COMPACT FORM OF THE PROOF OF THE PREVIOUS 
THEOREM 


Starting from the Continuity Equation, 

(and using the differential notation, while remembering that all these equations have been derived 
from their integral forms and hence do not require the continuity implicit in the differential form 
of these equations) 


_op__. 
Wid jap 


Ms J, _ Dee = —J@Ps 
or 


ue Jn dl cies ove J; |e = —JOPs 
———— 
In, = Ins +V-Js =—japs 

From the Maxwell’s equations, 


V x (A, — Hp) = jo (D, — Dz) + (JI; — Jo) 
or 
n- {V x (H, ~ H,)} = jo(D,, _ D>,) + (Sin 7 Jon) 


Using a vector identity for the L.H.S., we get: 

V-{(H, — Hy) x n} + CA) — Hy) - (V X n) = jo (Dy, — Don) + Sin — Jan) 
Now, Vxn=0 
{Note: The given boundary condition is n x (H, — H,) = Js} 


From the above equation, it reduces to 
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V(- Js) = jo (Din a Dy) + Jin a Jon) 


or 
= [V x Js + Vin ~~ Jon)] = jo (Dj, om Dy) 
or 
jOrs = jJO(D,, os Dyn) 
If OF 0, Ps — Diy = Dyn Q.E.D. 


Note: This compact proof was derived by Prof. Eugene Kopp of the University of California who 
was then a Visiting Fellow in the Department of Electrical & Electronics Engineering, the 
University of Leeds from the rigourous proof derived by Dr. J.R. Wait. Prof. Kopp had borrowed 
the Wait’s proof from me and in return gave me this proof a few days later. 


Appendix 9 


Bessel Functions and 
Legendre Functions 


A.9.1 INTRODUCTION 


Bessel functions of different kinds are used in cylindrical geometry problems of electrostatic 
fields (Chapter 4), magnetic fields as well as of electromagnetic waves (e.g. cylindrical wave- 
guides in Chapter 18). Legendre functions are used in problems of spherical geometry over the 
whole range of electromagnetism [i.e. electrostatic fields in spherical capacitors to those of 
antennae (Chapter 19)]. It should be appreciated that the use of these functions for these two 
types of geometries is not on any arbitrary basis but because these two functions are the solutions 
of the differential equations obtained by the method of separation of variables from the Laplace’s 
equation (or more generally from the Laplacian operator of the more general type of Helmholtz 
equation) in these two coordinate systems. The derivation of two ODE’s (i.e. Bessel’s equations 
and Legendre equation) has been given in Chapter 4 (Sections 4.2.5 and 4.2.7). So we will briefly 
summarize the expressions for the series solutions, their various properties and their recurrence 
relations used for simplifying the expressions algebraically. For both the equations, the series 
solutions are represented by functions having an order and an argument. 


A.9.2 BESSEL FUNCTIONS 


Bessel functions are solutions of the ordinary differential equation of the second order (known as 


Bessel’s equation), 
2 2 
R 14dR k 
ee +[e-S)a-o 
r 


dr2 vr ar 


where R= R(r) 

Its solutions are Bessel’s functions of the first kind J; ACAD) and of the second kind Y, kel)» both 
of order ky and argument k,r 

R(r) = AS, (ker) + BY, (kr) 
kgt2r 
a (k rz) e 
k = =] r Zz 

where tar) 2 CY Torn rkytr+d 
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where I’ is a gamma function defined as 


co 


Ta) = frctetar =(x-)T(x-l)=(x-D! 


0 
Pine cos (kg) Y, (hry= Ji, (k,r) 
and kg 207 sin (kg) 
For kg integer Jn (KV) = (-1)" Jer) 


where the general solution of the Laplace’s equation is: 


VOD=Y DAK, EN+BY;, Kr} {Ccos(kyG) + D sin (kyA)} {E cosh (k,z) + F sinh (k,2)} 
ky k, 
and when k, = 0 


i. y| Loe. Br) {C cos(kg) + D sin(kgg)| {Eoz + Fy} 


ky 


and when both k, = 0, ky =0 
Voo = (Aoo Inr + Boa) (Coo + Di) (Ee + F,) 


Notes: 1. Y; ‘ (kr) is also known as the “Neumann function”. 
2. Bessel’s functions in general terms are also called cylinder functions. 


When the constant k? has a negative sign, the differential equation becomes: 


2 k2 
é 6184[-2-S]e-o 
r 


dr’? r dr 


This equation is called the modified Bessels equation and its solutions are the modified 
Bessel function of the first kind /, o (ker) and of the second kind K(k), both of order ky and 
argument (kr), which are 


= — (k,rly) _ 
ee 2 Ter+hTky+r+h 


kgt2r 


k, ‘ 
J? I Gkr) 


Ly, (k.r) ~ 1y,(k.r) | 


a 
Kn =9 sin (kgf) 


Ak 
For kg integer, Tk = 7? Ja, Gk) = hk”) 


So we will write these two equations in the more general terms in y and x, ie. 


whose solutions are y=AJ,(x) + BY,(x) 
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and 
d’y 1 dy n 
whose solutions are y = Al,(x) + BK,(x) 


(These functions are of the order n and argument x.) 


Next, we will first consider the properties of (ordinary) Bessel functions. 


A.9.3.> ORDINARY BESSEL FUNCTIONS 


A.9.3.1 Asymptotic Forms 


As n + through real +ve values, other variables remaining constant 


2 fex)” 
y se 
n() mn ($) 
Limiting forms for small arguments; when n is fixed and x — 0 
(x/2)" 


J, (x) ~ (ne=1, =, 3.05 


T+) 
Y,, (x) ~ = T(n) (x/2)" = Realn>0 
In particular, 
Ji(x)~1 
Y,(x) ~2 (In x + C -1n2) 
. 1 


where C is constant. 


For x >> 1, the asymptotic expressions are 


{2 nk 
J, (x) ~ F cos[ 2-3-3) 
;2., nk 
Y,(x) ~ Z sin(x- 32-4) 


A.9.3.2 Differentiation and Integration of Bessel Functions 


From the series definition of these functions, 
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Io(x) = — Ji(x) 
and 


Ae eae es 


If we use C, to denote J, or Y, or H\” or H {i.e. Hankel functions of the two kinds (to be 
defined later)} or any linear combination of these functions, 


Cy(x) = C(x) 


, 1 
C(x) = Co(x) - 7 C(x) 
More generally 


ld : n n—-k 
= {x"C,@)} = x"-*C,_4@) 


1d = k -n-k 
oy oC) fal Ge EET 


The integrals are: 
Ja@dr=1-G@ 
0 


2n-1 


Jon dt=[O@at-2 Y Ie 

0 0 k=0 

[Gnu dt =1-Co(x)-2 Ig (x) 

0 k=1 

[enu® dt = [C,10 dt —2C,(x), n>0 
0 0 


A.9.3.3. Wronskians 


W{Fq(x)> Fn (*)} = Ings (2) Fig ®) + In () Lng) 


a2 2 sin (nz) 


HX 
W {Tn (2)> Ya OP = Ina 0 Yi — Jn Yona 
2 


AX 
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A.9.3.4 Recurrence Relations 


2 
Cy) + Cai) == GD 
C4 = Ci S20,@) 

Cy) = Cy a(x) ~~ C8) 


=-C,,,(x) += C,(x) 


A.9.4 MODIFIED BESSEL FUNCTIONS 


A.9.4.1 Asymptotic Forms 


For n fixed and x > 0 


(x/2)" 
~ -1,-2,... 
T(x) T+)’ n#-—1, -2, 
K(x) ~-In x 


K,,(x) ~ 5 T(n) (x/2)" 
When x >> 1, I,(x) > © and K,(x) > 0. 
A.9.4.2 Wronskians 


W {1,(x), 1_,(x)} = T(x) T_(nsiy(*) — En41(%) I_,@) 


_ 2 sin (nz) 
7 7x 


W 1K, (x), Ln (2)} = Ty (%) Kya) + Iya) Ko) 
Z 
x 
A.9.4.3. Recurrence Relations 
2 
T,-\() ~ Tn4 1%) a = I, (x) 


T(x)=1,_\(%) - “ 1, (x) =1,4,(x) + “ 1, (x) 


1,4) # ipa) = 27, @) 
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K.(x) = “ K,(x) - K, 4,00) =-K,_\(x) - “ K,(x) 


I@=h@), and K(x) ==K,@) 


A.9.5 BESSEL FUNCTIONS OF THE THIRD KIND 


These solutions are also called Hankel functions and are solutions of the ordinary Bessel’s equation. 
They are defined as 


Hy? (x) = J, (x) + J¥,(2) 
= j{cosec (nz)} {exp (—jna) J,(x) -— J_,, (x)} 
Hy (x) = Jn(2) = J Yn) 
= j{cosec (nz)} {J_,(x) — exp(—jnz) J,(x)} 
These are Hankel functions of the first and second kind respectively. 
H (x) = {exp(jnz)} HO (x) and = HS) (x) = {exp (—jnz)} HO (x) 


The recurrence relations of ordinary Bessel functions (i.e. Section A.9.3.4) apply to Hankel 
functions. 
These functions are useful in solving eddy current problems in circular cylindrical geometry. 


A.9.6 KELVIN FUNCTIONS 


When the Bessel functions have complex arguments, then the solution functions are known as 
‘Kelvin functions’. In this case the differential equation is of the form: 


dy 1 dy vw 
—+-—=-|j+— 7 ]/y=0 
dx? x dx i; x? : 


Its solutions are: 


y = ber,(x) + j bei,(x), — ber_,(x) + j bei_,(x) 


ker,(x) + j kei,(x), ker_,(x) + j kei_,(x) 


—n 
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where ber, (x) + j bei, (x) = J, (> exn( 94) =exp(jnz) J, (> exn(-/4]| 


= exp {! 5 nn I, (5 exp G3} = exp[ san i, {* exp (-1 * 


ker, (x) + j kei, (x) = exp {=I 5 nn| K,, {* exn( J) 


_ 7% pW) ae ae la 
= j> 4H, {ex ( 94) Jy An [2x0 5) 


When n is a +ve integer or zero, 


N 


ber_,(x) = (-1)" ber,,(x), bei_,(x) = (-1)" bei,,(x) 
ker_,(x) = (-1)" ker,,(x), kei_,(x) > (-1)" kei,(x) 


When 7 is real, and x is real and non-negative 


ber_, (x) = cos (nz) ber, (x) + sin (nz) bei, (x) + 2 sin (nz) ker, (x) 


bei_,, (x) = —sin (nz) ber, (x) + cos (nz) bei, (x) + 2 sin (nz) kei, (x) 


ker_, (x) = cos (nz) ker, (x) — sin (nz) kei, (x) 


kei_, (x) = sin (nz) ker, (x) + cos(nz) kei, (x) 


A.9.7 LEGENDRE FUNCTIONS 


By solving the three-dimensional Laplace’s equation in spherical polar coordinate system by the 
method of separation of variables, the ODE in 6-variable is the Legendre equation (this has been 
derived in Section 4.2.7). So we write this equation directly as {i.e. Eq. (4.72)}: 


2 2 
tag) 2 9p = 4 oGtijee = 1620 
du? dl l=2 

where jl = cos@ and © = O(8). 

The two solutions of this second order differential equation are the “Associated Legendre 
Functions of the First and the Second Kinds. They are denoted as P7”(u) and Q7"(l) respectively. 
As with the Bessel functions, these functions are of degree n, order m and the argument is w. 

To solve the above equation, it can be simplified by a convenient substitution given 


below as 
e = d = yey ra) 


whereby the differential equation becomes: 
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2 
co) co) 
LP ~2 (m+) p+ (n—m) (n= m 41) =0 
dul du 
which is very similar to the Legendre equation in two dimensions when there is no @ variation and 
hence m = 0. The associated Legendre equation then simplifies to the ordinary Legendre equation 
which is 


(l-y’) 


ae dO 
1- u2) —— - buatade 1 = 
(l= 2") — 2p +n(n+l0=0 


Its solutions are the ordinary Legendre functions of the first and second kind respectively and are 
denoted by P,(u) and Q,(u) respectively, having degree n and argument yl. The values of P,,(U) 


and Q,() are given in Eqs. (4.74) and (4.75) respectively. 
The values of first few Legendre functions (or Legendre polynomials) are: 


Fy) = 1 
PUD) =u 


1 
Pi) = 5 GH -1) 
1 
Prd) = > SL — 3) 


1 
PRW=3 (35u* — 30"? +3) 


_ 1 1 
Qy(u) = tanh! w = oy in( +H) 
O,U) = LQ) () - 1 
3 
QO, (ul) = Py(u) Qy)(W) - + 


Sun 
Os (1) = Pi(4t) Qy() — “E+ 5 


353 
Ox (Ht) = Py(H) Oy) — E+ OE 


The associated functions are: 
Pm == ey? “_ {po} 
n du” n 


qd” 
QO" (ua) = (1— wy"? a {2,(w} 


for \u| <l 
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A.9.8 ORTHOGONAL FUNCTIONS 


Definition of Orthogonality: Given a set of functions, @,(x), ¢,(x), @2(x), ... which is denoted by 
{@,(x)}. The set is said to be orthogonal in the interval (a, b) if 


b 
J n(x) G(x) dx =0 


for any two distinct values of m and n, i.e. - m #n. 

This orthogonality condition is used in the evaluation of coefficients of Fourier series 
expansions whereby all terms of the summation except one come out to be zero. Another point to 
be noted is that orthogonal functions would be oscillatory in nature. So the trigonometric functions, 
ordinary Bessel functions, Legendre functions are orthogonal, whereas hyperbolic functions and 
modified Bessel functions are not orthogonal. 


Appendix 10 


Bicylindrical Coordinate 
System 


A.10.1 INTRODUCTION 


It has been mentioned in Chapter 18, that the transmission lines, which are one way of guiding 
the electromagnetic waves, have been analysed by using the circuit concepts in terms of the 
potential drops across the lines and the current flowing through them (i.e. by using the terminal 
characteristics like the impedances and the admittances instead of the field vectors 
E and H). This approach made the analysis much simpler and it was also shown that the 
operating equation in terms of V and J comes out to be a one-dimensional wave equation (which 
indirectly proves the correctness of the equivalent circuit of the system). In fact, transmission 
lines consisting of two parallel circular cylindrical conductors (even of differing diameters) can be 
analysed as a field problem, but the coordinate system required for such analyses is the 
“Bicylindrical coordinate system”, which consists of two families of orthogonal circles in the 
x-y plane. So we shall now briefly discuss the derivation of such a system. 


A.10.2 Derivation of Bicylindrical Coordinate System 


This coordinate system is generated by taking two families of orthogonal circles lying in the 
x-y plane (i.e. one family having their centres on the x-axis, and the other family (intersecting the 
circles of the first family orthogonally) having their centres on the y-axis), and translating these 
circles parallel to the z-axis, thereby forming sets of right circular cylinders. 

Of the two families of circles, one family consists of two sets of non-intersecting circles, with 
all their centres collinear on the x-axis. The circles on the left side of the y-axis (i.e. x < 0) are the 
mirror image of the circles on the right side (i.e. x > 0), with the centres of the circles of zero-radius 
being located at x = + a which are the two poles of the system (Figure A.10.1). The second family, 
which consists of circles orthogonal to the circles of the first family, has all the centres collinear 
on the y-axis. All the circles of this family pass through the poles x = + a, i.e. they all intersect at 
x = +a. A rigorous way of producing such circles (which are the sections of the coordinate 
surfaces) is by a suitable conformal transformation, which in this case is: 


2 a(e” +1) 


e” -1 


z* 


(A.10.1) 
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where Z=x+t+ fy, w=u + jv; and 
z* = complex conjugate of z = x —jy 


(Figure A.10.1 shows this transformation.) 


LTA LR ATT OSS 
SA AEE RSS RST LS 
SAR EROS SL 2 
CSCS EES Sa aE SEE 
Meee EEX 
KRG ERR 
enean ae . 
SS BEA 
ase. Oy é Ba 
SS ter 


co seas 
CEES ERS SCT 7 
CCT EEE SOTA T 
SSO SOT | 
ASSES SRE A 


a(e” +1) 


e” — 


Figure A.10.1 Bipolar coordinates obtained by the transformation Z* = and inversion 


of polar coordinates. 


rn . af{e" (cosv + jsinv) +1} 
ztax- jy= 


e“ (cosv+ j sin v)—1 


_ [afe“ cosv +1} + j ae“ sinv][{e" cosv — 1} — j e“ sinv] 


{e" cosv —1}” + {e" sin v}? 
Numerator = [a {e cos” v-I}+ae™ sin” v]+ j[ae" sin v {e” cosu—1}—e" sin v {e" cosv+l} a] 
=[a{e* —1} + j{-2ae" sinv}] 


= 2ae" {sinh u — j sin v} 
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2u 2 


Denominator = e~" cos” vy — 2e cosv +1+e™" sin? v 


=(e +1) — 2e" cosv 
= 2e" (cosh u — cos v) 


Equating the real and the imaginary parts, 


a sinh u asin v 


«Cosh u— cos v’ - (A.10.2) 


cosh u — cos v 


Figure A.10.1 shows the two families of circles characterized by the above equations, where 
u = constant circles have their centres on the x-axis and the poles of the family are x = + a (i.e. 
u — + ce respectively). 

So now we define a new coordinate system, which has been obtained from the rectangular 
coordinates in the z-plane, as the orthogonal circles system in the w plane and is given the new 
notation (7, 9, z) where u above has been replaced by 7 and v by @. Thus, the circles in the 
bicylindrical coordinate system are characterized by: 


asinhy asin@ 


~ cosh7 — cos’ Y= Cosh 7 — cosO (A.10.3) 


In the x—y plane, the circles 7 = constant are drawn about the two poles x = + a and the 
orthogonal circles of the other family (i.e. @ = constant) have their centres on the y-axis and they 
all pass through the poles x = + a. 

The cylindrical coordinate system is generated by translating all the circles parallel to 
the z-axis, so that the two orthogonal families of right circular cylinders are produced. The 
three mutually perpendicular coordinate surfaces are: the cylinders n = constant, the cylinders 
6 = constant, and the planes z = constant. The new coordinates (7, 9, z) are called the bicylindrical 
coordinates and are designated by the equations (which relate them to the Cartesian coordinates): 


a sinh 7 _ asin@ 


~ coshn—cos@’ > coshn—cosd’ ~*~ * (A.10.4) 


Figure A.10.2 shows the details of this coordinate system. 


A.10.2.1 Some Geometrical Aspects (Figure A.10.2) 


The equation of any circle of radius r, not necessarily a member of the coordinate surface 
7 = constant, with its centre on the x-axis at the point x = w is: 


(x = wy + y = r (A.10.5) 


For this circle to be a member of the coordinate surfaces, i.e. one of the circles 7 = constant, 
we substitute for x and y from the equations (A.10.3) in the above equation and get: 


( asinhy i : a’ sin’ @ 2 


= Lit 
cosh7 — cos@ (cosh 7 — cos 6)* 
This gives 
w =acothn, r= rer (A.10.6) 


where, of course, a = semi-polar distance (on the x-axis) for the specified coordinate system. 
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Figure A.10.2  Bicylindrical coordinates. The surfaces 7 = const are circular cylinders with axes 
in the xz-plane, surfaces @ = const are portions of circular cylinders with 
axes in the yz-plane, surfaces z = const are parallel planes. 


Thus, both the position of the centre (w, 0) the radius (= r) of the circle depend on the polar 
distance (= 2a) and on 77. So, as 7 > 0 the radius r > ©, and as 7 > the radius r > 0. Hence 
the centres of the 7 = constant circles get translated along the x-axis as 7 changes; and when the 
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radius r becomes zero (i.e. r — 0) the centre of the zero-radius circle gets located at the pole 
x = a for which 7 —> o. On the other hand, as x > ©, 7 —> 0. 

So, it is seen that since these three geometrical parameters a, w and r are interrelated, it is 
possible to draw 7 = constant circles with their centres (w, 0) located relative to the position of the 
pole, and also obtain the radius of the circle. The relationship between these three quantities can 
be expressed as: 


1+ sinh? 
w’ =a’ coth* 7 =a’ ae =P +a’ (A.10.7) 
sinh* 7 


; : ‘ 


Figure A.10.3 Relationship between w, a and r (for 7 = constant circles). 


Thus, if for a given 77, its centre is specified, then the pole and the radius can be found; or 
if the pole is specified, then the centre of the circle and its radius can be obtained; or if the radius 
of the circle is specified, then the pole and the centre of the circle can be located. Usually the polar 
distance 2a is specified for a given coordinate system. Another point to be noted about the 7) circles 
is that since for 7 = 0, the radius r is infinite, the yz-plane (i.e. x = 0) is the 7 = O surface and the 
centre of this circle (7 — 0) also tends to infinity on the x-axis. A physical basis for the 
construction of these circles will be discussed later. 

Next, for 6 = constant circles, any circle (not necessarily 6@-circle only) with its centre on the 
y-axis is given by 

rPty—wy=r? (A.10.8) 


For this circle to be a member of the coordinate surfaces 6-const., we substitute for x and y 
from the equations (A.10.3) (and it can be checked that) 


, a 


w =a cot 6 and 

All these circles (i.e. sections of 8 = constant cylinders) pass through the two poles x = + a 

and intersect the (7) = constant) circles orthogonally. (All the angular and linear relationships are 
shown in Figure A.10.4.) 


Thus, w’ = distance of the centre of a (@ = constant) circle from the origin of the co- 
ordinate system = a coth 6; 


and r = the radius of a (@ = constant) circle =7——,. 
|sin 6| 


It is obvious from the above figure that the parameter @ represents the angle subtended by 
the bi-polar distance AA’ (= 2a) on to the part of the circle (@ = constant) on the +ve side of the 
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y-axis. Hence, as the angle AOA’ = 7, the strip of width AA’ (= 2a) in the xz-plane would represent 


O= 1. 
Ya 
Figure A.10.4 Relationship for (@ = constant) circles. 
The rest of the xz-plane (i.e. from x = a to x 4 +0 and x = —a to x > — ©) would then 


represent 6 = 0. 

The portions of the cylinders (@ = constant) above the xz-plane, for positive values of y, are 
designated by the positive values of @, and those below the xz-plane are designated by the negative 
values of 6. 

Thus (7) = constants) represent a system of co-axial circles of the non-intersecting type, 
having limiting points at x = + a, and the radical axis is y = O (i.e. x = +a are the two poles, and 
x-axis is the common axis on which the centres of the system of these co-axial circles lie with the 
poles (x = +a) being the centres of the zero-radius circles). 

The (@ = constants) circles are another system of co-axial circles of the intersecting type 
having x = + a as common points for all the members of this set. The radical axis (i.e. the line on 
which the centres of the these circles lie) for this system is x = 0. 

These two systems of co-axial circles are orthogonal. 


A.10.3 SOLUTION OF THE FIELD IN THE BICYLINDRICAL 
COORDINATE SYSTEM 


The metric coefficients (i.e. g;, and g,;) are obtained from equations (A.10.4) as 
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2 


a 
811 = 8 = =V/83 833 =1 10. 
11 22 (osin=eo8 oy Vg 33 (A.10.10) 


It should be noted that the Laplace’s equation is not separable in this coordinate system, 
but in two-dimensions, if the function (say @) is independent of z, then the Laplace’s equation 
simplifies to: 

ag . o¢ 


aa ra (A.10.11) 


whose solutions are of the form: 


COs 


sin (A.10.12) 
poe 


When @ is a function of one variable only, the operating equation reduces to: 


ia) 
=) =A+B 
ee 9g n 
(A.10.13) 
= a6 0 A+BO 
— =J, = + 
de’ ? 


A.10.4 AN ALTERNATIVE PHYSICAL BASIS FOR THE 
DERIVATION OF (7 = CONSTANT) CIRCLES IN 
THE COORDINATE SYSTEM 


So far we have derived this coordinate system on a rigorous basis purely from mathematical 
considerations (i.e. conformal transformation and geometrical concepts). However it is possible to 
derive this system starting from a physical problem as well. We shall now discuss such an approach 
briefly. 

We consider a system of two parallel wires, each of circular cross-section of radius 7, the 
distance between their centres being 2w as shown in Figure A.10.5. 

The two wires carry surfaces charges + py per unit length. These two wires can be replaced 
by two line charges +p; and —p,, (per unit length). The exact location of these two line charges can 
be found from the condition that the surfaces of the two metal wires (of radius rg) remain 
equipotential surfaces. Also all the other cylindrical equipotential surfaces, surrounding each of 
these wires (though not concentrically), remain unchanged. These requirements imply that the 
tangential electric fields on these surfaces will always be equal to zero. (The same results would 
be obtained if instead of treating this problem as that of electrostatics, we considered the conductors 
to carry currents +/ and applied the required conditions to the magnetic field of the currents). 

The potential V (x, y) at the point P (in Figure A.10.5) is given by 

PL a PL, @ 
Vix, y)= — In " + ome In ; 


ui 


ae 2 “In (A.10.14) 


1) 
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Equipotential 
contours 


Figure A.10.5 [Equipotential contours surrounding two line charges +p, and —p,. 
The surfaces at r= a are equipotential surfaces, therefore the electric field will 
always be normal to the metal surfaces. 


where r, and r, are the distances of the point P from the locations of the equivalent line charges 
+ py at the points x = +a as shown. The x-axis of the used coordinate system is the line passing 
through the centres of the conductors, and the y-axis is passing through the mid-point of the section 
joining the centres. So the y-axis (or yz-plane) would be also an equipotential surface at zero 
potential. All other equipotential contours can be obtained by applying the condition that 


RL J{(a +x) +y"} =p 
a ea ay (A.10.15) 


where k is any arbitrary constant (at this stage). 
This can be re-written as: 


(a + x)? + a =k {(a aay + y} 


or (after a bit of algebraic manipulations) 


‘ 2 2 
awe ke +1 es y - 2ka 
oa 1 (A.10.16) 
me eo 
This form is obtained by adding the term @ y2 1) © both sides of the equation. 
Thus, Eq. (A.10.16) is the equation to a circle whose centre lies on the x-axis at the point (w, 
0), where 
k? +1 
w=a-, 
k* —1 
and whose radius is 79) where (A.10.17) 
— 2ka 
ae ee 


Since k is any arbitrary constant, we can put 
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k=e" 


(remembering that 7 is constant for such circles), and then 


k +1 k+e el+e" 
w=a—, =a =a = 
k* —1] pot el -e" 
k 
; (A.10.18) 
cosh 7 
=a—— = th 
“sinh 7) ear 
2ka 2a 2a 
i, = = = 
. et pt et -e" 
k 
a (A.10.19) 
~ sinh 7 


which are the same, as derived in Section A.10.2. 
So, as before 


_a’(l+sinh* 7) 5 


2 
Kh +a 


2_ 2 2 
w’ =a’ coth’7 aaa 

Thus if the radius of the two wires and the distance between their centres (i.e. ro and w 
respectively) are known, then the position of the equivalent line charges (i.e. x +a) can be 
determined as shown above. The (7 = constant) circles are the equipotential lines, and the 
orthogonal (@ = constant) circles, passing through the two poles at x = +a are the lines of force 
(or flow lines or flux lines) and they can be determined as before. 

The use of this coordinate system has been demonstrated in a number of problems (i.e. 
Problems 2.48, 12.52, 12.53) in the companion volume Electromagnetism: Problems and Solutions, 
2nd Edition, 2008, ranging from low frequency power engineering to high frequency transmission 
lines. 


Appendix 11 
Method of Moments 


A.11.1 INTRODUCTION 


The method of moments (MoM) was first used by R.F. Harrington who called it ‘moment 
method’. The method is conceptually simple and is commonly used in solving integral equations 
in regions which are open. It has wide applications in electromagnetics, particularly for designing 
and analysing problems pertaining to antennae, problems of scattering, transmission-line 
capacitance calculations as well as metallic object capacitances, interpretation of high frequency 
signals from aircraft during flight. In electrostatics, this method is used (for example) for 
determining the unknown charge distribution on conductors when their potentials are specified. It 
is thus seen that this method has been and is being used for integral solutions of Poisson’s 
equation and wave equation. 

So we start with the general definition of “integral equation” which involves an unknown 
function in its integrand and has the general form 


b 
f(x) =] KO) 60 dt (AID 


where the functions f(x), K(x, f) and the integral limits a, b are known quantities. The quantity to 
be determined is the unknown function @(t), and the known function K(x, f) is called the ‘kernel’ 
of the equation. MoM is a common numerical technique to solve such equations. 

Before we discuss the general steps of the method, we will explain it by solving a simple 
problem by MoM so as to make it easier to understand. So we choose a Poissonian field problem 
in electrostatics. Generally, if the charge distribution p is known, then the potential V, the electric 
field E and the total charge Q can be evaluated in a straightforward manner. The converse problem 
is: finding the charge distribution p, when the potential V is known. The integral expressing the 


relationship between p and V is given by 
v= {fj ad (A.11.2) 


Aner 
However to make the problem easier for our understanding we will replace the triple integral 
of the three-dimensional problem by a one-dimensional one. Instead of volume charge density p, 
we shall consider a line charge density p,; on a thin conducting wire of length L, i.e. 


L 
p,dl 
Vy = | L (A.11.3) 
0 
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We position the wire along the x-axis, keeping one end at the origin and since the 
above equation applies to any observation point along the x-axis, we choose an observation 
point x, (which is known as the match point). (see Figure A.11.1) and the integral can then be 
expressed as 


L 
ol Py (x)dx 
0 ATE, J [xz = x| (A.11.4) 
ZA 
> 
y 
Figure A.11.1 Conducting wire maintained at constant potential Vp. 
Since integration is finding the area under c curve, then in the present problem, 
| FGo ae = fey) Av + fOq) Ar t+ flay) Ax 
“ A115 
=> 1) Ax re?) 


Ax being a small elemental length along the x-axis. Here the length L has been sub-divided in N 
elements each of length A. Substituting from Eq. (A.11.5) into Eq. (A.11.4), we get 


pA Z pA Poe pA 
|x, — x,| |x, — | |x, — xy| 


ANE Vy = (A.11.6) 


L 
where A= Fan Ax (Figure A.11.2) 


The implicit assumption in the above equation is that unknown charge density on each 
segment of the wire is constant. 

Since Eq. (A.11.6) holds for any point x, on the wire, by giving x, all values from x, to xy, 
we get N similar equations, i.e. 
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Figure A.11.2 Charged wire sub-divided into N segments. 


__ pA PrA - PA 

AE Vo = et + oe ini ast (A.11.7a) 
__ piA poA . PyA 

4mEVo = a = aes newer Im - xy (A.11.7b) 
_ PA prA . PA 

47€)Vo = Ixy = i + Ixy = a + lay ~ xn] (A.11.7c) 


The idea of matching the LHS of Eq. (A.11.4) with the RHS (match points) of the above 
equation is equivalent to taking moments in mechanics (and this is the reason for the name of the 
method). If the observation points are located at the centres of the segments, then the above set of 
equations can be expressed in matrix form as 


[B] = [A] [p] (A.11.8) 
where 
1 
! Ay Ay Aw 
[B]=47€)Vo =|1], A=] An An. Aow (A.11.9a) 
Ay, Ayo Ayn 
1 
where A,,,, = = (m #n) 
Es — Xn 
Pi 
P2 
and = ([pl=| . (A.11.9b) 
Pn 


[pe] is the matrix with unknown elements, and it can be determined by either matrix inversion or 
Gaussian elimination. 
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Le. [p] = [A]! [B] (A.11.10) 
Care must be taken in evaluating A,,,—the diagonal terms. Since the conducting wire carries 
charge, the observation points have been chosen at the centre of the segment so that the limits of 


: ener ae é A 
integration in x-direction will be x = +5: To evaluate A 


nn? 


2m +A/2 
V 7 | Psadgdx 
centre — A 1 
TE, 2 2\°/o 
0% -An(@ +x) 


_ 2naps , | _Al2 + {(A/2)? +.a7}"” 
ATE) sAj0 4{ARy +a)" 
where Pgs is the surface charge density on the conductor. 


Assuming A >> a, 


27aPps A 2Pr A 
a= 21 = 1 =2 
Vecnire ATE) n ( a ATE) n a} PL Taps (A.11.10a) 
A 
nn = 2 In (2) (A.11.10b) 


A.11.2. GENERAL CONCEPTS 


Now that an actual problem has been solved, it will be easier to appreciate the general approach 
to the method. 
Expressing the problem as an operator equation which has to be solved, we have 


Lf=g (A.11.11) 
where 
L = linear operator (i.e. integro-differential operator) 
f = the unknown function (i.e. field or induced current) 
g = known function (i.e. the excitation). 


The first step to determine f is to approximate it by a linear combination of functions, i.e. f,,, 
n = 1, 2, ..., N which are called ‘Expansion’ or ‘Basis’ functions. 


N 
fore ay, (A.11.12) 
n=1 

where (@,,) are constants, and the X term is the N term approximation to f. [Refer to Eq. (A.11.5) 

of the Poissonian field problem solved by MoM.] 
The next step is to substitute for f in the operator Eq. (A.11.11), from Eq. (A.11.12), and we 

obtain: 
N 

Lia) Ot. s (A.11.13) 


n=1 
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The substitution for fis an approximate one which does not make the LHS exactly equal to 
the RHS (i.e. = g) of this equation. The difference between the two is called the “Residual” (= Ry), 
which is 


N 
Ry =8-Lfy =g-> 4,Lf, (A.11.14) 
n=1 


Making the residual orthogonal to the set of functions (= W,,,) called the weighting functions, 


we get: 
N 
YO, (Wys Lf) = (Wyys 8)> m =1, 2, 3,..., M (A.11.15) 
n=1 
where we define 
Inner product: ce h) = [ro h(x) dx (A.11.16a) 
D 
and for real f, 
Inner product: (f. h) = J f@ h(x) dx (A.11.16b) 
D 


Now, Eq. (A.11.14) can be written in matrix form as 
AQ@= g (A.11.17) 


{Ref.: Compare Eqs. (A.11.14) and (A.11.15) with Eq. (A.11.7), and Eq. (A.11.8) with 
Eq. (A.11.17)} 


Aj, Ay eee Ain 
A A a. «A . 
where yn ee 2N | = Moment matrix 
Am Ay eee Ayn 
g=([81 82 -. ‘gual < excitation vector 
and C= Me a Ol 


Ann ~(Wns Lfn) and — 8_ = (Ws) 


This can be solved provided the expansion function is known. 

So now we discuss briefly some of the types and the properties of different expansion 
functions and then weighting functions. 

The requirements of any expansion function are: 


1. It should be few and simple 
2. It should approximate well with f- 


There are two kinds of expansion functions, which are 


(a) Sub-domain type 
(b) Entire domain type 
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A. Sub-domain Expansion Functions 
We consider first some of the sub-domain types of expansion functions. 


1. 6-function Expansion Function 


The unknown function f can be approximated by placing a number of Dirac 6-functions at 
discrete points along f. Hence it is applicable to (say) wire-grid model of electromagnetic surfaces. 
When the 6-function is being used as the expansion function, the method of Green’s function is an 
alternative method and may be a preferable choice because of its greater generalization. 

2. Pulse Function Expansion Function 


This is the staircase approximation and mathematically the pulse function is: 
1, x € Ax,; 

P(x) = ; 
0, otherwise 


This function is quite popular as the integration is quite simple, but it can be used only if the 
operator L does not have derivatives (because the derivative of a pulse is an impulse). 
3. Triangular Function 


This is a piece-wise linear approximation and is more accurate than the pulse functions. 
Another advantage of this approximation is that, it is effective even when the operator L contains 


derivative terms, i.e. of. But it is unsuitable for problems which contain points where f > ©. 


ox 


The mathematical representation of triangular functions with equal as well as unequal 
segment lengths are stated herewith: 


(a) A function with equal segment length 


T, (x) = A 


roe” as |x -—x,|< A, n=1, 2, 3,...,N 


0, otherwise 


Sx 
Ty (x) = i aie 


0, otherwise 


(b) A function with unequal segments 


1 ’ 
T(x) = A, 


0, otherwise 
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X,—X 
n 
1 A » py ses x, 
ne 
x— xX 


T(x) =41- 
0, otherwise 
Xy -X 


1- > 
Ty (x) = An-1 


0, otherwise 


Xvi) XSL Xy 


where A, = x,41 —X, forn = 1, 2, 3, ..., N- 1. 


4. Piece-wise Simusoidal Function 


This is a higher-order fit. (There can be quadratic and other higher-order functions as well.) 
Here sinusoidal function has been chosen. It should be noted that the period of each sinusoidal 
function is one wavelength. This function is defined as 


sink (A —|x—x,|) 
f,(%) = sin (kA) : 


0, otherwise 


|x -x,|< A 


where 2A = half wavelength 


This function is normally used in wire antennae. 
B. Entire Domain Expansion Functions 
1. Trigonometric Functions, e.g. 
aoe A + B, sin {k(x — x,)}+C,, cos {k(x — x,)}, |x - x,,| <A 
0, otherwise 


2. Chebyshev Polynomials and Other Polynomials 
These are: 
Chebyshev polynomial of the First kind: 
T,, (cos 8) = cos n8, w= 02 12h x: 
Chebyshev polynomial of the second kind 


sin(n +1) 0 


U,, (cos 8) = sind 


, n=0,1,2.... 


These are used for wire antennae, strip lines, slot lines, etc. 
3. Wave Functions 


The solution of the Helmholtz equation is 
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Sn = Zn (kr)e"” 


Z, = cylindrical Bessel functions for two-dimension problems 


rao) 
i=) 
Qa 
ll 


spherical Bessel functions or Legendre functions in three-dimensions 


Next we consider weighting functions. 


Weighting Functions 


As in the case of expansion functions, there exists a wide choice of weighting functions. We will 
consider the following methods. 


1. Point Matching Method 


This is used when the boundary conditions are imposed only at finite isolated points. In this 
case, the weighting functions are “Dirac Delta functions”. 


Win = 6 (x = Xia)» m= 1, 2. 3, shay N 


This method is simple to use. The accuracy of the method improves with closely spaced 
points which are spaced non-uniformly. This method is also known as “Collocation method”. 
However, care must be taken while using the technique as the solution (of the Point matching 
method) does not always converge to the true solution. 


2. Galerkin’s Method 
In this case, the weighting function is same as the expansion function. 


The main advantage of this method is that a small number of functions is sufficient to produce 
an accurate result. 


3. Least Square Method 


In this case, the norm of the residual is minimized. 


N 
Rv =le- > one fall 
n=1 
where the norm of f is 


|= 0-9" 


At the minimum, [Ry |’ = 0, which gives 


cm 
0a, | 


N 
eth) Oise) iN 


n=1 


The moment matrix A has elements 


Ann = (Lf Lf,) 


Note: 1. A is positive definite Hermitian matrix. 
2. LS method requires longer computing time than the point matching. 
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A view of the reactor subjected to high current short-circuit test. 


Plate 1 
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Plate 2 Another view of a section of the reactor shown in Plate 1. 


Plate 3 Effect of radial magnetization on an alnico ring. 


Plate 4 A view of the model experiment to demonstrate the double-valued P.D. 
in the circulating current circuit. 


Plate 5 Wave shapes of V, and V, from the demonstration experiment (Plate 4) as 
observed on the CRO screen. 


